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Abstract. In this paper, we study the asymptotic behavior of solutions of a nonlinear

difference equation with bounded multiple delay

xn+1 = λnxn +
r∑

i=1

αi(n)F (xn−mi).

We give conditions implying that this equation has solutions which are oscillatory,

bounded, convergence or periodic.
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Introduction

The asymptotic behavior of solutions of delay nonlinear difference equations has
been studied extensively in recent years; see for example [1-9]. Our main moti-
vation in studying asymptotic behavior of solutions of delay nonlinear difference
equation

xn+1 = λnxn +
r∑

i=1

αi(n)F (xn−mi )
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is the oscillation of solutions of the difference equation

xn+1 − xn + pnxn−m = 0, n ∈ N

in [1]; the positive periodic solutions of nonlinear delay functional difference
equations

xn+1 = anxn ± βhnf(xn−τn)

in [8] and the extinction, persistence, global stability and nontrivial periodicity
in the model

xn+1 = λxn + F (xn−m)

of population growth in [2, 3]. In this paper, to investigate the oscillation,
we let λn = 1 for all n ∈ N and to study the boundedness, the convergence,
the periodicity we will give some restrictions on the function F , the sequences
{λn}n, {αi(n)}n or the delays mi. Our results can be considered as the general-
ization of some earlier results in [1, 2].

1. The Oscillation

Consider the difference equation

xn+1 = xn +
r∑

i=1

αi(n)F (xn−mi ) (1.1)

for n ∈ N, n � a for some a ∈ N, where r, mi � 1, 1 � i � r are fixed positive
integers, the functions αi(n) are defined on N and the function F is defined on
R. Recall that, a solution {xn}n�a of (1.1) is called oscillatory if for any n1 � a
there exists n2 � n1 such that xn2xn2+1 � 0. The difference equation (1.1) is
called oscillatory if all its solutions are oscillatory. The following theorem and
its corollary give some sufficient conditions for the oscillation of the solutions of
(1.1).

Theorem 1. Assume that

xF (x) < 0, x �= 0 and lim inf
x→0

F (x)
x

= M < 0.

Then, (1.1) is oscillatory if the following holds
r∑

i=1

(lim inf
n→∞ αi(n)) · M · (mi + 1)mi+1

mmi

i

< −1 (1.2)

where αi(n) � 0, n ∈ N, 1 � i � r.

Proof. We first prove that the inequality

xn+1 − xn −
r∑

i=1

αi(n)F (xn−mi) � 0, n ∈ N (1.3)
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has no eventually positive solution. Indeed, assume the contrary and let {xn}n

be a solution of (1.3) with xn > 0 for all n � n1, n1 ∈ N. Setting vn = xn

xn+1
and

dividing this inequality by xn, we obtain

1
vn

� 1 +
[ r∑

i=1

αi(n)
F (xn−mi)

xn−mi

vn−mi · · · vn−1

]
, (1.4)

where n � n1 + m, m = max1�i�r mi.
Clearly, xn is nonincreasing with n � n1+m, and so vn � 1 for all n � n1+m.

Also, vn is bounded above because otherwise (1.2) and (1.4) imply that vn < 0 for
arbitrarily large n. Put lim infn→∞ vn = β. Notice that F (xn−mi) < 0, ∀i =
1, 2, · · · r, we get

lim sup
n→∞

1
vn

=
1
β

� 1 − lim inf
n→∞

{ r∑
i=1

αi(n)
[
−F (xn−mi)

xn−mi

]
vn−mi · · · vn−1

}

� 1 +
[ r∑

i=1

(lim inf
n→∞ αi(n)) · M · βmi

]
,

1 �
[ r∑

i=1

(lim inf
n→∞ αi(n)) · M · βmi+1

1 − β

]
.

But
βmi+1

1 − β
� − (mi + 1)mi+1

mmi

i

, i = 1, 2, · · · r,
so

r∑
i=1

(lim inf
n→∞ αi(n)) · M · (mi + 1)mi+1

mmi

i

� −1.

This contradicts our assumption, hence (1.3) has no eventually positive solution.
Similarly, we can prove that the inequality

xn+1 − xn −
r∑

i=1

αi(n)F (xn−mi) � 0, n ∈ N

has no eventually negative solution. So, the proof is complete. �

Corollary. Assume that αi(n) � 0, n ∈ N, 1 � i � r,

xF (x) < 0, x �= 0 and lim inf
x→0

F (x)
x

= M < 0.

Then, (1.1) is oscillatory if either of the following holds

M ·
r∑

i=1

(lim inf
n→∞ αi(n)) · (m̃ + 1)m̃+1

m̃m̃
< −1,

or

M · r[
r∏

i=1

(lim inf
n→∞ αi(n))

] 1
r · (m̂ + 1)m̂+1

m̂m̂
< −1,
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where m̃ = min1�i�r mi, m̂ = 1
r

∑r
i=1 mi.

The proofs of the following theorems can be obtained similarly as the proofs
of Theorem 6.20.1, Theorem 6.20.2 in [1], so we omit them here.

Theorem 2. Assume that

xF (x) < 0, x �= 0 and lim inf
x→0

F (x)
x

= M < 0.

Suppose further that, F is nonincreasing on R and

lim sup
n→∞

r∑
i=1

n∑
�=n−m∗

αi(�) > − 1
M

,

where m∗ = max1�i�r mi and αi(n) � 0, n ∈ N, 1 � i � r. Then, (1.1) is
oscillatory.

Theorem 3. Assume that

xF (x) < 0,−F (x) � x, x �= 0

and F is nonincreasing on R. Then, (1.1) is oscillatory if the following holds

lim inf
n→∞

r∑
i=1

αi(n) > 0 and lim sup
n→∞

r∑
i=1

αi(n) > 1 − lim inf
n→∞

r∑
i=1

αi(n).

2. Convergence, Boundedness and Periodicity

Consider the difference equation

xn+1 = λnxn +
m∑

i=1

αiF (xn−i) (2.1)

for n = 0, 1, 2, · · · , where αi � 0, i = 1, 2, · · · , m;
∑m

i=1 αi = 1; F : [0,∞) →
[0,∞) is a continuous function, and m > 0 is a fixed integer. The positive initial
values x−m, x−m+1, · · · , x0 are given. The following theorem gives a sufficient
condition for the convergence to zero of the solutions of (2.1).

Theorem 4. Assume that λn ∈ (0, 1) and there exists λ∗ ∈ (0, 1) such that
λn � λ∗ for all n ∈ N. Then, every solution of (2.1) converges to 0 if F (u) <
(1 − λ∗)u for all u > 0.

Proof. First assume that F (u) < (1 − λ∗)u for all u > 0. Let {xn}n be a
positive solution of (2.1) and M = max−m�j�0 xj . We prove that xn � M for
all n. Indeed using induction assume that xk � M for all k � n. Then by the
difference equation (2.1)
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xn+1 = λnxn +
m∑

i=1

αiF (xn−i)

� λ∗M +
m∑

i=1

αi(1 − λ∗)M = M.

Therefore xn � M for all n. Let M1 = lim supn→∞ xn. It is clear that 0 �
M1 < ∞. Moreover, there is a subsequence {nk} such that

M1 = lim
k→∞

xnk
.

Let ε > 0 be given. There exists a positive integer N = N(ε) such that for all
nk > N we have M1−ε � xnk

� M1 +ε and for all n > N −m−1 : xn � M1 +ε.
On the other hand,

xnk
= λnk

xnk−1 +
m∑

i=1

αiF (xnk−1−i).

By the mean value theorem, we can choose a sequence {ynk
} such that

m∑
i=1

αiF (xnk−1−i) = F (ynk
),

where

ynk
∈ [min{xnk−2, · · · , xnk−1−m}, max{xnk−2, · · · , xnk−1−m}].

So we obtain
xnk

= λnk
xnk−1 + F (ynk

),
xnk

� λ∗xnk−1 + F (ynk
) < λ∗xnk−1 + (1 − λ∗)ynk

,

λ∗xnk−1 > xnk
− (1 − λ∗)ynk

� M1 − ε − (1 − λ∗)(M1 + ε),

xnk−1 � M1 − 2 − λ∗

λ∗ ε.

Thus

M1 − 2 − λ∗

λ∗ ε � xnk−1 � M1 + ε

and
lim

k→∞
xnk−1 = M1.

Similarly, we get

M1 − 1 + λ∗

λ∗ ε � ynk
� M1 + ε

and
lim

k→∞
ynk

= M1.

Because F is continuous, M1 is a solution of equation u = λ∗u + F (u). But, by
assumption F (u) < (1 − λ∗)u for all u > 0 we have M1 = 0 i.e the sequence
{xn}n converges to 0.
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Remark.
(i) If λn = λ∗ ∈ (0, 1), ∀n ∈ N, then the converse of Theorem 4 is true.

(ii) If {λn}n is a monotone sequence where λn ∈ (0, 1) for all n ∈ N, then the
conclusion of Theorem 4 is also true. Namely, in the case {λn}n is increasing,
we can choose λ∗ = limn→∞ λn; in the case {λn}n is decreasing, we can choose
λ∗ = λ0.
(iii) Due to the proof of Theorem 4, one can easily see that if either m = {mn}n

is bounded or unbounded but limn→∞(n − mn) = ∞ holds and
∑mn

i=1 αi = 1
then Theorem 4 remains true.

The following theorem gives a sufficient condition for the boundedness of
every solution of (2.1).

Theorem 5. Assume that the sequence {λn}n is as in Theorem 4 and F (x) =
H(x, x), where H : [0,∞)× [0,∞) → [0,∞) is a continuous function, increasing
in x but decreasing in y and H(x, y) > 0 if x, y > 0. Suppose further that

lim sup
x,y→∞

H(x, y)
x

< 1 − λ∗, (2.2)

Then every solution {xn}∞n=−m of (2.1) is bounded.

Proof. The proof follows from applying the mean value theorem and the proof
of Theorem 2 in [2].

To study the periodicity in the equation (2.1) we assume that {λn}n is p−
periodic for p is an integer with p ≥ 1 and 0 < λn < 1 for all n ∈ [0, p − 1]. Let

G(n, u) =

∏n+p−1
s=u+1 λs

1 − ∏n+p−1
s=n λs

, η =
G(n, n)

G(n, n + p − 1)
,

A = max
n∈[0,p−1]

p−1∑
u=0

G(n, u), B = min
n∈[0,p−1]

p−1∑
u=0

G(n, u),

�1 = lim
x→∞

F (x)
x

∈ (0,∞), �2 = lim
x→0

F (x)
x

∈ (0,∞).

The following therems can be proved similarly as Theorem 2.3, Theorem 2.4 in
[8].

Theorem 6. If one of two following conditions is satisfied

�1 >
1

ηB
and �2 <

1
A

(2.3)

or

�1 <
1
A

and �2 >
1

ηB
(2.4)

then (2.1) has at least one positive periodic solution.

Theorem 7. If either
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�1 = 0 and �2 = ∞ (2.5)

or
�1 = ∞ and �2 = 0 (2.6)

then (2.1) has at least one positive periodic solution.

Now, to apply the results of Theorem 6 and Theorem 7 we will construct
some examples. In [8], although the author obtained sufficient conditions for the
existence of multiple positive periodic solutions of the nonlinear delay functional
difference equation

xn+1 = λnxn ± βhnf(xn−τn),

but he did not give any illustrative examples.

Example. Consider the following nonlinear difference equations with bounded
delay

xn+1 = λnxn +
m∑

i=1

αiγ1xn−i
1 + xn−i

1 + cxn−i
, γ1 > 0, c ≥ 1, (2.7)

xn+1 = λnxn +
m∑

i=1

αi
γ2xn−i

δ + σe−χxn−i
, (2.8)

where {λn}n is 2− periodic. We have

λn =
1
2
[
(α + β) + (α − β)(−1)n

]
, λ0 = α, λ1 = β, α, β ∈ (0, 1).

It is easy to check that

A = max
n∈[0,1]

1∑
u=0

G(n, u) =
β + 1
1 − αβ

,

B = min
n∈[0,1]

1∑
u=0

G(n, u) =
α(β + 1)
1 − αβ

,

η =
{

β, if n = 2k, k ∈ N

α, if n = 2k + 1, k ∈ N.

For (2.7), since

�1 = lim
x→∞

F (x)
x

=
γ1

c
∈ (0,∞), �2 = lim

x→0

F (x)
x

= γ1 ∈ (0,∞),

the condition (2.4) in Theorem 6 becomes 1−αβ
β+1 < γ1 < c. We can choose

α, β ∈ (0, 1) and c � 1 satisfying this inequality so by Theorem 6, (2.7) has at
least one positive periodic solution.
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For (2.8), since

�1 = lim
x→∞

F (x)
x

=
γ2

δ
∈ (0,∞), �2 = lim

x→0

F (x)
x

=
γ2

δ + σ
∈ (0,∞),

the condition (2.3) in Theorem 6 implies 1
δ > 1

δ+σ . Hence, the condition (2.3) in
Theorem 6 is satisfied for all γ2, δ, σ, χ ∈ (0,∞). This means that (2.8) has at
least one positive periodic solution.

Note that, if we choose {λn}n as above and F (x) = constant or F (x) =
a
x , a > 0, x ∈ (0, +∞) then Theorem 7 is applied, i.e. (2.7), (2.8) always have
at least one positive periodic solution.
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