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Abstract. The aim of this paper is to give characterizations of subspaces and quo-
tients of £°°(I)®m L (c, 00) and ' (I)®nL (v, 00)-spaces which are an extension of
results of Apiola [1] for the non-nuclear case.
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1. Introduction

In a series of important papers (see [1- 5, 9]) Vogt and Wagner studied char-
acterizations of subspaces and quotients of nuclear power series spaces. Later
Apiola in [1] has given a characterization of subspaces and quotients of nuclear
L (o, 00)-spaces. Namely, he proved that a Frechet space E is isomorphic to a
subspace (resp. quotient) of a stable nuclear L¢(«, 00)-space if and only if E
is A(f, @,N)-nuclear in the sense of Ramanujan and Rosenberger (see [3]) and
E € Ds(f) (see Theorem 3.2 in [1]) (resp E € Dy(f), see Theorem 3.4 in [1]). In
this paper we investigate the Apiola’s results for the non-nuclear case. Namely
we prove the following result.

Main theorem. Let E be a Frechet space. Then

(i) E has Ds(f) property if and only if there exists an index set I such that
E is isomorphic to a subspace of £>°(I)@nLs(a,oc)-space for every stable
nuclear exponent sequence o = ().

(ii) E has Dy(f) property if and only if there exists an index set I such that
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E is a quotient of {* (I)@HLf(a, o0)-space for every stable nuclear exponent
sequence o = (o ).

Notice that when f(t) =t for ¢ > 0 and o = (log(j + 1)), the above theorem
has been proved by Vogt [5]. This paper is organized as follows. Beside the
introduction the paper contains three sections. In the second section we recall
some backgrounds concerning L s(a, 0o)-spaces and Ds(f) and D4(f) proper-
ties. Some results of Apiola in [1] are presented also in this section. The third
one is devoted to prove some auxiliary results which are used for the proof of
Main Theorem. The proof of Main Theorem is in the fourth section.

2. Backgrounds

2.1. Recall that a real function f on [0, +00) is called a Dragilev function if f
is rapidly increasing and logarithmically convex. This means that

 fan)
S E0)

= oo for all a > 1 and ¢ + log f(e")

is convex.
Since f is rapidly increasing then there exists R > 0 such that

FTUME) S RMFY(t) Yt = 0,VM > 1
(see [1]).

For each Dragilev function f and each exponent sequence o = (o), i.e 0 <
o < oy for j > 1 and . hIJZl aj = 400 we define
— 100

Li(a,00) ={&€= (&) CC: ||l =Y I&lef*)} <00 VE>1.

Jjz1

2.2. Let E be a Frechet space with a fundamental system of semi-norms ||.||; <
[[]2 < ... and f a Dragilev function.

We say that E has the property Ds(f) if there exists p such that for every
M > 1 and every q > p, there exists k > ¢ such that

M= (log(llxlly / Nl2llp)) < 7 (log(llzlle / llz]l4))

for all z € E'\ {0}.
We say that E has the property D4(f) if for every p there exists ¢ > p, and
for every k > ¢ there exists M > 1 such that

FH(log(llully / Nlullz)) < M= (log(llully, / Ilully))
for all u* € E’\ {0}, where
lully = sup {Ju(z)| : =], < 1}.

2.3. Let E, F be Frechet spaces. We say that (E, F') has the property S and
write (E, F') € S if there exists p such that for every j there exists k for every
¢ for every q there exists r such that
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[elli-llellq < flullj-llzllp + llulz [l

for all w € E* and for all x € F.

2.4. Tt is proved in [1] (see Proposition 2.9) that if E has Dy(f) property and
F has D3(f) property then (E,F) € S.

From now on, to be brief, whenever F has Ds(f) property (resp. D4(f))
we write E € D3(f) (resp. E € D4(f)).

3. Some Auxiliary Results

Proposition 3.1. Let
0 — 0°(N&nLs(a,00) — E -5 F — 0

be an exact sequence of Frechet spaces and continuous linear maps. If F €
Ds(f) then the sequence splits.

Proof. Since Ly(a, c0) is nuclear we have

>°(N@nLs(a,00) = {g = (&m)ier CC: sup |€im|ef Fon) < oo}.

n=1
Vk>1

Moreover, Ly(a,00) has Dy(f) property (see [1, Prop. 2.11]). Proposition 2.9
in [1] implies that (L(o, >0), F) € S.
Then, by [1, Lemma 1.5] without loss of generality we may assume that Jp Vg
Vk Ir = r(k,q):
1 1
—V0c

1 .
" Vo4 V0 with Vn > 1 (1)
n,k

P
Gn,k—1 Gn, k41

where

Qn. ) = ef(kan)

and {V,}p>1 is a neighborhood basis of 0 € F'. Let
pr (D) @nLy(a, 00) — (((I)@nLy(e,0)),
={¢ = (&n) C C: [iglle = sup[ginle ) < o0}

n=1

be the canonical map. Then p; can be extended to a continuous linear map
A E— (0°(I)®nLys(a,00));. Put

B = Pk+1,kAk+1 — A € E(E, (EOO(I)@@HLf(a, OO))k)
Since By |kerr = 0 then there exists Cj, € E(F, (£°°(I)<§>an(a, oo))k) such that
CroT = By.

Set e;n(&) = &y for € = (&.0) € ((°(I)@nLs(ar, 00))p.
Then it is easy to see that
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leinlli = —
for all i € I,n,k > 1. Hence we infer that {an r€in © Ck}icrn>1 belongs to F.
Put C’fn =e;inoCy forie I, n k> 1. Next we shall construct a neighbor-
hood basis {W}} on F such that we have {an,kC’fm} cV2forallnk>1,i€l
and
2k+1

1 1
WP C Wo +

Wl ., Vk>=1,Yn>1. 2
Qn K Gn,k—1 An k+1 s ( )

Put Wy = V,. By the equicontinuity of {anle}yn}ie[;n% we can pick a
neighborhood Wi such that {a,1C},} C W{. Assume that the neighborhoods
Wi, Wa, ... , Wy are chosen. Take ¢ > 1 such that V, C 27%*"1W}. Applying
(1) to V, we can find Wiy1 = Vi (s,q) satisfying (2). This completes the con-
struction. Since C’fn € (L) together with (2) enables us to define, for fixed

Un, k

n, inductively a sequence {DF,} C F' such that
2—k
Cf,+ D}, — Dt e ——Wg. (3)
An k—1

Now define the continuous linear maps Dy, : F — (¢>°(I)&n Ly (a, 00))x by
Dyx = (Dfnm)

i€lin>1"

Let ﬁk =DioT and I, = Ay, — ﬁk From (3) we infer that for all m > 1 and

z € E there exists klirf Pk,m © I (z) which will be denoted by IL,, (z). It is
— 100

easy to check that the map x — {ﬁm(x)}m>1 is a continuous linear projection
of E onto £>°(I)®nL¢(a,0). Hence, T has a right inverse.

Next we need the following.

Proposition 3.2. Let
0— F— H -5 ({®uL(a,00) — 0

be an exact sequence of Frechet spaces and continuous linear maps. If E €
Dy(f) then the sequence splits.

Proof. Since E € Dy(f) and Ls(a,00) € D3(f) (see Proposition 2.11 in [1])
then (E,L¢(a,0)) € S (see Proposition 2.9 in [1]). Then by Lemma 1.7 in [1]
there exists a neighborhood basis {Uy} of 0 € E such that

Vk V5 36(k, 5) : 2an,;Uk C an ey Uks1 + 2 an,0Uk—1 (4)

for all n > 1.

Without loss of generality we may assume that Uy = Wy N E where {W}
is a neighborhood basis of 0 € H. Put Vi, = ¢(W}). Then {V;}r>1 is also a
neighborhood basis of 0 € ¢*(I)®n L ¢(a, 00). We may assume that

(" (D@nLg(e,00))y, = (€ (I@nLy (e, 00))
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for kK > 1.
Thus for each k£ > 1 we have an exact sequence
0— By — Hpy & ((1(1)&nLy(a, 00))k — 0
Since
@%U®ﬂﬂmmﬂw=%=@m)C@WNk=gw&ﬂ%x<%h
n=1
we can find Ry € L((¢*(I)®nLys(a,00)), Hy) such that
qk-Ri = wi

where wy, : £1(1)&nL (v, 00) — (L1 (1)@nLg(, 00))y is the canonical map. Let
Sk = pr+1,klky1 — Ry Then ¢Sy = 0.

Hence Sy, can be considered as a continuous linear map from ' (I)&p L ¢ (e, 00)
into Ey. Put z;n 5 = Sk(ein) where {e;,} denotes the coordinate basis of
(Y1 &nL (e, 00). By the continuity of Sy there exists a function k +— m(k)
such that

1Skzllk < N2llm k)

for z € (1(I)®nLs(a, 00).
Applying (4) to k =1 and 5 = m(1) we can find £(k, j) such that

2an7jU1 C anyg(;w-)Ug + 2_1an70Uo n > 1.

Let v(2) = max(4(k, j), m(2)). Next we apply (4) to k = 2, j = v(2) and choose
v(3) = max(£(k, j),m(3)). Continuing this way and by putting a,x = anu )
we get the following

ikl < an g ()

and
2an,kUk C an’k+1Uk+1 + 27kan,0Uk,1. (6)

For each (i,n,k) € I x N? choose T; . € an xUy such that
1250, = Tkl < 27,
By (5) and (6) we can find y; ,, x € 27%"1a,, 0Ux_1 such that

~ An, k+1
Tink € TUk + Yin,k-

Then the series

oo
Yin = § Yin,k + (xi,n,k - 5@',71,1@)
k=0

is convergent in F,. Put

R([&n: I x NJ) = Ro([&mi I X ND+ > Yimim-

i€l n=1
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Then R : ¢1(I)&nL (e, 00) — Hy is continuous linear and g o R = id, Hence,
R is the right inverse of ¢ and the proposition is proved. n

4. Proof of Main Theorem

(1) The sufficiency is obvious. Now we prove the necessity. Let E be a Frechet
space with the Ds(f) property. Given a = (a,) a stable nuclear exponent
sequence. This is equivalent to

logn a
sup & <ooandsupﬂ<oo.

n flan) an
By [9] there exists an exact sequence
0 — Ly(a,00) — Lf(a,00) % Lo, 00)N — 0. (7)
Choose arbitrary v = (v,,) € Ly(a, 0), v, # 0 for all n > 1. It follows that the
form
w3 (&) — (&av) € Lg(a, 00)"

defines an isomorphism from w into L s(a, 00)N where w denotes the space of
all complex number sequences. Putting E = ¢~ !(w). Then we obtain the exact
sequence of nuclear Frechet spaces

OHLf(a,oo)HEiw—»O (8)

Take an index set I such that F is embedded into ¢>°(I)N. By tensoring (8)
with £°°(I) we get the exact sequence

—~

0 — Ly(a,00)@1>(I) — E@pt™®(I) 2 (1N — 0. (9)

By Proposition 3.1 ¢ has a right inverse. This yields that £ is isomophic to a
subspace of E@f>(I) and, hence, of L ¢(a, 00)@r¢>°(I). Thus (i) is completely
proved.

(ii) It remains to prove the necessity. Assume that E € Dy(f), as in [2] there
exists the canonical resolution

0_>E—>HEki>HEk—>o, (10)
k k
where Ej, denotes the Banach space associated to the semi-norm ||.|[x. Set
F={e=(ax) €[] Bu:llal = lawll < oo}
k k>1

For each k > 1, let F, be a topological completement of Ey, in F, i.e F = Ep®F.
The direct sum of (9) with the exact sequence

0—»0—>HFki~d>idHFk—>0
k>1 k>1

gives the exact sequence
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0—E—FY —FN 0.
Next we choose an exact sequence
0—K-— /(1) —F—0
and consider the exact sequence
0 — Ly(a,00) — E—w—0

asin (i). By tensoring this sequence with the previous exact sequence we obtain
the following commutative diagram with exact rows and columns

0 0 0
T T 7
OHF@QHLf(a,oo) — F@HE' —FY 0
T T T
0 — M (1)&nL (e, 00) — LH(N@pE — 1IN — 0
T T T
0 — K&nLf(a,00) — K&pE — KN—0
T T T
0 0 0

In a natural way we lead to the exact sequence

(M (D)SnL (e, 00)) ® (K&nL (v, 00)) — L1 (N&nL (e, 00) 1 FN — 0.

We consider the following diagram

0 0
T T
0—E—FY 2 FN 9
Tp1 T g2

0—F—H — (D&nLs(a,00) — 0
P2

o - 2 =

1
N
1
0

where H = {(z,y) € F" x ((1(I)®nLy(a,00)) : iz = g2y} and pi(z,y) =
x,pa(x,y) = y are the canonical projections. By the Proposition 3.2 the second
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row splits. Thus we have the following diagram with exact rows and columns

0
T T
0 — N — Eo("(I)®nL(a,00)) — FN —0
T
0—N-—G — MD®nL (e, 00) — 0
T T
N N
T 7
0 0

N has Dy(f) property because it is a quotient of

(1 (N)@nLy(a,00)) & (KSnLy(a,00)) = (1) & K)®nLy(a, ).

By again Proposition 3.2 the second row splits and we obtain from the first
column the exact sequence

0— N — N&("(D3nLy(a,0)) — B (¢ (D@nLs(a, o)) — 0.

Hence E is a quotient of N @ (£*(I)®&nL(a, o0)) and, hence, of
(') ® K & £(I)@uLy(a,00).

The Main theorem is completely proved. [ ]
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