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Abstract. In this paper, we give a new proof for the set of non-negative integers
2 p
{51, > Siyee s sl} with s1 < s < --- < 8§, to be the score set of some tourna-
i=1 i=1
ment. The proof is constructive, using tournament construction.

1. Introduction

The score set S of a tournament 7', a complete oriented graph, is the set of
scores (outdegrees) of the vertices of T'. In [5], Reid conjectured that each finite,
nonempty set S of non-negative integers is the score set of some tournament
and proved it for the cases |S| = 1,2,3, or if S is an arithmetic or geometric
progression. As can be seen in [2 — 4] that non-negative integers s; < ... < sy
are the scores of a tournament with n vertices if and only if

k i n o
Z;si2<2), 1<k<n-1, and 252{2}

Let S = {t1,... ,tp} be a nonempty set of non-negative integers with t; < ... <
tp, then S is a score set if and only if there exist p positive integers my,... ,my
such that

k P
M (k) _ [ M(p)
Z;mitiZ[ 9 }7 1<k<p-1, Zmiti—|: 9 |

where
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because only the inequalities in the above mentioned formula for those values of
k, for which si < sg4+1 hold, need to be checked [5, p.608].
The following results can be seen in [5].

Theorem 1. Every singleton or doubleton set of positive integers is the score
set of some tournament.

Theorem 2. Let S = {s,sd, sd?,... sdP}, where s and d are positive integers,
d > 1. Then, there exists a tournament T such that Sp = S.

Theorem 3. Let S = {s,s+d, s+2d,...,s+pd}, where s and d are non-negative
integers, d > 0. Then, there is a tournament T such that ST = S.

Theorem 4. Let S = {s,s+d, s+ d+ e}, where s,d, and e are non-negative
integers and de > 0. Let (d,e) =g. Ifd< s ande< s+d— (%) +(3), then S
18 a score set.

Theorem 5. Let S = {s,s+d,s+ d + e}, where s, d, and e are non-negative
integers and de > 0. Let (d,e) = g. Ifd < s and s—d—i—(%)—i—(%) <e< s+d-1,
then S is a score set.

Theorem 6. Fvery set of three non-negative integers is a score set.
Also the following results can be found in [1].

Theorem 7. Let s1,59,83,84 be four mon-negative integers with soszsy > 0.
Then, there exists a tournament T with score set S = {s1,81 + S2,81 + S2 +
S3,81 + S2 + 3+ S4}.

Theorem 8. Let s1, s2, 83, S4, S5 be five non-negative integers with sos38485 > 0.
Then, there exists a tournament T with score set S = {s1, 81+ 52, $1+82+53, $1+
S2+ 53+ 54,51 + 52 + 53+ 54+ 55}

In 1986, Yao announced a proof of Reid’s conjecture by pure arithmetical
analysis which appeared in Chinese [6] in 1988 and in English [7] in 1989.
In the following result, we prove that any set of p non-negative integers
51,82,...,8p with 51 < 53 < ... < s), there exists a tournament with score set
2 p
{51, D Siyeeny D S } The proof is by induction using graph theoretical technique
i=1 i=1

of constructing tournament.

Theorem 9. If s1,52,...,5, are p non-negative integers with s1 < sy < ... <
2 P

sp, then there exists a tournament T with score set S = {51, D7 Siyey sl}
i=1 i=1

Proof. Let s1,52,...,5, be p non-negative integers with s; < so < ... < s,

We induct on p. First assume p to be odd. For p = 1, we have the non-negative
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integer s1, and now, let T be a regular tournament having 2s; +1 vertices. Then,
each vertex of T' has score QSL;*I = $1, so that score set of T'is S = {s1}. This
shows that the result is true for p = 1.

If p = 3, then there are three non-negative integers s, s2, s3 with s1 < s9 <
S3.

Now, s3 > So, therefore s3 — sy > 0, so that s3 — s + 51 > 0 as s; > 0.
Let T; be a regular tournament having 2(s3 — s2 + s1) + 1 vertices. Then, each
vertex of Ty has score MLQ“HH = 83 — §9 + S1.

Again, since sy > s1, therefore s —s7 > 0, so that so—s1—1 > 0. Let T; be a
regular tournament having 2(sa—s1 —1)+1 vertices. Then, each vertex of T5 has

w = 89— 81 — 1. Also, s;1 > 0, let T3 be a regular tournament

2s14+1-1
2

score
having 2s1 + 1 vertices. Then, each vertex of T35 has score = s1.

Let every vertex of Tb dominate each vertex of T3, and every vertex of T}
dominate each vertex of T» and T3, so that we get a tournament 7' having
281+ 1+2(sa—s1— 1)+ 1+2(s3 —s2+ 1) +1=2(s1 + s3) + 1 vertices with
score set

S={s1,s0—51—1+2s1+ 1,53 —s2+s1+2(s2—s1—1)+1+42s+1}
2

B I

i=1 i=1

This shows that the result is true for p = 3 also.
Assume, the result to be true for all odd p. That is, if s1,52,...,5, be p
non-negative integers with s; < s < ... < sp, then there exists a tournament

2 D
having 2(s1 + s34 ...+ sp) + 1 vertices with score set {51, DT sl} We
i=1 i=1

show the result is true for p + 2.

Let s1,892,..., 5,42 be p+2 non-negative integers with s1 < so < ... < sp40.
This implies that s; < s3 < ... < sp,. Therefore, by induction hypothesis, there
exists a tournament 77 having 2(s1 + s3 + ... + sp) + 1 vertices with score set

2 P

{817 Z Siyeeey Z 51}

i=1 i=1

Since, 52 > 51,54 > 83,...,8p—1 > Sp—2, Sp+1 > Sp, therefore so—s1 > 0, 54—
53 >0,...,8,-1—8p—2 > 0,5,41—5, > 0,s0that sp41 —sp+8p,_1—8Sp—2+...+
S4—583+82—51 > 0, thatis, sp41 —sp+Sp—1—Sp—2+...+54—83+52—51—1>0.
Let T, be a regular tournament having 2(sp+1 — Sp 4+ Sp—1 — Sp—2 + ...+ 54 —
S3 4+ 82 — s1 — 1) + 1 vertices. Then, each vertex of T has score

2(spt1—Sp+Sp-1—Sp—2+ - F+Ssa—s3+s2—s1—1)+1—-1
2
=Spt1 — Sp+Sp—1 —Sp—2+ -+ 54— 853+ —51 — 1.

Again, s3 > s2,...,5p > Sp_1,8p1+2 > Sp41, therefore s3—s2 > 0,... ,s5,—5,_1 >
0, 8p42 — sp+1 > 0, so that

Sp+2 — Sp+1+Sp—Sp—1+...+83—s2+5 >0 as s; >0.



160 S. Pirzada and T. A. Naikoo

Let T3 be a regular tournament having
2(spt2—Spt1+Sp—Sp—1+ ... +s3—s2+s1)+1

vertices. Then, each vertex of T3 has score

2(spt2 —Spt1+Sp—Sp—1+ - +s3—s2+s51)+1—1
2
= Sp+2 — Sp+1 + Sp — Sp—1 + -+ + 83 — S2 + S1.

Let every vertex of T dominate each vertex of T7, and every vertex of T3
dominate each vertex of T} and T, so that we get a tournament 7" having

2(s1+ s34+ -+ 8p) + 14+ 2(spy1—8p + Sp1—Sp2 + -+ + S4a—83 + s2—s1-1) + 1
+2(spyo—Spr1+Sp—Sp—1+ - +53-s2+51)+1 =2(s1 +s3+ -+ 5py2) +1

vertices with score set

2 14
S:{sl, E Siyeee E 8i8p41 — Sp+Sp_1— -+ 54 —83+83—51—1
i=1 i=1

+2(s1+s3+ -+ spatsy)t1spe—Spr1 sy —sp1 -+ s3—sa+ s
+2(s1+s3+ - +Sp—2+sp)+14+2(spr1-5p + Sp1— - +84-53 + s2-s1-1) + 1}

p+1

2 p
:{51; E Sy E Si, E }
i=1 i=1 i=1

This shows that the result is true for p + 2 also. Hence, by induction, the result
is true for all odd p.

To prove the result for even case, if p is odd, then p + 1 is even.

Let s1,52,...,5p+1 be p+1 non-negative integers with s1 < s < ... < sp41.
Therefore, s;1 < s3 < ... < sp, where p is odd. Then, by above case, there
exists a tournament 77 having 2(sq +s3 + ... + sp) + 1 vertices with score set

2 p
{51, Z Siyeeey Z 51}
i=1 i=1

Also, since sy > 51,54 > 83,...,5p—1 > Sp—2,Sp+1 > Sp, then as above, we
have a regular tournament 75 having 2(sp41 —sp+Sp—1 —Sp—2+ ...+ 54 —s3+
s2 — s1 — 1) + 1 vertices and score for each vertex is

Spt1 — Sp+Sp—1 — Sp—2 + -+ 54— 83+ 52— 51 — L.

Let every vertex of T, dominate each vertex of T7, so that we get a tourna-
ment 7" having
2(s1+ s34+ -+ sp—a+5p) +14+2(spy1 — Sp+ Sp—1 — Sp—2
+-'-+54—83+82—81—1)+122(52+S4+-'-+Sp+1)

vertices with score set
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p
S:{sl, E Siyeen g Siy8pp1 — Sp+ Sp—1 —Sp—2+ -+ S4—83+853—51—1
i i=1

+2(S1+53+---+5p_2+5p)+1}

2 p+1
= {51) Zsi7 . ZSZ) ZS’L}
i=1
This shows that the result is true for even also. Hence, the result. n

Remark. In the proof of Theorem 9, We note that when p is odd, the tournament
T constructed with score set S = {51, Z Siy ey Z } where 51 < 59 < -+ < 5p,

has 2(s1+s3+. . .+sp)+1 vertices; and when p is even the tournament constructed
has 2(s2 + s4 + ... + sp41) vertices.
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