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Abstract. The weighted endpoint estimates for the multilinear singular integral
operators with variable Calderdon-Zygmund kernel on some Hardy and Herz type Hardy
spaces are obtained.

1. Introduction

Letb BMO(R") and T be the Calderdn-Zygmund operator. The commutator
[b, T] generated by b and T is defined by [b, T]F(X) = b(X)T f(x) — T (bf)(x). By
a classical result of Coifman, Rochberg and Weiss(see [9]), we know that the
commutator [b, T] is bounded on LP(R") for 1 < p < co. In [13], the bound-
edness properties of the commutators for the extreme values of p are proved,
and in [3], the weak (H?', L')-boundedness of the multilinear operator related
to some singular integral operator are obtained. In [2], Calderdn and Zygmund
introduce some singular integral operators with variable kernel and discuss their
boundedness. In [10], the authors obtain the boundedness for the commuta-
tors generated by the singular integral operators with variable kernel and BMO
functions. In [16], the authors prove the boundedness for the multilinear oscilla-
tory singular integral operators generated by the operators and BM O functions.
In recent years, the theory of Herz space and Herz type Hardy space, as a lo-
cal version of Lebesgue space and Hardy space, have been developed (see[11,
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14, 15]). The main purpose of this paper is to establish the weighted endpoint
continuity properties of the multilinear singular integral operators with variable
Calderdn-zZygmund kernel on Hardy and Herz type Hardy spaces.

2. Notations and Theorems

Throughout this paper, we denote the Muckenhoupt weights by A, for 1
p < oo (see [12]). Q will denote a cube of R™ with sides parallel to the axes.
For a cube Q and a locally integrable function f, let f(Q) = f(X)dx, fqo =
Q
Q|7 Ff(x)dx and F#(x) = sup |Q|™! |f(y) — foldy. Moreover, f is said to
Q X Q Q

belong to BMO(R") if f#  L*°(R™) and define that ||f|leamo = |[f7||L.
Also, we give the concepts of the atom and weighted H* space. A function a
is called a HY(w) atom if there exists a cube Q such that a is supported on Q,
[1al] e ew) w(Q)™t and a(x)dx = 0. It is well known that the weighted
Rn
Hardy space H1(w) has the atomic decomposition characterization (see [1, 12]).
Fork Z,defineBx={x R":|x| 2K} and Cx = Bk \Bg—1. Denote by
Xk the characteristic function of Cx and Xk the characteristic function of Cy for
k =1 and Xo the characteristic function of By.

Definition 1. Let 1 <p < oo and wy, W, be two non-negative weight functions
on R".
(1) The homogeneous weighted Herz space is defined by

Ko(wi,wo; RN = {f L _(R"\{0}): f Kp(wiwz) <

loc

where

oo

f Kp(Wl,Wz) = [Wl(Bk)]l_l/p ka LP(w2):

k=—o0

(2) The nonhomogeneous weighted Herz space is defined by
Ko, Wo; R ={f L{.(RM): f k wiws <}

where

oo

f k= Wi(B)I* P Xk Lows)
k=0

(3) The homogeneous weighted Herz type Hardy space is defined by
HKpw, w2, R = {f S (R"):G(f) Kp(wa,wa;RM3},
where

Ak waway = NGO, wa o)

(4) The nonhomogeneous weighted Herz type Hardy space is defined by
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HKp(wi, w2, R") = {f S (R"):G(f) Kp(wi,w2;R™},

where
f HKp(Wl,Wz) = G(f) Kp(Wl,Wz)

and G(f) is the grand maximal function of f.

The Herz type Hardy spaces have the atomic decomposition characteriza-
tion.

Definition 2. Letl1 <p <ooandw;,w, A;. A function a(x) on R" is called
a central (n(1 —1/p), p; w1, wp)-atom (or a central (n(1 — 1/p), p; w1, wp)-atom
of restrict type), if
(1) Suppa B(0,r) for some r >0 (or for some r = 1);
@) llalliogwsy  Wa(BO, )P,
(3) a(x)dx=0.

RN

Lemma 1. (see [11, 15]) Let wy,w2  Aj; and 1 < p < oco. A temperate distri-
bution T belongs to HK,(wy, wz; R™)(or HKp(w1, wo; R™)) if and only if there
exist central (n(1—1/p), p; Wy, wz)-atoms (or central (n(1—1/p), p; w1, wp)-atoms
of restrict type) a; supported on B; = B(0,2}) and constants A;, i [Aj| < oo
such that f = ;2 Njaj(or f = [2,Ajg;) in the S (R") sense, and
T oikwiw) (07 T orkowiw) = A
i

In this paper, we will study a class of multilinear operators related to the
singular integral operators with variable kernel, whose definitions are following.

Definition 3. Let k(x) = Q(x)/|x|™ : R"\ {0} — R. k is said to be a
Calderdon-zZygmund kernel if

(@ Q@ C=(R"\{0});

(b) Q is homogeneous of degree zero;

() Q(X)x%do(x) = 0 for all multi-indices a (N {0})" with |a] = N,

=
where ~Z = {x R":|x| =1} is the unit sphere of R".
Definition 4. Let k(x,y) = Q(, y)/|y|" : R" x (R"\ {0}) —— R. k is said to

be a variable Calderdn-Zygmund kernel if
(d) k(x,-) is a Calderén-Zygmund kernel for a.e. x R";

olvl _
(e) maxyy| 2n mQ(x,y) L) M < oo,
Let m be a positive integer and A be a function on R". Set
1
Rm+1(A X, y) = A(X) — aDGA(y)(X —y)
la] m

and
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Qmea(AXY) = Rm(Axy) = D)X —y)*

|al=m

The multilinear singular integral operators with variable Calderdn-Zygmund
kernel are defined by

Ta(F)(x) = %Qmﬂm;x,y)ﬂy)w
Rn
and
TAR)) = 2XXZV)p A y)F )y,

|X _y|n+m
RN

where Q(x,y)/|y|" is a variable Calderon-Zygmund kernel. We also define

T = DY)

RN

f(y)dy,

which is the singular integral operator with variable Calderdn-Zygmund kernel
(see [2]).

Note that when m = 0, Ta is just the commutator of T and A (see [10]).
While when m > 0, Ta is the non-trivial generalizations of the commutator.
From [16], we know that Ta is bounded on LP(w) for1<p ocoandw A;.
In this paper, we will study the weighted endpoint continuity properties of the
multilinear operators T on Hardy and Herz type Hardy spaces.

We shall prove the following theorems in Sec. 3.

Theorem 1. Letw A; and DA BMO(R") for all a with |a] = m. Then
Ta is bounded from H(w) to L(w).

Theorem 2. Let1 <p < oo, w;,wo A; and DA BMO(R") for all a with
|al = m. Then Ta is bounded from HKp(wy, w2; R") (resp. HKp(wy, w2; R™))
to Kp(wy, wa; RM)(resp. HKp(wy, wz; R™)).

3. Proofs of Theorems
To prove the theorems, we need the following lemma.

Lemma 2. (see [7]) Let A be a function on R" and D®A L%(R") for |a| = m
and some g > n. Then

1

1/
Gocy) | PrA@Ie !
X,
lof=m N st

Rm(Arx, )] Clx—y|™

%)
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~ V_
where Q(X,y) is the cube centered at x and having side length 5 n|x —y|.

Proof of Theorem 1. It su ces to show that there exists a constant C > 0 such
that for every H(w)-atom a (that is that a satisfies: suppa Q = Q(Xo,r),
[1a]|_eo (w) w(Q)~t and a(y)dy = 0 (see [1])), the following holds:

ITa@IllLiwy C-

Without loss of generality, we may assume | = 2. Write

TA@WX)dx = + TA@COWX)AX 1= 11 + I,.
RN 2Q  (2Q)°

For 11, by the following equality

Qmea(AiXY) =Rmri(AX )+ (=) (DAK) ~ DAY,

laj=m

we get
ITA@®)|  [Ta@)]+C [[DA, Tla(x)l,

lal=m
thus, Ta is LP(w)-bounded for 1 <p oo (see[10, 16]), we see that
i ClITA@IL=@wW2Q) CllallL=wW(Q) C.

To obtain the estimate of I, we need to estimate fA(g)(x) for x  (2Q)°.
Denote A(X) = A(X) = |qj=m a1 (D¥A)20x%, then DA = DA — (D%A)2q

for [a] = m, Qm(A;X,y) = Qm(A;x,y) and Qm+1(A;X,y) = Rm(A;X,y) —
laj=m ai DAMX)(x —y)®. By [4, 10], we know that

Ok

TAME = a0 P Qna A O
k=1h=1 RN y
o Ok

ank(X)SH (F)(X),
k=1 h=1

where g« Ck"2, |lan||L=  Ck™2", |[Yp(x —y)| Ck™?27! and

Yhk(X —Y)  Yhk(X — Xo)

Ck™2|x0 = yI/|x = Xo|"**
Ix—y[" X = Xo|"

for |x — Xp| = 2|0 —y| = 0. we write, by the vanishing moment of a and for

X (2Q)°,
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Yak(X—Y)  Yhk(X —Xo)

A — —

Shk(@ () = [x —y|m+n [X — Xo|m+n

Rn
Yhk(X — Xo)
[X — Xg[m*+n

Rm(A; X, y)a(y)dy

[Rm(A; X, y) — Rm(A; X, Xo)]a(y)dy
R
Yk(X = Y)(X—y)®*  Yhe(X — Xo)(X — X0)®

o
Xy g DYAGJaw)dy

—-C

|G|:mRn

= 15700 + 15700 + 157 (%);

For Iél)(x), by Lemma 1 and the following inequality (see [17])

lbo, —bg,| Clog(|Qz|/|Q1]I[bllemo for Q1 Qo,
we know that, forx Qandy 2*1Q\2Q( =1),

IRm(A;x,y)]  Clx—y|™ (IID“Allsmo + [(D%A)20(x.yy — (D*A)2ql)
lal=m
Cjlx—y|™ [ID°Allemo.

|al=m

note that [x—y| |x—xp|fory Qand x R"\2Q, then

ly — Xol

R
. Y — Xo
CK™2ID%Allemol 2L la(y)ldy
[al=m
Ck™?  |IDAllamod 2 w(Q) .
aj=m |X — X0|n+1

For 152(x), by the formula (see [7]):

Ren(A: X, ¥) — Ren (i X, X0) = %Rm_m.(DB/S; X, X0)(x — y)P

IBl<m

and Lemma 1, we have

IRm(A; X,¥) = Rm(A; X, %0)]  C Ix —Xo| ™ Pl|x —y|Fl DA gm0,

IBl<m |al|=m

then
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. — X
NP k™ DA awoi L2 jag)iay
la=m [X — Xo|
Cck"/? DA BMojMw(Q)‘l.
lal=m |X — X0|n+1
Similarly,
1/n+1 -
NP ok AT o)y tpeA);
a=m X~ Xol

Thus, for x  20¥1Q\21Q(j = 1),

~ Gk |Q|1/n+1
Ta@C)| C |ank () [k DA Bmol o ——met
|X — X0|n+1

k=1 h=1 lal=m

w(Q)™

oo Ok /2 |Q|1/n+l
+C ank(X)|k" _
[ank ()] X — X0+
k=1h=1 la]=m
[ee]

C k—2n+n/2+n—2 DO(A BMOj

k=1 lajl=m

w(Q) DAY

|Q|1/n+1

w(Q)™

|X — X0|n+1

oo

1/n+1
+C k—2n+n/2+n—2 |Q| n

Ww@)—lm“ﬂ(xn

k=1 lajl=m

1/n+1
C  IID%Allamoi 12

|al=m

w(@Q)™

|X — X0|n+1
|Q|1/n+1

+C 1
[X — Xo|"+1

|al=m

w(Q) T DYAMX)I;

Notice that if w Ay, then

w(Q2) Q4]
|Q2] w(Q1)

for all cubes Qq, Q> with Q; Q,, and w satisfies the reverse of Holder’
inequality:

1/q

c
q
w(x)Tdx o] w(x)dx

1
1Ql
Q Q

for all cube Q and some 1 < q < oo(see[12]). Thus, by Holder’s inequality, we
obtain
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I2 ITA(2)(X)]dx
j:12j+1Q\2jQ
C D%A BMO J2
laj=m i=1
© gl 1
w(Q) [2*1Q)|

la]l=mj=1 2i+1Q
1

[2+1Q]
2]+1Q

i 19 w(@*'Q)
w(Q) [2+1Q|

~ 1/
+C IDA(X)| dx

1/q
w(x)%dx

jw(@*Q) Q|

cx 1 ————
¢ DAemo  JZT i w@Q)

|al=m Jj=1
C D°A smo-
|al=m

This completes the proof of Theorem 1.

Proof of Theorem 2. We only give the proof for case of homogeneous Herz
type Hardy space. Without loss of generality, we may assume | = 2. Let
f HKp(wy,wy;R"), by Lemmal, f = Jf";_oo Ajaj, Where a;s are the central
(n(1—1/p), p; w1, wo)-atom with suppa; B;j = B(0,2}) and ||f”HKp(W1,W2) =
j Al Write
ITalli, iy = MBI Pl TA®lILows)
KkK=—oco
oo k—1 ~
[wa (Bi)]* P A Xk TA @) Lrwsa)

k=—o0 j=—o0

(o) oo

+ WiBIP A llIXkT @i Lpws)
k=—co j=k

=J; + Jo.
For J,, by the LP(w)-boundedness of Taforl< p<ocoandw Aj, we get

(o) oo

J, C Wi B P IAjllajllLews)
k=—oco j=k

C Wi(BIP A l[wi(B;)] AP
k=—oo j=k

J w1(By) 1-1/p

o Wi(Bj)

oo

il ClHIFIT ik, wawa)-

j=—co
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To estimate J;, We~den0te that A(X) = A(X) — lal=m %(DO‘A)ZQXO‘. Then
Qm(A;X,y¥) = Qm(A;X,y). Similar to the proof of Theorem 1, we know

oo Ok

Ta(aj)(x) = ank(x)
k=1h=1 R

Yhk(X —Y)

X —y[r+m Qm-+1(A; X, y)aj(y)dy

oo Ok

ank () Shi (aj) (X),
k=1h=1

and write, by the vanishing moment of a;, for x  (2Q)°,

Yhk(X—y) _ Ynk(X)

SI@)0) = SRS — Simen Rm(AXy)aj (0)dy
Yhk(X ~ ~
e R, Y) = R (i, Ofa(y)dy
Rn
Yk(X = y)(X—y)*  Yhk(X)x ~ .
c Xy~ e DRG0y
IGlZmRn
Similar to the proof of Theorem 1, we obtain
~ 2]
Ta@)C) € IIDAllemo sy las()Idy
lajl=m Bj
~ 2]
+C |DGA(X)|W |aj (y)|dy
lal=m B;
2 PP (p—1)/p
C  IIDAllemo sgrapy lailliowsy  way)™®~Ddy
lajl=m B;
~ 2J A (—1)/p
+C |DGA(X)|W||aj||Lp(w2) wa(y) P gy
lal=m B;
2 _ PP (P—1)/p
c ||DO(A||BMOm[wl(l—p’j)]llp ! wa(y) " ® Ddy
lajl=m Bj
2 ~ _ o (P—1)/p
+C W||:)O('°\(X)|[W1(|—D’j)]1/p ' wa(y) PN dy .
lal=m Bj

Notice that wo  A;  Ap, W satisfies

(p—1)/p

Wao (X)dx |_(1?| wo (x) Y P~ Ddx

Q

sup —
Q QI
Q
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and the reverse of Holder’ inequality for some 1 < q < oo (see [12]), thus

oo k—1 i
_ A —(1—
Ji C [wi (Bi)]* 2P P‘ﬂm[Wl(Bj)] a-1/p)
k=—oc0 j=—o0

_ _ (p—1)/p
< wy(y) Y Ddy

Bj

- 1/p
x [wa(BIIVP + IDEAQQ)[Pwa (x)dx
lajl=m By
o k—1 2]
C [wi(Bi)]* /P A |W[W1(Bj )
k=—oc0 j=—o0

(p—1)/
< way) Ve Ddy T wa(BIYP +

B
B ja=m 1Bl

~ 1/pq 1 1/pq
x  |DYAX)[PY dx B wo (x)%dx [Bi|/P
Bk ¥ Bk
oo k—1 A
c A2 wi(By) P
| J|2k(n+1) w1 (Bj)

k:—ooj:—oo

(p—1)/p
x W (X) " P Ddx [w2(Bi)]P
Bj

< 2 wy(By) P

)\.
C | J|2k(n+1) Wl(Bj)

k=—oc0 j=—oc0
w2(Bk) P
w2(Bj)

1 /p 1 (p—1)/p
——  W(X)dx ——  wa(y) V® Dy
[Bjl [Bjl
Bj Bj
= <2 wi(By) |Bj| e

C Aj
j:_ool J | S 2k(n+1) Wl(Bj) |Bk|

w2(Bi) |Bj| /P
w2(B;j) Bkl

oo oo
C A | 217k

C Al

j:—oo

x |Bj|

Bkl

C”f”HKp(Wl,Wz)'

This completes the proof of Theorem 2.
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