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Abstract. In this paper we study the hyperbolicity of some normal systems of first-
order nonlinear partial di erential equations, to which some multidimensional Monge-
Ampére equations have been reduced in [8]. We prove that when the dimensionn 5
all these systems are weakly hyperbolic.

1. Introduction

We consider the following normal system of 2n + 1 first-order nonlinear partial
di erential equations with respect to 2n+1 unknown functions X (a), Z(a), P (a)

OXi  _ _"loax -
o _—k:1m+gi(a), i=12,...,n,
9z _ "1, n
o =, o + Y ()P (), (1.1)
api n—1 n
— gﬁ — aj (X(a),Z(@),P(a))g (o), i=1,2,...,n,
aan k=1 Ok =1
where a = (a4, 0z, ..., 0n) are independent variables, X (a) = Xj(a), Xz(q),...,
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Xn(a) ,P(a) = Py(a),P2(0),...,,Pn(a) and ajj(X,Z,P) are given smooth
functions defined in R2"+1,

9(0) = (91(a), g2(@), - -, gn ()" = va (@) X V(@) X -+ X vp1(a) R,

(1.2)
4(0) = S0+ EACK(@), 2(a), P @)
= (vj2(0), vj2(a), ..., Vjn(@)) R™j=1,2,....n—1. (1.3)

where A(X, Z,P) = [aij (X, Z, P)]nxn, aij (X, Z, P) are the same as in (1.1),

X _ 90Xy 0Xp  9Xn

) R", j=12,...,n

a(]j adj a(]j adj
oP 0P, OP oP .
— = 2 2" R j=12....n
a(]j adj adj a(]j
6‘1 6‘2 “es en—l en
Vi1 Vi2 «vo Vin—1 Vin
Vi XVp X« Xyp_g = Vo1 V22 <o Von—1 V2n R, (1.4)
Vh—1,1 Vn—22 ... Vn—1n Vn—1,n
e1,€,...,€en are unit column-vectors on coordinate axes Ox;, OXo, ..., OXn, re-

spectively.
We note from (1.4) that gi(a) will be determined in (2.7) by a determinant
of order (n-1), whose elements vjk by (2.8), (2.1) and (2.2) are homogenous

polynomials of degree 1 with respect to the same derivatives ax(“), ag(“) k =
Ok a

1,2,...,n—1. So all gj(a) are homogenous polynomials of degree (n — 1) with
respect to the derivatives 23, 924D |k = 1,2, n—1 with coe cients de-

pending on ajj (X (a), Z(a), P (a)). Therefore the system (1.1) is normal, because
all derivatives of the unknowns X, Z, P with respect to the o, are expressed in
terms of their derivatives with respect to the rest variables ai, az, ..., On—1.

In [1-7] the classical hyperbolic Monge-Ampére equations (n = 2) has been
studied by reducing them to some first-order quasilinear hyperbolic systems (1.1)
with 5 equations and 5 unknowns. The Cauchy problem for some hyperbolic or
weakly hyperbolic systems had been studied in [11-12].

In [8] we have reduced the following multidimensional Monge-Ampére equa-
tion

det [2x;x; + @ij (X, 2, P)ln=xn =0, (1.5)
to the system (1.1), where X = (X1,X2,...,Xn) R",z = z(X) is an unknown
function, p = (p1,P2,...,Pn) = (Zx1: Zxs, - - - » Zx,)- The functions a;j (X, z, p) are
the same ones as in (1.1). We have shown in [8] that a solution (X (), Z (), P (0))
to the system (1.1) with 2X| =0 gives a solution z(x) to the equation (1.5).
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The solvability of the Cauchy problem for the equations (1.5) strongly depends
on the hyperbolicity of the system (1.1). So, it is important to study the hyper-
bolicity of the system (1.1).

In the present paper we study the hyperbolicity for the system (1.1). Our
main result is Theorem 2.8 which states that when dimension n 5, the system
(1.1) is weakly hyperbolic. Due to a lot of calculations needed, in the casen 6
we get only particular results. The outline of the paper is the following. In
Sec. 2 we recall the notions of weak hyperbolicity and hyperbolicity for (1.1). In
the following Secs. 3-6 we study the hyperbolicity for the dimensions between
2 and 5. We would like to emphasize that the hyperbolicity takes place only
in the case n = 2, provided that the matrix A(X, z,p) = [aij(X,Z, p)]ax2 is not
symmetric.

In the paper we use the Maple 7 for symbolic calculations to calculate the
products of matrices, determinants, eigenvalues and to simplify algebraic expres-
sions.

2. Hyperbolicity
2.1. Definitions
We introduce the following notations. For k = 1,2,...,n—1, set

0X 0X; 90X, 0Xn

Vik = (Vik, Vok, ..., Vi) = don = Jor 90 o (2.1)
_ _ 0P _ 0Py 0P 0P
and
XT(a)
U(a) = (X(@),Z(0),P(@))" = Z(a)
PT(a)
n-1 g9(a)
ou
F(o)=-— 0 +  g(a),P(a)
=1 —Ag(a)
where .,. stands for the scalar product in R".
We can now write system (1.1) in the matrix form
ou
da. F. 2.3)
Forj=1,2,...,n—1, we introduce
ou
Qj = a0;

and
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Dg _ Dg
DE DV; o E 0 Dvlgli31
! ~ASE 0 —Ag—E

where E is the identity matrix of order n and

991 9001 g1
OVik 0Vak 7" 0Vnk
D 992 902 992
9 = 9gi — OVik OVok 77 0Vhk
DVi OVjk nxn : : : : )
0gn 9gn 99n
OVik O0Vak 77 0Vnk
001 001 901
OWik OWak "7 0Wnk
D 092 992 g2
9 = 9gi — OWi oWz 77 0Wnk
DWk T Wik nxn : : .
99n 9gn agn
OWik OWz "7 0Wnk

Note that each of the matrices A; depends on X (), Z(0), P (0), 2%, 9P 'y =

day ' day’

1,2,...,n— 1. We recall now the notion of hyperbolicity for the system (2.3).

Definition 2.1. [9, 10]
1) System (2.3) is said to be weakly hyperbolic if for any given (X (a), Z(a), P (o))
C! and for any & = (§1,...,&n—1) R"1, all eigenvalues of the matrix

n—1
A= &GiA; (2.5)
i=1

are real.

2) System (2.3) is said to be hyperbolic if it is weakly hyperbolic and if for
any given (X(a),Z(0),P(a)) C'and for any & = (&1,...,&n—1) R"71,
there exists a basis in R?"*1, consisting of its corresponding smooth left
eigenvectors of the matrix A.

. . Dg . .
Proposition 2.2. For each k = 1,2,---,n — 1 the matrix Dvg is anti-
Kk
symmetrix, i.e.
Dg T_ Dg
DWe ~  DWy (2.6)

Proof. From (1.2), (1.4) we have
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Vi1 Vii—1 Vi,i+1 Vin
i Vk-1,1 Vk—1,i-1  Vk—1,i+1 Vk—1,n
—_ +
gi=CD"" % via Vi, i—1 Vi, i+1 Vie,n 2.7
Vk+1,1 Vk+1,i—-1  Vk+1,i+1 Vk+1,n
Vn—-1,1 Vn—1,i-1 VYn—1,i+1 Vh—1,n
From (1.3), (2.1) and (2.2) it follows that
n
ij:ij+ ahmvhj,j=1,...,n—1,m=1,...,n. (28)
h=1
We note that Wik, k = 1,2,...,n—1 do not appear in the expression of each gi.
Therefore,
0gi
=0,i=1,---,n, k=1,--- ,n—1 2.9
aWik ( )
If j <i, then (2.7) yields
6ij
Vi1 Vij-1 0 Vij+1 V1,ic1 V1i+1 Vin
Vi-1,1 Vietj-1 0 Vi j+a Vk-1,i-1  Vk-1,i+1 Vk-1,n
x
Vik,1 Vikj-1 1 Vikj+1 Vik,i-1 Vi,i Vk,n
Vk+1,1 Vir1,j-1 0 Vkapj+1 Vik+1,i-1  Vk+1,i+1 Vk+1,n
Vn-1,1 Vn1j-1 0 Vno1j+1 Vn-1,i-1 Vno1,i+1 Vn-1,n
(2.10)
On the other hand, if j < i, then we can rewrite (2.7) as follows
gi = (-1t
) vy g 1 ] -1 LN T g LT
My Uh-1,5 Cr-1,5+1 Trela-1  Te-li VR-létl Ti-1n
S Uk, j-1 Tl j+1 e i1 )i Uk i1 Vi
Vkt1.1 Vht1-1  Thg1,541 Pegli-1 Yi=1a  Vesl41 [ R
V1,1 =0 Wil Vaon 41 Va-1-1 Yool Ve, [T
(2.11)

So from (2.11) we have
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0gj
OWik

Vi1

Vk—1,1

x
Vk1

Vk+1,1

Vn—1,1

=t

Vi,j—1

Vk—1,j—1

Vi,j—1
Vk+1,j—1

Vn—1,j—1

Vi j+1

Vk—

1,j+1

Vk,j+1
Vk+1,j+1

Vi—

1,j+1
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vii-1 0
Vk—1,i—1 O
Vii-1 1
Vik+1i—1 O
Vp—1,i-1 O

Vii+1
Vk—1,i+1
Vk,i+1

VKk+1,i+1

Vn—1,i+1

Vin

Vk—1,n

Vkn
Vk+1,n

Vn—l,n
(2.12)

From (2.10) and (2.12) we see that the formula (2.10) is true for i = j. Moreover,
from (2.12), (2.10) it follows that

0% _
OWik
Vi1

Vk—1,1

Vk,1
Vk+1,1

Vh—1,1
_ 00
aij.

— (_1)1+J (_1)i—j—1

Vij—1
Vk—1,j—1
Vk,j—1

Vk+1,j—1

Vh—1,j—1

The proposition is proved.

Proposition 2.3. For k =1, 2,

where A = [ajj]nxn.

o

Dg _
DV, DW

Vij+1
Vk—1,j+1
Vk,j+1

Vk+1,j+1

Vn—1,j+1

Vii—1
Vk—1,i—1
Vk,i—1

Vk+1,i—1

Vn—1,i—1

...,n—1 we have

Proof. From (2.7)-(2.10) it follows that

Dg

T

Vii+1
Vk—1,i+1
Vk,i

Vj+1,i+1

Vn—1,i+1

Vin
Vk—l,n
Vk,n

Vk+1,n

Vh—1,n

(2.13)
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Vi1 cee Vi,i—1 Vii+1 cee Vin
Vk—1,1 .-+ Vk—1,i-1 Vk—1,i+1 ... Vk—1,n
agi — (_1)1+i < . .
ank dj.1 : dj.i—1 dji+1 : dj.n
Vk+1,1  ---  Vk+1,i-1  Vk+1,i+1 ... Vk+1n (2.14)
Vh-1,1 ... Vn—-1,i-1 Vn-1,i+1 ... Vn—-1,n
n
0gi ain
Wiy 2
h=1 Wi

The proposition is proved.

Set
n
Dg
M = &k = = [Mijlnxn, (2.15)
DWy
k=1
V11 L Vi,i—1 Vi,i+1 Ca Vin
Vk—1,1 .-+ Vk—1,i-1 Vk—1,i+1 ... Vk—1n
M; = Vk1 L Vk,i—1 Vk,i+1 Ca Vikn (2.16)
Vk+1,1 -+« Vk+1,i-1  Vk+1,i+1 .- Vk+1n
Vh-1,1 .-+ Vn—1,i-1 Vn—-1,i+1 .-- Vn—1n

and for i < j denote by Mj; the matrix obtained from the matrix M; by replacing
its (j — 1)-column by the column [&; &... En—1]".

Proposition 2.4. For i < j we have
mij = (—1)1+idet Mij.

Proof. From (2.15),

(2.17)

From (2.7) we get
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o0W;
jk
Vi1 S Vii—1 Vii+1 S Vij—1
Vk—1,1 -+ Vk—1,i-1 Vk—1,i+1 ... Vk—1,j—1
< : :
Vk1 : Vk,i—1 Vk,i+1 : Vk,j—1
Vk+1,1 -+« Vk+1,i—1  Vk+1i+1 .-+ Vk+1,j—1
Va-1,1 ... Vn—1,i-1 Vn—-1,i+1 ... Vn—-1,j—1

The proposition follows from (2.17) and (2.18).
2.2. Transformation of the Matrix A

Set

B=AT —A,

where M is given by (2.15)
n—1
vV = Ei-

i=1

From (2.4) and Proposition 2.3 we have

Theorem 2.5. The matrix A is similar to the following one

Vi,j+1 Vin
Vk—1,j+1 Vk—1,n
Vk,i+1 Vkn
Vk+1,j+1 Vk+1,n
Vn—1,j+1 - Vn—1n
(2.18)
n—1 Dg
&i DW:
i=1 i
n—1 Dg
P &
i=1 " DW,;
n—1 Dg n—1
_Spw, F &
(2.19)
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n—1 n—1 Dg
i=1 ! n=1 I DWi
5 n—1 n—1_ Dg
A= 0 . &i . &i DW; 020
n—1 n—1 '
0 0 @aT-a 59 g g
i=1  DWi n=1
—Ev 0 M

= 0 -v PM
0 0 C-Ev

Proof. Setting the block matrix

E 0 0
D= o 1 0 ,
-AT 0 E
we have
E 00
D™= 0 1 0
AT 0 E
It is easy to see that _
A=DT'AD.

The theorem is proved.

Corollary 2.6. If AT = A, (i.e.B = 0) then the system (1.1) is weakly hyper-
bolic.

Corollary 2.7. If all eigenvalues of the matrix C = BM are real, then the
system (1.1) is weakly hyperbolic.

We formulate now the main result of the paper.

Theorem 2.8. For n =2, if AT = AT, i.e. if a;» = ay1, then the system (1.1)
is hyperbolic. For n = 3,4,5, it is weakly hyperbolic.

All the following sections are devoted to the proof of the theorem when
n=2,n=3,n=4and n = 5. For the last three cases we will prove that all the
eigenvalues of the matrices C are real, and therefore, the systems (1.1) in this
cases are weakly hyperbolic.

3. Proof of the Theorem 2.8 for the Case n =2

Suppose that AT = A, i.e. a1, = ap;. We prove that the system (1.1) is hyper-
bolic.
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1%rc ) First we prove that all eigenvalues of the matrix A are real.
From (2.20) we have

|A—AE| = —(&, + N)® (AT —A)ElDD—V?,l — @& +MNE (CRY)
where
Dy _ ow; awh _ 0 1 (3.2)
DW, e 10
AT -AN= ? a1 e Ealz
(AT — A)ElDD—Vgl — El(alzo— az1) E1(61120_ oy = &1(a12 — a21)E.(3.3)

From (3.1), (3.2) we obtain

A=A = A3 = =€y,
Ay =As = ¢&1(azx —ax —1).

This means that in the case n = 2 the system (1.1) is always weakly hyper-
bolic.

2°) Suppose that & = 0. Since the martix A is simmilar to A, to prove
the theorem we have to show that there exists a basis of RS generated by left
eigenvectors 1, 2,... S of the matrix A.

Lemma 3.1. Let X; be the space of left eigenvectors of the matrix A corre-
sponding to the eigenvalue A = —&;. Then dimX; = 3.

Proof. From (2.20) with n =2 and A = —§; we have

D
00 & D\[,)gl
A-XE= 0 0 PEleng
00 (AT - Mgy
Because det Elli[))—vg\]/ = Ef = 0 we have rank(ﬂ—AE) = 2. Therefore, dimX; =
5—-2=3.

Lemma 3.2. Let X, be the space of left eigenvectors of the matrix A corre-
sponding to the eigenvalue A = —&;(a;2 — az1 —1). Then dim X, = 2.

Proof. From (2.20) with n =2 and A = —&;(a;2 —az1 — 1) we have
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A —AE
Dg
&1(ax —an)E 0 Ele
_ _ _ Dg
= 0 &1(a2 —az1) PE DW;
D
0 0 (AT = A& Dvsl —& (a2 —an)E
(3.4)
From (3.2), (3.3) and (3.4) we have
—&1(ax — az) 0 0 0 &1
B 0 —&1(a12 — an1) 0 —&1 0
A—AE = 0 0 —&i(ap —ap) —P2& P&
0 0 0 0 0
0 0 0 0 0
(3.5)

It is clear that, if a;o = a1, then rank(ﬂ—)\E) = 3. Therefore, dimX, =5—3 =
2.

Lemma 3.3. Suppose that Ay = A, 1 Xq, * Xo. If 1+ 4 =0, then
1=0, “=0.

Proof. Since 1 X,

A= L (3.6)
Analogously,
Xy A=Y (3.7)
On the other hand,
IVIREDVIRE D VIRED VIRED VIRE X (VD V) Id (3.8)
From (3.6), (3.7), (3.8) we get
(P HA=M(TF DF M) L (3.9)

From (3.9)and *+ #=0we have 4=0and !=0.

Continuation of the proof of Theorem 2.8 for n = 2
Since dim X; = 3, we can choose 1, 2, 2 as a basis of X;. Similarly, since
dimX, = 2, we can chose 4, ° as a basis of X,. We prove that the vectors
12,3 4 5are linearly independent. Indeed, suppose that
(Cl 1"‘Cz 2'|'C3 3)"‘(C4 4"‘C5 5):0.
From Lemma 3.4 it follows that
c1l+c,2+c33=

C44+055:
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Hence,
Ci1 =Cz2 =2C3 =0
cs=0C=0

So the vectors 1, 2, 3, 4 5 form a basis of the space R®. Therefore Theorem
2.8 is proved in the case n = 2.

4. Proof of Theorem 2.8 for the Case n =3

Put
0 bio b1z
(AT —=A)=B=[hj]= —bp 0 by (4.1)
—biz —hz O
2 Dyg 0 mp M3
M= &gy = M2 0 max (4.2)
i=1 ! —miz —mp3 O
—b1omis —bizmyz —b1zmaz —b1oma3
C=BM= —bazmiz —biamiz —bazmaz —biomya
—bazmio —bizmio —b1zmiz — bozmaz
From (4.3),
|IC —HE| = — P P2 + 2(ba3Mps + bigMyz + biomi)p
+ [(b12M12)? + 2(b12M12b23M3 + b13My3b12Myo + bizmMizbozmos)
+ (b1aMiz)” + (bzamaa)
= — (U + byaMap + bpzMas + byzmis)?.
So

|IC—pE|=0

if and only if —p(u + biomyo + bozmag + b13m13)2 = 0. So eigenvalues of the
matrix C are the following

M1 =0,
M2 = Pz = —b1omM1o — bozmoz — bizmaa.

Theorem 2.8 in the case n = 3 follows from the Corollary 2.7.

5. Proof of the Theorem 3.8 for the Case n =4

We put
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0 b12 b13 b14
b, O boz  bos
—biz —byz 0 bz
—bia —bpa —bzs O

0 M1z Mz My
—My2 0 M3 Mpg
—Miz —My3 0 M3y
—My —My —mz 0
C=BxM=C;+C,,

B = (AT~ A) = by =

3
Dg
M = _1EiD—Wi = [mj;] =

where

=iy — by — bygimgg —frpoyregy — by giniay by iy — bygiem 0
—II.'-;::_.'.'.'|:| - II.'-J LS ] —|I.I|!.IH|2 - II.I-_:-::_.'HH:| - Il.'-‘~_|.'.'.'2| —ll.lm.l.'."_:!_ - ll.lu LLLL K] |-.|
baarrya = bagmpg frpgrmga = bgqmay byamig = bugimag = bageregg 0
by 4 bagrmgs frogmgn + bggmas bgmin — hogmas I

I'_I |:f 1:' |'.l|‘-.'.'r!| | ||.l|:-:.l.'.':||

{_2 I'_I |:f 1:' —|I.I|‘~.IH| 1 | Il.l;::,.'.'.':”

il ] 'n ||.l|_!_.l.'.'| 1 |I.I-M_.l.'.'2|

0 —bygmgg — bagmag — bggiisg

We prove that all eigenvalues of the matrix C are real. With the aid of the
Maple 7, the eigenvalues of the matrix C are calculated as following

1 1
Hl—uz——§b14m14—§b13m13—§b23m23—§b34m34
1 1 1
- - = + Z A3
> bi2 M1 > b24 M24 > Az,
= ——1b m —1b My3 — - bz m —1b m
Hz = Mg = 5 014 M14 = 5 D13 M1z = 5 D23 M23 = 5 D34 Mas
1 1
_1 _z — -k
2b12m12 2|324mz4 5 D%,

where

A = 2014 Mg b1z Mz + 2b14 Mg byo Myp + b3e? Mag? + b1z® Mis? + bya? myy?
+ 213 M13 a3 Mog + 2b14 M1a boa Mag + boa® Mpa? + b2 M12? + bpg® Mag?

+ 2b13 M1z b1o Mio + 203 Moz boa Moa + 2 bz Moz bio My — 2015 bza Mas M2

+ 4b13b24 M3a M1 + 2012 Mo boa Moa — 4 Mya bza bio Moz + 4015 bza Mog Mas3

— 4 b3 M3a M12 b1a + 2032 M3a boa Moa + 2034 M3s b1a Mg + 2bp3 Moz b3a M3y

— 2b23 M2z b1a Mg + 2013 M13 b3s Mas — 2b13 M1z bog Mg + 4023 Mog 14 M3

+ 4013 Mya bog Mys.

To prove the theorem we show that A 0. In fact, we can write A as
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A = —4D14M14 bz Moz — 4b13 My3 bpa Mpg — 4b3a M3a bip My + 4013 boa M3s Mo
— 4 M4 b3a b1z Moz + 4012 b3a M2g M1z — 4 o3 M3g Myp big + 4b23 M2g b1g M3
+ 413 M1a bpa Ma3 (5.1)
+ [b1a M14 + b1z Myg + bog Mg + b3g Mag + bio Mo + oy Mol

and then transform A to the following form

A = —4 (M3a M12 + Mya Moz — Moa M13) (b12 bza + boz b1a — b1z bza)
2
+ [b1a M4 + b1z M1z + bo3 M3 + b3a M3s + bio M1 + Dos Mo4]
To prove A = 0 we show that
M34 M12 + M1g M23 — Mpg My3 = 0.

From Proposition 2.4 we obtain

091 091 091
My = + + =det M
12 =28 MWor &2 MW &3 MWaa 12
= €1V23Vas — &1 V24 Va3 — &2 Va3 Vas + &2 V14 Vag + &3 V13 Vo4 — &3 V14 Vo3,

(5.2)
Analogously, we have

M3g = V11 V22 &3 — V11 &2 Va2 — Va1 V12 &3 + Vo1 &1 V3 + Va1 V1o §2 — Va1 &1 Voo,

(5.3)
My3 = —V11 & Vaa + V11 Voa &3 + Vo1 &1 Vaa — Vo1 Vaa &3 — Va1 &1 Vas + Va1 Via &,
(5.4)
M1s = V12 Vo3 &3 — V12 &2 Vaz — V22 V13 &3 + Voo &1 Va3 + V3o Vaz §2 — Vao &1 Va3,
(5.5)
M1z = V12 & Vaa — V12 Vo4 &3 — V22 &1 Vaa + Voo V14 &3 + V3o &1 Voa — V3o Vaa &,
(5.6)
My = —V11 Vo3 &3 + V11 & V33 + Va1 V13 &3 — Vo1 &1 Vaz — Va1 Vi3 & + Vag &1 V3.
(5.7)

From (5.2) - (5.7) we obtain
M12 M34 + Mg M2z — M1z Mg = 0.

So we have proved A = 0. The Theorem 2.8 in the case n = 4 follows from
Corollary 2.7.

6. Proof of Theorem 2.8 for the Case n=5

We put
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0 b1z bz bia  bis
—blz 0 b23 b24 b25
B=(AT—A)=[bj]= —biz —bxz O bas  bss
—b1a —hos —bzs 0 by
—bis —bas —bss —hgs O
0 M Mz My Mis
4 Dg —Mmy2 0 M2z Mg Mg
M = Eim =[mjjl= —-miz —mxa3 0 Mas  Mas
i=1 ! —My —My —Mzy 0 Mys
—Mis —Mys —M3s —Mys O
5
c:=BM= CJ,
i=1
where
—bi2 M1z —b1zmiz —biamys—bismis 0 0 O O
—b1z M2z — b14 M2s — b1s M5 0 00O
C.= b12 M23 — b4 M3s — bis M3s 0 00O
b12 M4 + b1z M3s — bis Mas 0 00O
b12 Mas + b1z M3s + big Mas 0 00O
0 —b23 M1z — boa M1s — bos M35 0 0O
0 —biomis —bpzmoz —boamos —hsmys 0 0 O
C= 0 —b1o> My3 — 024 M34 — b5 M3s 0 00
0 —b12 Mg + b2z M3s — o5 Mys 0 00
0 —b12 M1s + b2z M35 + bog Mys 0 00
0 0 b23 M12 — bza M1s4 — bzs M1s 0 0
0 0 —b1z3 M1> — b3s M2s — b3s Mys 0 0
Cz= 0 0 —byizmiz—byzmyz —bzamas —bssmas 0 0O
0 0 —b1z M14 — b2z M2a — b3s Mas 00
0 0 —b1z M1s — bog Mos + baa Mas 00
0 0O b2a M12 + bza My3z — bas M5 0
0 00 —b1a Mo + b3s Moz — bas M5 0
Cs= 0 00 —b1a M1z — b2g M3 — bas M35 0
0 0 O —biamig—boamos —Dbaamas —basmys O
0 0O —b1a M1s — b2g M5 — b3a M35 0
0 00O b2s M1z + bas M1z + Das Mg
0 00O —b1s M1 + b3s Moz + bas Moy
Cs= 00 00 —b15 M13 — b5 Mo3 + bss M3y
0 00O —b1s M1s — o5 Mos — b3s M3y
0 0 0 O —bismis—DhosMys —b3s M35 — hgs Mys

Using Maple 7 we obtain eigenvalues of the matrix C as follows

123

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)
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p1 =0,
1 1 1
H2 = Hs = =5 b1z misz — 5 b2s M2s — 5 bis Mys — 5 bas M35 — 5 b24 M4
- 1bzamzz— = biomy — 1b14m14— = baamas — = bas mys + EA%
2 2 2 2 2 2 '

= —lb Mmi3z — =bysm —lb m —lb m —Eb m
|J-4—IJ-5 2 13 13 2 25 25 2 15 15 2 35 35 2 24 11124

Nl

A ’

N =

1 1 1
— =bogMo3z — =b1oMi2 — = b1a Mg — = bzaM3q — = bgs Mys —
2 23 23 2 12 12 2 14 14 2 34 11134 2 45 11145
where

A = 235 M35 bz M3 + bas? Mas? — 2 bag Mag bis Mys + 2 bog Mg bas Mys

— 2b24 M4 bzs M3s — 2024 M2a b1s M1s + 2 D14 Mg bas Mas — 2b14 M14 bzs M3s
— 2b14 M14 bos M5 + 2015 Mys5 b12 My2 + 2b1s Mysb1ga Mg + 2b15 Mys bzs Mas
+ b13% M13? + 234 M3y bas Mas — 2034 Mag bos Mos + 4b34 Mas bys Moy

+ 4 b3 M35 b1s Mg + 4024 M5 b3s M3y + 4 b2g Mos bis Mg + 4b14 Mys bzs M3y
+ 4b14 M1s5 bos Mg + 2 a5 Mas bas Mas + 2 bas Mas bos Mos + 2 bas Mas bis M1s
+ 2b13 My3 bpz Mz + 2013 My3 bio Myp + 2biz Mg big Mg + 2b13 Myz bzg M3y
+ 2 bos Mas bas M3s + 2025 Mos bog Moy + 2bzs Mos bis Mys + 2by3 Mz bzs Mas
+ bpa® M2a?+2b1p M1z big M1g+2 big Mig bag Mag+hp3% Ma3%+2 bas Mas bag Mg
+ 2b24a M2a bz Moz +2 b4 M2g b12 Mi2+2 024 Moa b1a M1a+202a Mog b3a Mas

+ 2123 M3 b1p M1z + 2bo3 M2z bas Mag + bi2® M12? + 4 Mas Mg b1 bas

— 4 Mp4 Mys b12 bas + 4 Myp Mys b1g bos — 4 Moz Mg bio b —2 M2 M3g bio bag
+ 4 b14 Mys bzs M1z + 4012 M5 bzs M1z — 2 M2z Mis bis bog — 4 M2 M3s bis b2
— 2M23 M4 D14 b2z — 4 M1z M3 b14b23 + 4 b1s Mos boz Mz + 4b14 M2g boz My3
— 2b24 M24 My3 b1z — 4015 Mys bzg M1z + 4b1p Mpg bag M1z — 2bgs Mys Myz biz
+ 4 M35 My bas b3 — 2 bos Mos M1z b1z — 4 Mas Mys bas big + bas® Mas?

+ 4 M23 Mys b24 bas + 4 M1z M3g b2 b13 + 4 M1z Mas bos big + 4 Moz Mg bog iz
— 4 M23 My5 b12 bas — 2 M1z M3s b1z b3s + 4 M2z Mys bos b1z + 2 b5 Mas bog M23
+ 225 Mps bip M1z + b1s® Mis? + bia® Mia? + ba® Maa? — 2 Mz Mas by bas
— 4 M3s Mps 3 bas + 4 M35 Mog b3 Das — 2 Moz Mas bog bas — 4 Moz Mys baa bas
— 4myp Mys bis bog + 2 b33 M1z bis Mis + bps? Mys?.

We prove that A = 0. To this end we write A in the form
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A = —4b34 M34 b15 M15—4 bog M4 bas Mas—4 b2g M2g D15 M15—4 b14 Myq bgs M3s
— 4 b14 M14 bos Mas — 4034 M34 bos M2s + 4 b3g Mas bos M2 + 4b34 M35 bis Mg
+ 4 b24 Mos bgs M3g + 4024 Mas b1s Myg + 4b14 Mys bgs Mag + 4b14 Mys bos M2y
+ 4 Mp5 Mg b12 bas — 4 Mag M5 D12 bys + 4 Mo Mys big bos — 4 Moz Myg byo bag
— 4 My M3g b1p bag + 4014 Mys bzs Myz + 4 b1z Mos bas Miz — 4 Moz Mys bys bz
— 4 My M35 b1s bz — 4 M3 M1g D14 023 — 4 M12 Mg big bog + 4b1s Mos boz My
+ 4 b14 M4 bz M1z — 4024 M2g M13 D13 — 4 b15 Mas bzg M1z + 4b12 Mog bzg My3
— 4 bas Mygs M3 b1z + 4 M35 M1g ba5 b13 — 4 bos M5 Mz bz — 4 M3g Mys bgs biz
+ 4 Mp3 Mys bpg bzs + 4 M2 M3g bog D13 + 4 M1z Mas bos big + 4 Moz Mg bog brz
— 4 m23 My5 b12 bgs — 4 M1z M35 b2 b3s + 4 M2z Mis bos b1z — 4 M2 Mys bio bys
— 4 M3zq Mps b3 bas + 4 M35 Mag D23 bas — 4 Moz Mys bog bas — 4 Moz Mys b3g bos
— 4 My Mys bys bog + (013 M1z + bos Mas + bys Mys + bgs Mas + bog Mg
+ b3 M3 + bip Myp + big Myg + b3g Mag + bygs Mys)?.

We can transform A to the form

A = —4(ms Mpz — Mgz M2s — M35 M12) (D15 b2z — b1z bos — bis bio)
— 4(M14 M35 + Mys M1z — M15 M3g)(b14 bss + bas b1z — 15 b34)
— 4(M34 M25 — M35 M2 + M3 Mys)(b3s bos — bas bag + 023 bas)
— 4(my5 Magq — Mas Mg + Mys M12)(b1s D24 — bosbig +basbiz)  (6.6)
— 4(M14 M23 — M13 M2q + M3g M12)(b14 b2z — b13 024 + 034 b12)
+ (D13 M13 + D25 M5 + b1s M5 + D35 M35 + 24 Mog + boz M3

2
+ b1o Myo + b1aM1g + D3 Maa + bas Mys)<.

From Proposition 2.4 we have

091 001 001
2 +&3 + &

oWy, 0W>3 0Wpy
= &1 V23 V34 Vas — &1 V23 V35 Vag — &1 V33 V24 Vas + &1 V33 Vo5 Vag
+ &1V43 V24 V3s — &1 Va3 Vo5 Vag — &2 V13 V34 Vas + &2 V13 V35 Vag
+ &2 V33 V14 Vas — &2 V33 V15 Vas — &2 Va3 V14 Vs + &2 Va3 V15 Vag
+ &3 V13 V24 Vas — &3 V13 Vo5 Vg — &3 V23 V14 Vas + &3 V23 V15 Vag
+ &3 V43 V14 Vo5 — &3 Va3 V15 Voqa — &4 V13 V24 V35 + &4 V13 Vo5 Vag
+ &4 V23 V14 V35 — &4 V23 V15 Vag — &4 V33 V14 Vo5 + &4 Va3 Vis Vog,

_. 001 _
My =& MW +& = det My,

(6.7)
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= V11 V22 &3 V45 — V11 V22 V35 €4 — V11 V32 €2 Vas + V11 V32 Vos &4
+ V11 Vap € Vas — V11 Vap Va5 &3 — Va1 V12 €3 Vas + Vo1 V12 Vas &4
+ V21 Vap &1 Vas — Vo1 V32 Vis &4 — Va1 Vi &1 Vas + Vo1 Vap Vis &3
+ V31 V12 §2 Vas — Va1 V12 Va5 &4 — V31 V2o &1 Vas + Va1 Voo Vis &4
+ V31 Va2 &1 Vos — Va1 Va2 V15 &2 — Va1 V12 §2 Vas + Va1 V12 Vos &3
+ V41 Voo &1 Va5 — Va1 Vo2 V15 &3 — V41 Vap &1 Vos + Vag V3o Vs &2,

= —V11 & V34 Va5 + V11 &2 Vas Vag + V11 &3 Vo4 Vas — V11 &3 Vos Vag
— V11 &4 V24 Va5 + V11 &4 Vo5 V3g

+ V21 &1 V34 Vas — Vo1 &1 Va5 Vag — Va1 €3 V14 Vas + Vo1 §3 V15 Vag
+ V21 &4 V14 Vas — Vo1 &4 V15 Vay

— V31 &1 V24 Vas + Va1 &1 Vos Vag + Va1 &2 V14 Vas — Va1 &3 V15 Vag
— V31 &4 V14 Vos + Va1 &4 V15 Vog + Va1 &1 V24 Vas — Va1 &1 Vos Vag
— V41 &2 V14 Va5 + Va1 & V15 Vag + V41 &3 V14 Vos — Vag €3 V15 Vag,

= V12 V23 &3 V45 — V12 V23 V35 €4 — V12 V33 €2 Va5 + V12 V33 Vos &4
+ V12 V43 & Vas — V12 Va3 Va5 &3 — V22 V13 €3 Vas + Voo V13 Va5 &4
+ V22 Va3 &1 Vas — Voo Va3 Vis &4 — V22 Va3 &1 Vas + Voo Va3 Vis &3
+ V32 V13 §2 Vas — Va2 V13 Va5 &4 — V32 V23 &1 Vas + Va2 Va3 Vis &4
+ V32 V43 &1 Vos — V32 Va3 Vis &2 — Va2 V13 &2 Vas + Vo V13 Vos &3
+ V42 Vo3 &1 Va5 — Vo V23 V15 &3 — V42 Va3 &1 Vos + Vao V33 Vs &2,

= V12 &3 Va4 Va5 — V12 &2 Va5 Vag — V12 €3 Voq Vas + V12 &3 Vo5 Vag
+ V12 &4 V24 Vas — V12 &4 Vo5 V34 — V22 &1 Va4 Vas + Voo &1 Vas Vag
+ V22 &3 V14 Vas — V22 €3 V15 Vag — V22 €4 V14 Vas + Vo2 €4 V15 Vag
+ V32 &1 Vo4 Vas — V3o &1 Vos Vag — V32 &2 V14 Vas + V32 €3 V5 Vag
+ V32 &4 V14 Vos — V3 &4 V15 Vo4 — Va2 &1 Vo4 Vas + Vao &1 Vos Vag
+ V42 &2 V14 Vas — Va2 &2 V15 Vag — V42 &3 V14 Vos + Va2 €3 V15 Vag,

= —V11 V23 &3 V45 + V11 V23 V35 &4 + V11 Va3 §2 Vas — V11 V33 Va5 &4
— V11 Va3 &2 Vas + V11 Va3 Vo5 &3 + Vo1 V13 €3 Vas — Vo1 V13 Va5 &4
— V21 Va3 &1 Vas + Vo1 Va3 Vis &4 + Vo1 Va3 &1 Vas — Vo1 Va3 Vis &3
— V31 V13 &2 Va5 + Va1 V13 Va5 &4 + V31 V23 1 Vas — Va1 Va3 Vis &4
— V31 Va3 &1 Vo5 + Va1 Va3 V15 &2 + Va1 Vi3 §2 Vas — Va1 V13 Vas &3
— V41 Vo3 &1 Vs + Va1 V23 Vi5 &3 + V41 Vaz &1 Vos — Vag Va3 Vis &2,

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)
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My15 = V12 V23 Vaq &4 — &12 €23 3 Vas — V12 V33 Vg &4 + V12 Va3 &2 Vag
+ V12 V43 V24 €3 — V12 V43 &2 V34 — V22 V13 V34 &4 + Vo2 V13 &3 Vag
+ V22 Va3 Vi &4 — Voo Va3 &1 Vag — V22 Va3 V14 &3 + Voo Va3 &1 Vas
+ V32 V13 Vo4 &4 — V32 V13 &2 Vag — V32 V23 Vg &4 + V3o Vo3 &1 Vas
+ V32 Va3 V14 &2 — Va2 Va3 &1 Vo4 — V42 V13 V24 &3 + Va2 V13 &2 Vag

+ Va2 V23 V14 €3 — Vap V23 €1 Vaa — V42 Va3 Vig & + Va2 Vaz &1 Vs,
(6.13)

M5 = —V11 V23 Va4 &4 + V11 V23 &3 Vag + V11 Va3 Vg &4 — V11 V33 &2 Vag
— V11 Va3 Vo4 &3 + V11 Va3 &2 Va4 + Vo1 V13 Vaa €4 — Vo1 V13 &3 Vas
— V21 V33 V14 &4 + Vo1 V33 &1 Vag + V21 Va3 V14 €3 — V21 Va3 &1 Vag
— V31 V13 V24 &4 + V31 V13 &2 Vag + V31 V23 V14 &4 — Va1 V23 &1 Vag
— V31 V43 V14 & + Va1 Va3 &1 Vog + Va1 Vi3 Voa €3 — Va1 V13 &2 Vas

— Va1 V23 V14 &3 + Va1 Vo3 &1 Vaa + Va1 Va3 Via & — Va1 Vaz &1 Voa,
(6.14)

M35 = V11 V2o Vaa &4 — V11 V22 &3 Vag — V11 V3o Vs &4 + V11 Va2 &2 Vag
+ V11 Va2 Vo4 €3 — V11 Va2 €2 V34 — V21 V12 V34 &4 + V21 V12 &3 Vag
+ V21 Va2 V14 &4 — Vo1 V32 &1 Vag — V21 Va2 V14 &3 + Vo1 Vaz &1 Vas
+ V31 V1o Voq &4 — V31 V12 &2 Vag — V31 Voo Vg &4 + Va1 Voo &1 Vas
+ V31 Va2 V14 &2 — Va1 Va2 &1 Vo4 — Va1 V12 Vs &3 + Va1 V12 &2 Vag

+ Va1 V22 V14 €3 — Va1 V22 €1 Vaa — Va1 Va2 Vig & + Va1 Vao &1 Vs,
(6.15)

My45 = —V11 V22 V33 &4 + V11 V22 &3 V43 + V11 V32 V23 &4 — V11 V32 &2 Va3
— V11 Vi V23 &3 + V11 Vap & Va3 + Vo1 V1o Va3 €4 — Vo1 V12 &3 Va3
— V21 V3o V13 &4 + Vo1 Vap &1 Va3 + Va1 Vap V13 €3 — Vo1 Vap &1 Va3
— V31 V12 V23 &4 + Va1 V12 &2 Va3 + V31 Voo V13 €4 — Va1 Vo2 &1 Va3
— V31 Va2 V13 &2 + Va1 Va2 &1 V23 + Va1 V12 Vo3 €3 — Va1 V12 &2 Va3

— Va1 V22 V13 &3 + Vag Voo &1 Vaz + Va1 V3o V13 & — Va1 Vap &1 V3.
(6.16)

From (6.6)-(6.16) we obtain

(M35 M23 — My3 M25 — M35 My2) = 0,
(M4 M35 + Mys5 M3 — My5Maa) =0,
(mM34 M25 — M35 M24 + M3 Mys) = 0,
(M35 M24 — M25 Myg + Mys M) =0,
(M14 M2z — M13 M2 + M3s My2) = 0. (6.17)

From (6.6) and (6.17) we have
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Therefore, we obtained that all eigenvalues of the matrix C are real. Theorem
2.8 in the case n = 5 follows from Corollary 2.6.

Thus Theorem 2.8 is completely proved.
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