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Abstract. In this paper, we study the asymptotic behavior of solutions of a nonlinear
difference equation with bounded multiple delay

Tn+l = )\nxn + ZO‘Z(n)F(In*ml)

i=1

We give conditions implying that this equation has solutions which are oscillatory,
bounded, convergence or periodic.
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Introduction

The asymptotic behavior of solutions of delay nonlinear difference equations has
been studied extensively in recent years; see for example [1-9]. Our main moti-
vation in studying asymptotic behavior of solutions of delay nonlinear difference
equation

Tnil = ATy + Z a;(n)F(zn—m,)

i=1
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is the oscillation of solutions of the difference equation
Tnt+l — Tn + PnTn—m = 0; neN

in [1]; the positive periodic solutions of nonlinear delay functional difference
equations

Tn+1 = GnTn + 6hnf(xn77'n)

in [8] and the extinction, persistence, global stability and nontrivial periodicity
in the model

Tpy1 = ATp + F(In—m)

of population growth in [2, 3]. In this paper, to investigate the oscillation,
we let A, = 1 for all n € N and to study the boundedness, the convergence,
the periodicity we will give some restrictions on the function F', the sequences
{An}n, {ai(n)}, or the delays m;. Our results can be considered as the general-
ization of some earlier results in [1, 2].

1. The Oscillation

Consider the difference equation

-

Tpt+1 = Tp + Z ai(n)F(In—mq,) (1'1)

i=1

for n € N;n > a for some a € N, where r,m; > 1, 1< < r are fixed positive
integers, the functions a;(n) are defined on N and the function F is defined on
R. Recall that, a solution {z, }n>, of (1.1) is called oscillatory if for any nq > a
there exists ny > nj such that x,,2,,+1 < 0. The difference equation (1.1) is
called oscillatory if all its solutions are oscillatory. The following theorem and
its corollary give some sufficient conditions for the oscillation of the solutions of

(1.1).

Theorem 1. Assume that
F(z)
T

=M <0.

xF(r) <0, x#0 and lim i(I)lf

Then, (1.1) is oscillatory if the following holds
T .
. 1 m;+1
Z(liminf a;(n)) - M - M < -
- mg

where a;(n) > 0,m e N, 1 <i<r.

Proof. We first prove that the inequality

Tni1 = Tn — Y () F(@n-m,) <0, neN (1.3)
1=1
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has no eventually positive solution. Indeed, assume the contrary and let {x,},
be a solution of (1.3) with x,, > 0 for all n > ny,nq € N. Setting v,, = xxil and
dividing this inequality by z,,, we obtain

1 . F(xp—m,
o < 1+ [; ai(n)Mvn—m% vpa], (1.4)

Tn—m;

where n 2 n; +m, m = maxigi<r M.

Clearly, x,, is nonincreasing with n > ny+m, and sov,, > 1 for alln > ni;+m.
Also, vy, is bounded above because otherwise (1.2) and (1.4) imply that v, < 0 for
arbitrarily large n. Put liminf,,_,o v, = 3. Notice that F(zp_m,;) <0, Vi=
1,2,---r, we get

1irnsupi = % <1- lhﬁﬁgf{i a;(n) [fw}vn,mi ~~~vn,1}

n—oo Un i—1 LTn—m;
T

<1+ {Z(liminfai(n)) - M - 5%’}7

A n—oo
=1

1> [i(liminfai(n)) -M - 5m1'+1]

= o 1-p
But o o
ﬂl ﬂ\_(m +»m) ) i:172a"'7a7
_ my
SO
r . 1)mi+1
Z(liminfai(n)) M - M > —1.
= n—oo m; ‘

This contradicts our assumption, hence (1.3) has no eventually positive solution.
Similarly, we can prove that the inequality

T
Tni41l — Tp — Zai(n)F(znfmi) >0, neN
i=1
has no eventually negative solution. So, the proof is complete. n

Corollary. Assume that a;(n) > 0,n e N;1<i<r,
F(x)
x

=M <0.

2F(r) <0, x#0 and lim i(I)lf

Then, (1.1) is oscillatory if either of the following holds
(m +1)m+t

T
M-y (liminf a(n) - 2 < -1,
=1

or
T

L (m m+1
M- T[H(lim inf a;(n))] " (1™

=1
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S _ 1T
where m = mini ¢, My, M= b Zi=1 my.

The proofs of the following theorems can be obtained similarly as the proofs
of Theorem 6.20.1, Theorem 6.20.2 in [1], so we omit them here.

Theorem 2. Assume that

F
rF(z) <0, x#0 and 1imi(r)1f ix) =M <0.

Suppose further that, F is nonincreasing on R and

hmsupz Z a;(0) > — ]\14—5

n—oo
i=1 f=n—m*

where m* = maxjgicr mi and a;(n) = 0,n € N;1 < i < r. Then, (1.1) is
oscillatory.

Theorem 3. Assume that
2F(x) <0,—F(x) 2z, z#0

and F is nonincreasing on R. Then, (1.1) is oscillatory if the following holds

T
hnﬂilorolf Z a;(n) >0 and limsup Z ai(n)>1-— hnrr_1>1£f Z a;(n)

i=1 nee i=1

2. Convergence, Boundedness and Periodicity

Consider the difference equation

Tn4+1 = Ay + ZaiF(xn—’i) (2'1)

i=1

forn =0,1,2,---, where a; >0, i=1,2,--- ,m;> " ;= 1; F:[0,00) —
[0, 00) is a continuous function, and m > 0 is a fixed integer. The positive initial
values _,, T_m41,- -, 29 are given. The following theorem gives a sufficient
condition for the convergence to zero of the solutions of (2.1).

Theorem 4. Assume that A, € (0,1) and there exists \* € (0,1) such that
An < A* for all n € N. Then, every solution of (2.1) converges to 0 if F(u) <
(I = Xu for all u > 0.

Proof. First assume that F(u) < (1 — A*)u for all uw > 0. Let {z,}, be a
positive solution of (2.1) and M = max_,,< <o ;. We prove that z,, < M for
all n. Indeed using induction assume that z; < M for all £ < n. Then by the
difference equation (2.1)
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Tn+l = )\nmn + Z O‘iF(mnfi)
i=1
SNM+) ai(1= )M =M.
i=1
Therefore x,, < M for all n. Let M; = limsup,, ,. %,. It is clear that 0 <
M, < co. Moreover, there is a subsequence {ny} such that

M, = lim z,,.
k—oo

Let € > 0 be given. There exists a positive integer N = N (e) such that for all
ng > N we have My —e < x,, < Mj+eandforalln > N—-m—1:2, < M;+e.
On the other hand,

m
mnk == )\nkxnkfl + E aiF(mnkflf’L—)'
=1

By the mean value theorem, we can choose a sequence {y,, } such that

Z @i F(2n,—1-:) = F(Yn,,),
=1

where

Yny, € [min{xnk_g, U ,xnk_l_m},max{xnk_g, U 7xnk—1—m}’]-
So we obtain
Ty = Ankmnkfl + F(ynk)a
Tryy K XN Znp—1 + F(Uny,) < X @np—1 + (1 — A )yn,,
N Cppe1 > Xy, — (L= A yp, = My —e— (1 — X)) (M1 + ¢),
2 — \*
)\*

Tnp—1 2 M1 — €.

Thus
2—M\*

My — e

€

N

Tnp—1 < My +€

and

lim Tn,—1 = Ml.
k—oo

Similarly, we get
14 A"

)\*

My — €< Yny, KMy +e

and
lim y,, = M;.
k—oo

Because F' is continuous, M; is a solution of equation u = A*u + F'(u). But, by
assumption F(u) < (1 — X*)u for all u > 0 we have M; = 0 i.e the sequence
{xn}n converges to 0.
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Remark.

(1) I A, =A* € (0,1), ¥n €N, then the converse of Theorem 4 is true.

(i) If {A\n}n is a monotone sequence where A, € (0,1) for all n € N, then the
conclusion of Theorem 4 is also true. Namely, in the case {\,}, is increasing,
we can choose A* = lim, . An; in the case {\,}, is decreasing, we can choose
A= Ao

(iii) Due to the proof of Theorem 4, one can easily see that if either m = {m,},
is bounded or unbounded but lim,, . (n — m,) = oo holds and ZZ’;I a; =1
then Theorem 4 remains true.

The following theorem gives a sufficient condition for the boundedness of
every solution of (2.1).

Theorem 5. Assume that the sequence {\,}, is as in Theorem 4 and F(x) =
H(z,x), where H : [0,00) X [0,00) — [0,00) is a continuous function, increasing
in x but decreasing in y and H(xz,y) > 0 if x,y > 0. Suppose further that

H(x,y)

lim sup <1-—\%, (2.2)

@,y —00
Then every solution {x,}32 _,, of (2.1) is bounded.

Proof. The proof follows from applying the mean value theorem and the proof
of Theorem 2 in [2].

To study the periodicity in the equation (2.1) we assume that {\,}, is p—
periodic for p is an integer with p > 1 and 0 < A, < 1 for all n € [0,p — 1]. Let

n+p—1 A
1— [Pt G(n,n+p—1)
p—1 p—1
A= max G(n,u), B= min G(n,u),
n€e0,p—1] o ( ) n€e0,p—1] uz:;) ( )
F F
N G (0,00), fs = lim Fz) (0, 00).

rz—o00 I z—0 X

The following therems can be proved similarly as Theorem 2.3, Theorem 2.4 in

[8].

Theorem 6. If one of two following conditions is satisfied

1 1
Y4 — d/t — 2.
1>773 an 2<A (2.3)
or
b< X ande, > 2 (2.4)
1 Aan 2 nB .

then (2.1) has at least one positive periodic solution.

Theorem 7. If either
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1 =0 and ly =0 (2.5)

or
1 =00 and {3 =0 (2.6)

then (2.1) has at least one positive periodic solution.

Now, to apply the results of Theorem 6 and Theorem 7 we will construct
some examples. In [8], although the author obtained sufficient conditions for the
existence of multiple positive periodic solutions of the nonlinear delay functional
difference equation

Tn+1 = Any £ ﬁhnf(xn_Tn))

but he did not give any illustrative examples.

Example. Consider the following nonlinear difference equations with bounded
delay

1+ Tn—q

Tnil = MpZn + QY Ty ™, >0,c>1, 2.7
+1 ; 1 1+ czn_s Y1 (2.7)
Tyl = ApTn + §m aiM7 (28)

0+ oge XEn—i

i=1
where {\, }, is 2— periodic. We have

1
An = 5 [(Ot + 6) + (a - 6)(71)’”}7 Ao = Q, AL = ﬂaaaﬁ € (07 1)
It is easy to check that

1

f+1
A = =
2 60 = 15
1
1
B = min G(n,u) = a(ﬁiﬂ,
nelo.1] £ 1—apf

{ﬂ, if n=2k,keN
" la, if n=2k+1,keN.

For (2.7), since

F F
l = Hmﬂ:%E(0,00), 62:111%%):716(0700),

T— 00 X

the condition (2.4) in Theorem 6 becomes lgff < v < c. We can choose

a,B € (0,1) and ¢ > 1 satisfying this inequality so by Theorem 6, (2.7) has at
least one positive periodic solution.
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For (2.8), since

_ o Fl@) o F@)
El_;ch—{j[olo - —TE(0,00), EQ—i%T—H—O_

€ (0, 00),

the condition (2.3) in Theorem 6 implies § > (SJ%J. Hence, the condition (2.3) in
Theorem 6 is satisfied for all v2,0,0,x € (0,00). This means that (2.8) has at
least one positive periodic solution.

Note that, if we choose {\,}, as above and F(z) = constant or F(z) =
2, a>0,r € (0,+00) then Theorem 7 is applied, i.e. (2.7), (2.8) always have

at least one positive periodic solution.
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