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Abstract. In this paper, we give some results on the number of meromorphic map-
pings of C™ into CP " under a condition on the inverse images of hyperplanes in CP".
At the same time, we give an answer for an open question posed by H. Fujimoto in
1998.

1. Introduction

In 1926, Nevanlinna showed that for two nonconstant meromorphic functions
f and g on the complex plane C, if they have the same inverse images for five
distinct values, then f = g, and that g is a special type of a linear fractional tran-
formation of f if they have the same inverse images, counted with multiplicities,
for four distinct values.

In 1975, Fujimoto [2] generalized Nevanlinna’s result to the case of mero-
morphic mappings of C™ into CP". This problem continued to be studied by
Smiley [9], Ji [5] and others.

Let f be a meromorphic mapping of C™ into CP" and H be a hyperplane
in CP" such that imf  H. Denote by v 4y the map of C™ into No such that
virny(@) (@ C™M) is the intersection multiplicity of the image of f and H at
f(a). Let k be a positive interger or +oco. We set
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0 if V(f'H)(a)>k,
vemy(@ it v (@ ke

Let T be a linearly nondegenerate meromorphic mapping of C™ into CP" and
{H; }f_l be g hyperplanes in general position with

(f H)(a)

(a) dim z: v(fH)(z)>O and v(fH)(z)>0 m—2foralll i<j q.

For each positive integer p, denote by Fr({H;j };-‘:1, f,p) the set of all linearly
nondegenerate meromorphic mappings g of C™ into CP" such that:

(b) min v(g)H),p = min v(]ZH),p ,
q
(¢ g=fon i Z: v(fH)(z)>0

In [5], Ji proved the following

Theorem J. [5] If ¢ = 3n+1 and k = +oo, then for three mappings f1, >, 3
Fi {Hj}?zl,f,l , the mapping f; < f, x f3 : C™ — CP" x CP" x CP" is
algebraically degenerate, namely, {(f1(z), f2(z), f3(z)), z C™} is contained in
a proper algebraic subset of CP" < CP" < CP".

In 1929, Cartan declared that there are at most two meromorphic functions
on C which have the same inverse images (ignoring multiplicities) for four dis-
tinct values. However in 1988, Steinmetz [10] gave examples which showed that
Cartan’s declaration is false. On the other hand, in 1998, Fujimoto [4] showed
that Cartan’s declaration is true if we assume that meromorphic functions on C
share four distinct values counted with multiplicities truncated by 2. He gave
the following theorem

Theorem F. [4] If g =3n+ 1 and k = +oo then Fx {H;}{=,,f,2 contains at
most two mappings.

He also proposed an open problem asking if the number ¢ = 3n+1in Theorem
F can be replaced by a smaller one. Inspired by this question, in this paper we
will generalize the above results to the case where the number ¢ = 3n + 1 is
in fact replaced by a smaller one. We also obtain an improvement concerning
truncating multiplicities.

Denote by W the Segre embedding of CP" x CP" into CP n°+2n which is
defined by sending the ordered pair ((wo, ..., Wn), (Vo, ..., Vn)) to (..., wjvj,...) (in
lexicographic order).

Let h : C™ —- CP" x CP" be a meromorphic mapping. Let (ho : ... :
hn240n) be a representation of W - h . We say that h is linearly degenerate
(with the algebraic structure in CP"™ x CP" given by the Segre embedding) if
ho, ..., hn242n are linearly dependent over C.

Our main results are stated as follows:

Theorem 1. There are at most two distinct mappings in Fg {Hj};-‘zl,f, p in
each of the following cases:
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)1 n 3,g=3n+1,p=2and23n k +oo
(6n—1)n

ii)4 n 6,g=3np=2and — k +oo
iii)nz?,q=3n—1,p:1and% k +oo
5(n+1)

Theorem 2. Assume that q = ,(65n +171)n  k  +oo, where

[X] ;=max{d N:d x} for a positive constant Xx. Then one of the following

assertions holds :

i) #Fy {Hj}}‘zl,f,l 2.

ii) Forany f1,f, Fg {Hj}?zl,f, 1, the mapping f; <f, :C™ —, CP"x<CP"
is linearly degenerate (with the algebraic structure in CP" < CP" given by
the Segre embedding).

We finally remark that we obtained similar uniqueness theorems with moving
targets in [11], but only with a bigger number of targets and with much bigger
truncations.

2. Preliminaries

We set z := (|z1)> + - + |zm]D)M/? forgz = (z2,....zm) C™ B(r):= z:

—1 —
z <r,S(:=12z:2z =r, d°:= T(a—a),uzz(ddC z ™1 and
o:=dlog z 2 (dd®log z ?)™1.

Let F be a nonzero holomorphic function on C™. For an m-tuple a :
(ai,...,am) of nonnegative integers, set |a| := a; + - + Oy and DOF
alelF
0z7* ... 0z
D®F(z) = 0 for all a with |a] < p . Let k be a positive integer or +oo.

Define the map v,'§) of C™ into Ng by
0 if ve(z) >k,
ve(z) if ve(2) k.

We define the map vg : C™ - Np by ve(z) ;= max p :

V,E)(z) =

Let ¢ be a nonzero meromorphic function on C™. We define the map vh? as
follows. For each z C™, choose nonzero holomorphic functions F and G on a
neighborhood U of z such that ¢ = £ on U and dim F~(0)nG™1(0) m-—2.

Then put vff,)(z) = v,'i)(z). Set

vy =z V(@) >0 .
Define
")
n
NR(r, Vo) = t2m__1dt, (I<r<+o00)

1

where
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n(t) := vgu for m=2,
vl nB(®)

and
n(t) ;= vg(z) for m=1.
1z| t

Set N(r,vg) := N**)(r,vg). For | a positive integer or +oo, set

r
n,”(t
le)(r,Vq;) = tzlm—(—zdt' (A<r<+o0)
1
where nP(t) := min v{,1 v for m = 2 and nP(1) = |, ,

vl nB(b)
; k) — N — N R —
min v¢ (z),I for m = 1. Set N(r,vgy) := N; “(r,ve) and N "(r,ve) =
Nf)(r, Vg). For a closed subset A of a purely (m—1)-dimensional analytic subset

of C™M, we define
.

— n(t
N(r,A) = t2rT(1—_)1dt, (1 <r < +o00),
1
where
0] form=2,
A(t) ;== AnB®

#AnB(®) form=1.

Let £ : C™ - CP" be a meromorphic mapping. For arbitrarily fixed homo-

geneous coordinates (wg : --- : W) on CP", we take a reduced representation
f = (fy: - : f), which means that each f; is a holomorphic function on C™
and f(z) = (fo(2) : - - : fn(2)) outside the analytic set {fo = --- = f, = 0} of

codimension = 2.
Set f :=(|fo|]>+ - +|Fa]?)Y2. The characteristic function of ¥ is defined

by
Te(r) = log f o— log f o, r>1.
S(r) S(1)

For a nonzero meromorphic function ¢ on C™, the characteristic function T (r)
of ¢ is defined by considering ¢ as a meromorphic mapping of C™ into CP 1.

Let H = {apwp+: - -+anwn = 0} be a hyperplane in CP " such thatimf  H.
Set (f,H) :=apfp + - - + af,. We define

K K K
N (r, H) == N¥(r, vir ) and N,}(r, H) := N1, Ver.m))-

Sometimes we write Wl;)(r,H) for Nf)f(r,H), Ny ¢(r,H) for N,“'Lf°°)(r,H) and
N¢(r, H) for N7 (r, H).

+oo,
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172
f laol’ + - +an’

Set We(H) := )

by

. We define the proximity function

me(r,H) = log |Ys(H)|o—  log |Ye(H)]|O.
S(r) S(1)

For a nonzero meromorphic function ¢, the proximity function is defined by

m(r, ¢) := log* | ¢]o.
S(r)

We note that m(r, ) = mg(r, +o0) + O(1) ([4], p. 135).
We state First and Second Main Theorems of Value Distribution Theory.

First Main Theorem. Let f: C™ - CP" be a meromorphic mapping and H
a hyperplane in CP" such thatim ¥ H. Then

Ne(r,H) +me(r,H) = Te(r).
For a nonzero meromorphic function ¢ we have
N(r,vy) +m(r, ¢) = Te(r) + O(D).

Second Main Theorem. Let f : C™ _ CP" be a linearly nondegenerate
meromorphic mapping and Hg, ..., Hy be hyperplanes in general position in CP".
Then

q
@—=—n—=1)Te(r) Nn.¢(r, Hj) + o(T¢(r))
j=1

except for a set E (1, +oo) of finite Lebesgue measure.

The following so-called logarithmic derivative lemma plays an essential role
in Nevanlinna theory.

Theorem 2.1. ([5], Lemma 3.1) Let ¢ be a non-constant meromorphic function
on C™. Then foranyi, 1 i m, we have

a
6Zi ¢
¢

where E (1, +o0) of finite Lebesgue measure.

m r, =0(Te(r)) as r - oo, r/E,

Let F,G and H be nonzero meromorphic functions on C™. For each I, 1
I m, we define the Cartan auxiliary function by

1

1
®'(F,G,H):=F-G-H- & s
o 1

0 9
6Z| F aZ|
By [4] (Proposition 3.4) we have the following

Ir+

I

9
0z,

Q=
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Theorem 2.2. Let F, G, H be nonzero meromorphic functions on C™. Assume

that ®'(F,G,H) =0 and ¢! éé% =0foralll,1 | m. Then one of
the following assertions holds
DF=GorG=HorH=F.

F H are all constant
G H' F )

i)
3. Proof of the Theorems

First of all, we need the following lemmas:

Lemma 1. Let fy,...,fq be linearly nondegenerate meromorphic mappings of
CMinto CP" and {Hj}}*:l be hyperplanes in CP".Then there exists a dense

subset C c"™1 {0} such that for any ¢ = (cg,....Cn) C, the hyperplane
H. defined by cowg + - - + chwn = 0 satisfies

dim (F,7*(H)) n 7' (He)) m—2for alli {1,...,dyand j {1,...q}.

Proof. We refer to [5], Lemma 5.1.
Let fi, fo,fs  Fi {Hj}]=;.f.1,forg=n+1 Set
T(r) :=Tg,(r) + Te, (r) + Te (1).

L (fuH
Foreachc C,set F). := Ef' HJ;
i Cc

fori {1,2,3}andj {1,....q}.

Lemma 2. Assume that there exist jo {Z,....9},¢ C,I {1,..,m}and a
closed subset A of a purely (m—1) -dimensional analytic subset of C™ satisfying
1) o =o' F2,F,F =0, and
- k) _ . k) _ - k)
2) min v(fl,HjO),p = min v(fZ’Hjo),p = min v(f&HjO),p on C™\A, where

p is a positive integer. Then

q

2 Ne (L HD+ N2 (R Hi) N (Vo) + (0~ DN(F A)
J=1.j=Io
K220+ (o + 2N(A) +o(T()
k+1 P ’

foralli {1,2,3}.

Proof. Without loss of generality, we may assume that | = 1. For an arbitrary

; fohino K k)
pointa C™\ A satisfying v(fLHjO)(a) > 0, we have v(fi'Hjo)(a) > 0 for all

3
i {1,2,3}. We choose a such thata / fi_l(Hc). We distinguish two cases,
=

which lead to equations (1) and (2).
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Case 1. If v¢e, h; )(@) = p, then vg, 1 y(@) =p, i {1,2,3}. This means that
a is a zero point of FiJC0 with multiplicity =p fori {1, 2,3}. We have

0 1 i i 0 1

(D — FJOFJO - _ FJOFJO_ -

1c' 3c a Fgg 1c' 2c 021 Fgg

0 1 0 1

+Flopjo &~ _Flopk ;

1c az ng 3c az Fgg

(o] 1 (o] 1

cRprp 0 L ppen 0 1

o Fh o Fl

o 1 —F{¢ 2
On the other hand FJ? Fgga — = & so a is a zero point of
P 1 21 F3C F3c

Fiopdo — _—_ with multiplicity = p — 1. By applying the same argument

1c 30621 FJO

also to all other combinations of indices, we see that
a is a zero point of ®! with multiplicity =p—1. (€]

Case 2. va(flijo)(a) P, then Po = v(fl,HjO)(a) = v(fz,HjO)(a) = V(f3’|_|j0)(a)

p. There exists a neighborhood U of a such that v, n; ) p on U. In-

deed, there exists otherwise a sequence {as}e=; C™, with lim as = a and
S, co

V(y,H;,)(@s) = p+1forall s. By the definition, we have DB (fy, Hj,)(as) = 0 for
all |B| < p+1. So DF(f1, Hj,)(@) = Jim DPF(f1, Hj,)(as) = 0 for all |B] < p+1.
Thus ve, b )(@) = p + 1. This is a contradiction. Hence v, 1,y pon U.

We can choose U such thatU n A=, v(g, ;) pon U and (fi, He) has
no zero point on U for all i  {1,2,3}. Then v,:jO = VFg'g = vFgg p on U. So
Un{F¥ =0}=Un {F =0} =U n {FI = 0}. Choose a such that a is
regular point of U m{FJO = 0}. By shrinking U we may assume that there exists
a holomorphic function h on U such that dh has no zero point and Fijc0 = hPoy;
on U, where uj(i = 1, 2,3) are nowhere vanishing holomorphic functions on U
(note that v o @) =V io @) = v o (a) = po). We have

D U —ur2 p 9 s — U p
ol = uy Usz; U2 — Uzz;-us hP° o U1z5-Us — Uzz-up hP°
Uzus uzus
Uzaizlul - ulazl U, hPe
+ U3
UiUo
So, we have
a is a zero point of ®1 with mulitplicity = po. @)
By (1), (2) and our choice of a, there exists an analytic set M C™ with
codimension = 2 such that ve: = min{vr,, Hi) » P~ 1} on
Z: v(fl H, )(z) >0 \(M A). 3)

Foreach j  {1,...,0} \{io}. let a (depending on j) be an arbitrary point

in C™ such that VOZ H, )(a) > 0 (if there exist any). Then VOZ He )(a) >0
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forall i {1,2,3}, since f;,f2,fs  Fux {H;}]—;,f,1 . We can choose a /
f1(He)  f,7(H;,) , i = 1,2,3. Then there exists a neighborhood U of a
such that v¢f, 1,y  kon U and (fi, Hj,), (fi,Hc) (1 =1,2,3) have no zero
point on U. We have B := f;1(H;) nU = £, }(H;) n U = f5*(H;) n U and
1 1 1 . .

—— = — = —— on B. Choose a such that a is a regular point of B. By
el Fl Rk

shrinking U, we may assume that there exists a holomorphic function h on U

. 1 1
such that dh has no zero point and U n {h =0} =B. Then —- — —- =h¢;
1 1 I:2c I:1c
and Fo - £ = h¢sz on U where ¢, d3 are holomorphic functions on U.
3 1
Hence, (\:/ve get ¢
1 0 0
- R . 1
o) = FRFLFR  FR ne2 s
a 1 3 3 a a
om min P2anNNon 2 dagrh+hssds

— plopJopiop2 ¢2 ¢3
= FicFdFeh® o L(p :
0z1 2 0z1 3

Therefore, a is a zero point of ®1 with multiplicity = 2. Thus, for each j
{1,...,9} \ {jo}, there exists an analytic set N C™ with codimension = 2
such that ve1 =2 on

z :VI((f)l,Hj)(Z) >0 \N. 4)
By (3) and (4), we have
! K K ~
2 N H) + N2 ¢ (RHj)  N(nvey) + (p— DN(T, A).
J1=1j=lo
Similarly, we have
T o
2 N 6 (R HD+N L ¢ (nHG,)  N(nve)+(p—DN(RA), i=1,2,3.
i=1j=lo

(5)

Let a be an arbitrary zero point of some FJ°,a 7 f,1(H.), say i = 1. We have

T B T B
ob= Fle-FR Rl o v FE-FREES o
C C Cazl ng C Cc Cazl Fgg

0 1

Jo _plio plo
+ I:1c FZc F3C 021 Fjo
3c

6

So we have
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vi(@a l+max{ve (a),i=2,3} 1+ v (a) +v_ (a).
ol =Jo Jo Jo

2c 3c

Furthermore, if 0 < Viio (&) Kk and, hence, v(f H, )(a) >0 anda /A, then
by (3) we may assume that Vi (a) = 0 (outside an analytlc set of codimension

=>2). )
Let a be an arbitrary pole of all F,JC° ,1=1,2,3. By (6) we have
3
vai(a) max{v_: (a),i=1,2,3}+1< v_i () (8)
oé Fljr(:) i=1 Fljr(:)

It follows from (6) that a pole of ®? is a zero or a pole of some Fijc°. Thus, by
(6), (7) and (8), we have

N r,va N rvy + N r,Vio -N¥ rVeio +3N(r,A)
ol : eJo ) ic ic
i=1 ic i=1
3 1 @ o
_ N r,vF_Jl_0 +—k+1_ N r,v,:i,-c0 + 3N(r, A)
i=1 ic i=1
3 1 3 o
. N rv 1 k+1 Fijco(r)+3N(r,A)
i=1 Fic i=1
3 1
N rv_e +——T(r)+3N(r,A) +0O(). 9
=1 Fo k+1
We have
; i 0 1 i 0 1
(Dl — FJO FJO_ - _ FJO_ -
c 1c 3c 021 Fgg 2c 621 Fgg
; o] 1 0 1
+ |:J0 FJO - _ FJo _
2c 1c 021 ng 3c 621 Fgg
o] 1 0 1
+ FJO F - |:Jo -
2c aZ]_ Fgg 1c 021 F]J_g
3
so m(r, ®1) m(r, FJ°)+2 m r,Flo.2 a2 F}O +0(1). By Theorem 2.1,
i=1 i=1 ic
we have
mrFJ"a L =0 T_jo(r)
1€ 9z, Fijco Fiov 7
Thus, we get .

m(r, ®Y) m(r, F{2) + o(T (1)), (10)
i=1
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(note that T_jo (r)  Tg,(r) +O(2)).
By (9), (10) and by First Main Theorem, we have

N(rve:) Tou(r) +O(1) =N rve +m(r, ;) +O(1)
0C

3
. N r,v$ +m(r,F°) + ﬁT(r) + 3N(r, A) + o(T (r))
3
1 -
- Teso(N) + 7 T() +3N(r, A) +o(T (1)
3
1 _—
. Ty, (r) + mT (r) +3N(r, A) +0o(T (r))
k+2

:mT(r) + 3N(r, A) + o(T (). (11)

By (5) and (11) we get Lemma 2.

The following lemma is a version of Second Main Theorem without taking
account of multiplicities of order > k in the counting functions.

Lemma 3. Let f be a linearly nondegenerate meromorphic mapping of C™
into CP" and {Hj}?zl(q = n+2) be hyperplanes in CP" in general position.

Take a positive integer k with q_qr?_l k +oo. Then

k LN
@-n-Dk+D-an,_, Nini¢ (1 Hj)+o(T £ (1))

nk !
(q—n—l)(k+1)—qnj=1

for all r > 1 except a set E of finite Lebesgue measure.

Te(r)

Ne (1 Hj) + o(T (1))

Proof. By First and Second Main Theorems, we have
q

(@—n—1)T¢(r) Nn£(r, Hj) +0 Te(r)
j=1
k 1 0 n ¢
1 Ny (r,Hj) + 1 N (r, Hj) + 0 Tg(r)
i=1 j=1
k k) _ qn
< k+1j:1 Npe(r Hj) + k+1Tf(r)+O Te(r) , r / E,
which impies that
—n-1- T q N (r, Hj) +0 Te(r)
| k+1 | k+1 n, £\ M) f .

j=1
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Thus, we have

k RN
@-n-k+1H—an,_, Nie (1 H)+o(T (1)

nk d
(q—n—l)(k+1)—qnj:

Te(r)

NP (1 H;) + (T ¢(r)
1

Proof of Theorem 1. Assume that there exist three distinct mappings f1, T2, f3
Fr{H;j }?:1, T, p). Denote by Q the set which contains all indices j  {1,...,q}

satisfying ®! F{C, Fgc, Fgc =(0forsomec Candsomel {1,..,m}. We now
prove that

#{1,...,.q\Q)=3n— 1. (12)
For the proof of (12) we distinguish three cases:

Case 1.1 n 3,g=3n+1p=2k=23n. Suppose that (12) does not
hold, then #Q = 3. For each jo Q, by Lemma 2 (with A= , p =2) we have

q

—K) —K) k+2 .
2 N (r,Hj) + Ng (r, Hj,) mT(r) +0o(T(r)), i=1273 (13
J=1j=io
By (13) and Lemma 3 we have
q
. On nk —K) )
qg—n—1 1 Te, (1) IH_ljlefi(r,HJ)+o Te, (1)
nk(k + 2) nk —x .
—=T(r)+ N¢g (r,H; )+0 T =1,2,3.
2(k + 1)2 Q) 2(k + 1) £ (L Hj) +o T(r) , i 2,3
Thus, we obtain
gn 3nk(k +2) nk —k)
-—n—-1-—- T TN+ = N Hj,)+o T
a=n K+1 ) 2(k + 1)2 " 2(k+1) ., 7 (f Hio)+o (D)

which implies

2(g—n—1)(k + 1) — 2gn(k + 1) — 3nk(k + 2) T(r)
3
nk(k+1)  Np(r Hj,) +o(T(r)) = 3nk(k + )N (r, Hj,) + o(T (r)).
i=1

Hence, we have

lim inf W'Fi)(r, Hio) _ 2(a—n-— 1)(k + 1)2 — 2qn(k + 1) — 3nk(k + 2)
reeor e T(r) 3nk(k + 1)
k? —6nk — 6n + 2

= —qan w2 (14)
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Set

Aii= r=>1:Tg(r) =min T (r), Te (), Te(r) , 1 {1,2,3}.

Then A; A, Az = (1, +00). Without loss of generality, we may assume that
the Lebesgue measure of A; is infinite. By (14) we have

—k)
N, (r, H; 2— -
iming (" Hio) | K®—6nk—6n+2.
rocor ANNE  Tg () k(k + 1)
Take three distinct indices j1, j2,j3 Q (note that #Q = 3). Then we have

Jo Q.

lim inf Nf(rHi) + N (r Hi) + N (r Hi)) _ 3( = 6nk—6n +2)
r-oo r Ai\E Tfl(r) - k(k + 1) ,
which implies that

q —K)
N, (r, Hj)

o j=1 3(k? — 6nk — 6n + 2)
= 15
i e T T k(k+ 1) (15)
f,H 5, H
Since f; = f, there exists ¢ C such that (T, Hy) _ (f2, Ha) Indeed,

(flch) B (fZch).
(fi,Hi) _ (f2,Hi)
(fi,H) — (f2,H)
(fi,Hy) _ (f2,Hi)
(fi,Hj) — (f2,Hj)

otherwise by Lemma 1 we have that

for all hyperplanes

H in CP". In particular

forall j = 2,...,n+1 We

choose homogeneous coordinates (wg : -+ : wn) on CP™ with Hy = {w; = 0}
(1 j n+1)and take reduced representations:
fo=(f, 0 i F ),
fz = (le L f2n+1).
Then
L ETR P9
i = i f11 f1n+1
i, T f—:---:f , so fi=f,
(=2...n+1) 2 2o

This is a contradiction.
Since dim(f; *(Hy) n f,1(He))  m — 2 we have
Tamy (= log((fi, H)* + I(fi, H))*0 +O(1)
o s(r)
log fi 0+ 01) =Tg(r)+0(@1), 1=1,2,3.
S(r)

. _ R )
Since f; = f, on i Z: V(fl,Hj)(Z) >0 and
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. K K .
dim z: VoZl,Hi)(Z) >0 and v(f)lij)(z) >0 m-—2 forall i=j,

we have

q
—k
Nfz(l’, Hj) N Ve .hy @D T (f2,H1; () +0(1)

(f1,He)  (f2,Hc) (f1.He)  (f2.Hc

ji=1
T (r) + TE:ZEl; (r)+0(1) T (r) + Te,(r) +0(2),
2.Mc

(f1,Hc)
which implies
Tn(+TeM
q —k) -
. Nfl(r’ Hj)
j=1
On the other hand, by Lemma 3, we have

liminf

r - oo

q

L. an nk —K) )
g—n-—1 k+1 Tr(r) k+1j:1Nfi(r’HJ)+0 Tr: (1)
S
= r 1 Ng (r,Hj) +0 Tg(r) ,
j=1
which implies
. Tr (r) nk i
limsup g : , 1=1,2,3.
oo —K) —n—-1)(k+1)—qgn
r r E - Nfl(ru Hj) (q )( ) q
j=1
Hence, we obtain
+
limsup —————— T':(l(r) = limsup Tzl(r)k T _ g Tf(r)
r.oor A;\E - Wfi(r' HJ) r-oo r A;\E . Wfi(r' HJ) ) WfZ(r, HJ)
j=1 j=1 =1
+
= timing  TOFTRO g, Te0
Fret ANE T NRH) e ANE T NP H;)
j=1 i=1
_ nk
— @=n-1k+1)—gn
Consequently, we get
9 _k
N (r, Hy)
liminf =" @=n-Dk+1—gn
rooo r A\E Tfl(l') @—n—-1)(k+1)—gn—nk

2k+1-—3n
T k+1-3n" (16)
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By (15) and (16) we have
3(k?—6nk—6n+2) 2k+1-—3n

k(k +1) k+1-3n"
This contradicts k = 23n. Thus, we get (12) in this case.

_ _ (6n—1)
6,9=3n,p=2 k="

Case2.4 n
Suppose that (12) does not hold, then there exists jo Q. By Lemma 2
(with A= ,p=2) we have
3n
2 NPOH)+NQOHL) it o (), =123
J=1j=lo
On the other hand, by Lemma 3 we have
3n
—kK 2n—2)(k+1)—@Bn—1)n
N Hy) + o(Te () = G2V ZENZ 0y
i=Lj=io
and  3n @n — 1)(k + 1) — 3n2
— Kk —_ —
N (r, Hj) + o(Tr, () = — Te, (1),
i=1

which ilnplies that
4n—3)(k+1)—(6n—1)n

3n
—K —K
N, ( Hy)+Ng (1, Hi ) +0(Te, (1) = =

2
i=1j=Jo

Hence, we have

Un=3)k+D=On=Dnr iy K 210y v o), i=1,23.

nk k+1

Consequently, we get
(4n —3)(k +n1|2 —(6n — 1)nT(r) 3(kk:12)T(r) +o(T (),

which implies that
(4n—3)(k +1) — (6n — )n T(1) %T(r) +o(T (1))
3n(k + 1)T(r) +o(T(r).

Hence, we obtain k +1  ©2=D" This is a contradiction. Thus, we get (12)

in this case.
Case3. n=7,9g=3n-1p=1, kZ%'
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Suppose that (12) does not hold, then there exists jo Q. By Lemma 2
(with A= ,p=1) we have
3n—1
—k) k+2 .
2 N H; ——T(r) +o(T =12
i=Li=io (1 1) k+1 () +o(T(), i 23

(note that N(';)fi (r,Hj,) = 0). On the other hand, by Lemma 3, we have

3n—1 _ _ _
2 NP Hy) (T () =GN ZENT AN
J1=1j=lo
Hence, we get
—3)(k - - k
A=A D= A0 1) < 2y + o),

which implies

((@n —6)(k +1) — (6n —4)N)T¢,(r) wﬂr) +0o(T(r)), 1=1,2,3.
Hence, we have

3nk(k +2)

((4n —6)(k + 1) — (6n — 4)nN)T(r) 1 1) +o(T(r)

3n(k + 1)T(r) + o(T(r)).

Thus, we obtain
(@n—-06)k+1)—(6Nn—4Hn 3n(k+1)

implyin
PIng 6n—4)n
n—6 '

which is a contradiction. Thus, we get (12) in this case.

k+1

So, in any case we have #({1,...,0}\ Q) = 3n — 1. W.ithout loss of
generality, we may assume that 1,...,3n—1 / Q. Then we have

o' Fl,FI,Fd =0 forall ¢ C, | {1,..m}, j {i,...,3n—1}.

On the other hand, C is dense in C"*1. Hence, ®' FJ_,Fl FI =0 for all
c C"IN{0}, | {1,...m}.j {1,...,3n—1}. In particular (for Hc = H;)
we have

(f1,Hj) (f2,Hj)  (f3, Hj)
(f1, Hi)" (F2,Hi)" (f3, Hi)

foralll i=j 3n—-1, | {1,...,m} an

o =0
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In the following we distinguish the casesn =1 and n = 2.

Case 1. If n =1, then a; := H;(j = 1,2, 3,4) are distinct points in CP. We
have that
L= (f1,a1) 0 = (f2, 1) g = (f3, 1)
S (fna)’ 7 (Ra)” ™7 (fs,@2)

are distinct nonconstant meromorphic functions. By (17) and by Theorem 2.2,
there exist constants a, 3 such that

g2 =001, 03 = Bgll (Q, B / {1! o, O}! a= B) (18)

We have Vs, a;) = k+1on {z: (f1,a3)(z) = 0}. Indeed, otherwise there exists

zo such that 0 < Vg, a;)(20) k. Then v, . (z0) >0, foralli {1,2,3}. We

have (1, a3)(zo) = (f2,a3)(zo) = 0 so f1(z0) = T2(z0) = a5, where we denote

a; = (a, : —aj,) for every point a; = (aj, : aj,) CP'. So g1(z0) = 92(20) =

83' 21; =0, oo (note that ag = a;, ag = ay). So, by (18) we have a = 1. This

3 A2

is a contradiction. Thus v, a,) = k+ 1 on {z : (f1,a3)(z) = 0}. Similarly,
Vifia) = k+1on{z:(fi,a)(z) =0} fori {1,2,3},j {34}

(az,a1) o (ag, a1) (ag,a1)

Setb; =a . = . = .

YT ) Y Basa) o (ag.a)

Vgo—bz = V(f2-a3)(a1-az) =k+1 on {Z . (gz - bg)(Z) = 0}1

(f2.a2)(a5.a2)

Vgo—by = Vg,—1p, = Vraga,.an =K +1 on {z: (g2 —b1)(z) = 0},and

(f1.a2)(a5.a2)

g3—%b2 = V(f3-a3)(a1-az) =k+1 on {Z : (g2 - bZ)(Z) = 0}

(f3.a2)(a5.a2)

Then we have

Vgo—b, = V

Since the points b1, by, bz are distinct, by First and Second Main Theorems, we
have

3

ng(r) N r, ng—bj +0 ng(r)
j=1
1 3
P N r,vg,—p; +0 Tg,(r)
j=1
3
g e (n) +0 Tg,(r)
This contradicts k = 23.
Case 2. Ifn=2,foreachl i=j 3n-—1, by (17) and Theorem 2.2, there

exists a constant a;j such that
(f2,Hj) _ O(__(fl,Hj) or (f3,Hj) _ o (f1, Hj)

(f2,Hi) Y (F,Hi)  (Fa,Hi) 7 (F1, Hi)
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or . .
(f3! Hj) — ij (f2! Hj) . (19)
(f3, Hi) (f2, Hi)
We now prove that a;; = 1 forall 1 i =j 3n—1 Indeed, if there
. . . ( 2, HJO)
exists Qj,j, = 1, we may assume without loss of generality that F )
21 I()
q
Qigjo 12> (f1, Hso) On the other hand f; = f, on Q = z v(f (@) >0
(f11 lo) j=1

Hence, (f1, Hj,) = (f2, Hj,) = 0 on Q\ f; *(H;,). So we have

_ —k)
Nfl(r HJ) N Ve mg + N r,v(flvHio) —N I’,V(flvHio)
J=1j=io f1:-Hig)

Thus, by First and Second Main Theorems, we have

q

Q@—n—2)Tg,(r) Nn,, (r, Hj) +0(T¢, (1))
i=Li=io
q
n N1 (r, Hj) + o(T#, (1))
i=1li=io
nk a —K) n a
K1 N¢ (r,Hj) + K1 N, (r, Hj) + o(T¢, (1))
i=Li=io i=Li=io
nk n — —K)
PES A VEE::’?;? it N Vg TNV )
(@—Dn
o T, (r) +0o(Tr,(r))

nk nk (g—Dn
K + 1T§:i HJO; (I') (k ) Nfl(r Hlo) K+ 1 Tfl(r) +0 Tfl(r)
nk nk (g—1)n

+ +
k+1 (k+1)? k+1

Te, () +0 Te (1) .

nk + nk +(q—l)n qn.
k+1 (k+1)2 k+1 k
contradicts any of the following cases:
)2 n 3, g=3n+1andk=23n,

.. 6n—1
i) 4 n 6 g=3nand k="

— _ (6n—4)
i) n=7, g=3n—1and k= =7=".

Thus, we get (q —n — 2)

Thusajj =1foralll i=j 3n—1.
By (19), fori =3n—1,j {1,...,3n— 2}, we may asssume without loss
of generality that
(f1, Hj) (f2, Hj)

= ,J=1,...,n. 20
f1, Han—1 T2, Han—1 ] (20)
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Forl s<v 3, denote by Lg, the setof all j {1,...,3n— 2} such that
ot o = LD By (19) we have L1z Loz Liz = {1,...,3n—2}. So
by Dirichlet principle, one of the three sets contains at least n di erent indices,

which are, without loss of generality, j = 1,...,n, which proves (20).

We choose homogeneous coordinates (wp : -+ : wp) on CP™ with H; =
{wj =03 @ J n), Han—1 = {wo = 0} and take reduced representations:
f1=(F - Fy,), Fo=(Fy -+ :Ty,). Then by (20) we have

f, fo
=3 f1, Lt _
i, o so 2 =...=_—" hence fL=".

G=1,...,n) T2 fa,
This is a contradiction. Thus, for any case we have that fq, f,, f3 can not be
distinct. Hence, the proof of Theorem 1 is complete.

Proof of Theorem 2. Assume that #Fk({Hj};‘zl,f,l) = 3. Take arbitrarily
three distinct mappings fi, 2, f3 Fk({Hj}J‘-‘zl,f, 1). We have to prove that
fsxf, :CM —- CP" x CP" is linearly degenerate forall1 s<v 3.

Denote by Q the set which contains all indices j {1, ...,q} satisfying
o' F).,F3.,F3. =0 for some ¢ C. We distinguish two cases n odd and n
even.

Case 1. If n is odd, then q = XD,
We now pove that Q = . (21)

Indeed, otherwise there exists jo Q. Then by Lemma 2 (withA= ,p=
1) we have
q
2 NPH)  IT@oT), =123
i=Li=io k1

(note that Ng,)fi (r,Hj,) = 0). On the other hand, by Lemma 3 we have

q
2 N (1, Hy)+o(Te, () = 20D ) =0
i=Li=io n
Hence, we have
o-2n-a)k+D-20-0n Te 20 roray), =123,
which implies
@-2n—ak+1D-20-Dn T ST ()4 o(7 (1)

3n(k + )T (r) +o(T (r)).
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Hence, we obtain
2q—2n—4)(k+1)—2(q—1)n 3nk+1)

implying
k+1 (5n+3)n.

This is a contradiction. Thus, we get (21).

Case 2. If nis even, then q = 2+
We now prove that #Q 1. (22)

Indeed, suppose that this assertion does not hold, then there exist two
distinct indices jo,J1 Q. By Lemma 2 (with A= ,p =1) we have
q
— +
2 NOrH) <21y +oT(r), i=1.2.3,

. i k+1

i=Llij=jo
which implies that, for i =1,2,3

q

—k) 1 k+2
2 NG (L HD) = SNRe (R H) g T(0) +o(T ()
J=1j=io
2 q
-~ N (R Hj), =123
J=1,j=io
Hence, we get
R R 1 3(k +2)
2 Nt (r Hi)= =N, (r Hj) 1 T +o(T(r)
j=1j=jo i=1
2 %y
- — Nn,fi (r1 Hj)y (23)
Ji=lj=jo i=1

By Lemma 3 (with q = 2%*4), we have

3n(k+1)—(Bn+2)n
k

q
2 N/ (r,Hj) + o(Tg, (1) =
i=Lj=Jo

Te(r), i=1,2,3.

Hence, we have

2 q 3 K
o Nn,fi (r1 HJ) + O(T (r)) =
i=1i=io i=1

3n(k +1)— (5n +2)n

K T(r). (24)

By (23) and (24) we have
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q 3 _
2 N (r Hy) — %Nr'f?fi ) &0 +2:2(kk++1§) 30T (1) + o(T (1))
i=Lj=jo i=1
D2 () +o(T ().

On the other hand, we obtain

N (r, Hy) — %N,‘j?fi(r,Hj)ZOforal|i {.,2,3}, j {i..q}

Hence, we get

3

k) 1k

Nfi (r1 Hj) - ﬁNn?fi(ra HJ)

i=1

5n+2
k

T()+o(M(r).J {1 ....a}\{o}.
In particular, we get

3
5”k+ 21 +o(T(r). (25

DY 1k
N, (1 Hi) = ~Npe (r Hj)
i=1

Set Aj ={z C™: v(fi,Hjl)(z) =1} fori =1,2,3. Foreachi {1,2,3},
we have Aj \ A;  sing fi_l(Hjl). Indeed, otherwise there exists a Ai \
A n reg f;1(Hj,). Then po = Vefih;,)(@) = 2. Since a is a regular point
of fi_l(Hjl) we can choose nonzero holomorphic functions h and u on a neigh-
borhood U of a such that dh and u have no zeroes and (fj, Hj,) = hP°u on U.
Sincea A, thereexistsb AjnU. Then, we get 1 = v(g, ;,5(b) = Vheou (D) =
po = 2. This is a contradiction.
Thus, we see that A; \ A;  sing f; (H;,).
3

SetB:=A; A, Az ThenB\B sing fi_l(Hjl). This means that
i=1
B\ B is included in an analytic set of codimension = 2. So we have

3
(n — HN(r, B) NN (r, Hi) — NS¢ (r Hj,)
i=1
By (25) we have

NrB) DR +o(T (),

where we note that n = 2, since n is even. It is clear that

; k) — mi k) — mi K) M\ R m
min v(flijl),Z = min v(fszjl),Z = min v(fzijl),Z on C\B( C B).
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By Lemma 2 (with A =B, p = 2) we have

d —k) —k) k+2 — —

2 Ny, (r,Hj) + Ng (r, Hj,) mT(r)+4N(r, B) +o(T (r))
i=1j=i1

k+2 + 4(5n + 2)n

k+1 (n—1k

T(r) +0o(T(r))

(26)
(note that j; Q). By Lemma 3 we have
4 —_n = —(q —
NY(r, Hy) + o(Tr, (r)) = 9= 2)(":'(1) @=DNr (1), and
J=1j=j1
q
— —n—1(k+1)—qgn
N Hy) + o(Ty, () = 7T DRED Ty
j=1
Consequently, we obtain
a —k) —k)
2 N, (rHj) + Ng(r, Hj,) +0o(Tr, ()
J=1j=j1 27)
= (2g—2n—3)(k+1)— (29 — 1)n_|_fi )
nk
By (26) and (27) we have
2g—2n—3)(k+1)—(2g—1)n k+2 4(5n+2)n
which implies
B 3nk(k+2) 12(5n +2)n?
@Gn+1)(k+1)—6Bn+3)n T(r) 1 + =1 T(r) +o(T(r))
2
@n(k + 1)+ 2ON+ DN r 1y L 0T (),
(n—1)
and hence, )
12(5n +2)n
This contradicts k = (65n + 171)n , n = 2. Hence, we have #Q 1. So we get
(22).

By (21) and (22) we have #({1, ..., q}\Q) = q—1. Without loss of generality
we may assume that 1,...,q—1/Q. Forany j {1,...,q— 1} we have

o' F,F, Fd. =0forallc C,I {,..,m}
On the other hand, C is dense in C™*1. Hence, we get that ®' F},F3.,F3. =0
forallc C™I\{0}, I {1,..m}jJ {i,....q9—1}. In particular (for
H¢: = H;), we get
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i (F,Hy)  (fo,Hj)  (f3, Hj)

® , , =0
(fi, Hi) ™ (2, H;) " (3, Hi)
foralll i=jJ qg-—-1, I {1,...,m}
Foreach1l i=j q—1, by Theorem 2.2, there exists a constant aij
such that
(f2,H;) _  (fi, Hj) or (fs,Hj) _  (fi,Hj) or (fs,H;) _  (f2,Hj)

(F2,Hi) U (F,Hi)  (Fa, Hi) U (FLH) o (Fa Hi) T (Fo Hi)

We now prove that

ajj =1foralll i=j gq-—1 (28)
Indeed, if there exists aj,j, = 1, we may assume without loss of generality

f,, Hj f1, Hj
that (2, Hio) _ - (f1Hjo) On the other hand, we have f; = f, on

= Qiyio .
(f2, Hi,) olo (f1, Hi,)

q
—— . K — —
D = i z: v(]Zlij) > 0 . Hence, we get (f1,Hj,) = (f2,Hj,) = 0 on

D\f;'(H, ). So we have

q
—Kk) N3 ~K)
Nfl(r, Hj) N Ve mg + N r, V(flvHio) —N r, V(flvHio)

F1.Hig)

J=1,j=io
Thus, by First and Second Main Theorems, we have

q
@=1n—2)Te(r) Novt, (1, Hy) + 0(Te, (1)
i=1,j=io

; J J

n Ny, (r, Hj) + o(T¢, (1))
i=1,j=io
q q

k. N (r, Hy) + Ne, (1, Hy) + 0(Te, (1))

k+1. . . k+1. . .
J=1,j=io J=1,j=io
nk

—N rnveE ey +—
k+1 G k+1

+ 800 1)+ o, ()

nk nk ) (g—1)n
ko1 s (O o N (0 Hi) +

nk nk (@—21n
+ +
k+1 (k+1)2 k+1

— —K)
N Ve ) — N7 LVE H)

Te, (r) +0 T, (1)

Te (r) +0 Te (1) .

nk nk (g—1)n nq
+ + n+ —.
k+1 (k+1)2 k+1 k

Thus, we have (g —n—2)



An Extension of Uniqueness Theorems 93

This contradicts q = 5(”—;1) , k= (65n+171)n. Thus, we get that a;; =1
foralll i=j g—1.

Forl s<v 3, denote by L, thesetofallj {1,...,q— 2} such that
(g;':g 5 = (évf;":g 5. By (28), we have L1, Lz Liz={l,...q—2}

If there exists some Lsy = , we may assume without loss of generality

. 5(n+1
that L3 = . Then Lo Loz ={1,...,q—2}. Since q = Q we have
#L1, = n or #Ly3 = n. We may assume that #L1, = n , and furthermore
(f1, Hj) (f2, Hj) -

1,..,n Lip. Then = for all 1,..,n},sof, =f*
12 (f1,Hg—1)  (f2,Hq—1) U } T2
(as in the proof of Theorem 1). This is a contradiction.

Thus, we have Lgy, = foralll s<v 3. Thenforanyl s<v 3,

. _ fs.H;) . (Fv,Hj)

there exists j  {1,...,q—2} such that (fs,Hqil) =@ Hoo1)’
get that fs < f, : C™ — CP" x CP" is linearly degenerate. We thus have
completed the proof of Theorem 2.

Hence, we finally
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