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Abstract. In this paper, we study the representation theory of the quantum double
D(I'y,q). We give the structure of projective modules of D(I',, 4) at first. By this,
we give the Ext-quiver (with relations) of D(I'y, q) and show that D(I',, 4) is a tame
algebra.
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1. Introduction

In this paper, k is an algebraically closed field of characteristic 0 and an algebra
is a finite dimensional associative k-algebra with identity element.

Although the quantum doubles of finite dimension Hopf algebras are impor-
tant, not very much is known about their representations in general. A complete
list of simple modules of the quantum doubles of Taft algebras is given by Chen
in [2]. He also gives all indecomposable modules for the quantum double of
a special Taft algebra in [3]. From this, we can deduce immediately that the
quantum double of this special Taft algebra is tame. The authors of [7] study

*Project(No.10371107) supported by the Natural Science Foundation of China.
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the representation theory of the quantum doubles of the duals of the general-
ized Taft algebras in detail. They describe all simple modules, indecomposable
modules, quivers with relations and AR-quivers of the quantum doubles of the
duals of the generalized Taft algebras explicitly and show that these quantum
doubles are tame.

The structures of basic Hopf algebras of finite representation type are gotten
in [11]. In fact, the authors of [11] show that basic Hopf algebras of finite
representation type and monomial Hopf algebras (see [4]) are the same. But for
the structure of tame basic Hopf algebras, we know little. In [10], the author
gives the structure theorem for tame basic Hopf algebras in the graded case. In
order to study tame basic Hopf algebras or generally tame Hopf algebras, we
need more examples of tame Hopf algebras.

The Andruskiewitsch-Schneider algebra is a kind of generalization of gener-
alized Taft algebra and of course Taft algebra. Therefore, it is natural to ask
the following question: whether is the quantum double of dual Andruskiewitsch-
Schneider algebra a tame algebra? In this paper, we give an affirmative answer.
As a consequence, we give some new examples of tame Hopf algebra.

Our method is direct. Explicitly, we firstly give the structure of projective
modules of the Drinfel Double of a dual Andruskiewitsch-Schneider algebra by
direct computations. Then using this, we get its Ext-quiver with relations which
will help us to get the desired conclusion.

2. Main Results

In this section, we will study the Drinfeld Double D(T',, 4), which is a general-
ization of [7], of (A(n,d, i, q))*°?. Our main result is to give the structure of
projective modules of D(I',, 4). By this, we give the Ext-quiver (with relations)
of D(T'y,,4) and show that D(T',, 4) is a tame algebra. This section relays heavily
on [7] and we refer the reader to this paper.

The algebra I'y, g := an/Jd with d|n is described by quiver and relations.
The quiver is a cycle,

. —
with n vertices eg, . .. , en—1. We shall denote by /" the path of length m starting
at the vertex e;. The relations are all paths of length d > 2.

We give the Hopf structure on I',, 4. We fix a primitive d-th root of unity ¢
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and a p € k.

=Y eg@a+al -8, A=) @y +dv@ea+al B
jHl=t jHi=t

E(et) = dyo0, 5(%1) =0, S(et) = €—t, S(’Ytl) = Hl’Ylt 1

where

a; =p Z > X ) e armpeva R A

l=s+11+5=t

B Z Z TS),%@W;HSI

l=s+1i+j+d=t ly(

Proposition 2.1. With above comultiplication, counit and antipode, I',, 4 is a
Hopf algebra.

Proof. We only prove that A is an algebra morphism. The other axioms of Hopf
algebras can be proved easily from this. In order to do it, it is enough to prove
that, for s,t € {0,--- ,n — 1},

Ales)A(er) = A(bser), Alvier) = A(v)A(er), Alerys) = Aer)A(ys).

We have
Ale)e) = (Y ejoe+al=0)( D ej@ea+al - a7)
jHl=s jHl=t
:( Z ej®el)( Z ej®el)+( Z ej®el)o<g
jHl=s 1=t j+l=s
( Z e]®el)ﬂt + oy ( Z e]®el)762< Z ej®el)+r
j+l=s JHI=t JHi=t

where r = a2a —a?3? — 3%« +ﬁoﬁt and clearlyreJd®k:Z +kZ,®J% Thus
r = 0. Note that in o) = NZ 11 ZZ_H — l,q(d T oA ®’y]d !

say 'yé ® ’yf*l, the end point of 'yé is e;4; and that of 'yj “lis €j4+d—1- Thus
(em ® en)(%l ® ’Y;FI) #0

every component,

implies m +n =i+1+j+d—1=t+d. Similarly, (v} ®’y§l N(em @ en) #0
implies m + n = t. Therefore, if s # t + p,

(Zq@el)agzo, 52(26]-@61):0
jHl=s jH=t
and if s # ¢

( Z ej®el)ﬁ,?20, ag( Z ej®el):O

jHl=s jHi=t
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Thus if s #t 4+ p and s # ¢, A(es)A(er) = 0.

Ifs=t+p,
Ales ( Z e]®el) 60( Z e]®el)
jHl=s JjHi=t
_ 0760
_ d—1
—MZ 2 W e
=1 i+j=t
— ¢ d—1
*“Z Z N (d—1), % @
1=1 i+j+d=t+d ¢
=0.

Ifs=1t, Ales)Aler) = Zj_H:s €j®€l*(zj+z=s ej®el)6?+a?(zj+l:t e;Qep) =
Zj+l=s €j Qe — B+ of = Aer).

Thus, in a word, A(es)A(er) = A(dster).

Next, let us show that A(yle;) = A(y1)A(ey).

AHAE) = (3 (et +driea)+al =) (X eoe+al - )

Jjt+l=s Gl=t
= ( Z e @ +ql7} ®€l)( Z €j®€z> + ( Z ej®%1+ql7;®el)a?
j+i=s jHI=t J+i=s
f(zej®’yll+ql%1®el)ﬂt+a(Ze]®el) ;(Zej@)el),
jtl=s Gl=t

Similar to the computation of A(egs)A(er) = A(dster), if s # ¢,

(Ze](g)’VlJFQ’Yj@el) = Zeg®€l):

j+l=s JHi=t

and if s #t+p,

( Z ej @} +ql%1®el>ag:0, ﬁsl( Z €j®el) -0

Jjtl=s JHi=t

Thus if s # t and s # t + p, A(yL)A(e;) = 0.
Ifs=t+p,

ADAE) = (Y ot +avva)al B Y e

jHl=s jHi=t



The Quantum Double of a Dual Andruskiewitsch-Schneider 193

d—
= (ej®%1+qlv§®ez)(uz Z o —L ey ) - 4
I=1 i+j=t

j+l—s
fuz Z R ,),Z@,yjd L gitd=lytl g 4d-t) _ gl
=111+j5=t
j(1=1) fg+d— L d—I4+1 1
= p ( +qj(l Ngitd-ttt )%@74 -3
d—1+1 1
MZZZI 7l+1)' 71@ ﬁs
=2 i+j=t
=0.
Ifs=t
A(v5)A(er) =( Z € @ -l-ql’yj1 ®€l>
j+l=s
_( Z ej®’nl+ql’y;®el)5?+a%( Z ej®€l)
JjHl=s jHi=t
:( Z €j®’}/ll+ql’}/]1®el) — B+ al =A@
jHl=s

where the second equality can be gotten by a similar computation in the case of
s=t+p.

Therefore, we have A(yle;) = A(yL)A(er). The equality A(evl) = A(er)A
(71) can be gotten similarly. n

By [11], we know that the most typical examples of basic Hopf algebras of
finite representation type are Taft algebras and the dual of A(n,d, u,q), which
as an associative algebra is generated by two elements g and x with relations

g"=1, a%=p(l—-g%, zg9=qgx

with comultiplication A, counit ¢, and antipode S given by

Alg)=9g®g, Alz)=1@z+z®9
eg)=1, e(x)=0
S(g)=g", S(z)=—zg '
We call this Hopf algebra the Andruskiewitsch-Schneider algebra. If g = 0, then

it is the so-called generalized Taft algebra (see [8]). If x = 0 and d = n, then
clearly it is the usual Taft algebra.
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Lemma 2.2. As a Hopf algebra, (I'y, q)*°? = A(n,d, 1, q) by jy? — G, ;g — X

and
m
A(%m)=< > (U) q”t7§®%>+a?—ﬁ?-
st+t=i,v+l=m q
Proof. 1t is a direct computation. n

We always denote >\, 1, (T) q"'y¢ @i by M™.
q

Lemma 2.3.

) qml(l2+ls)+m213m!
(id @ AYM™ = >

mi1+ma+mz=m,l1+lz+I3=I

(id® A)a* = p Z
mi+mo+mz=d+m,l1+l2+Iz=l

(id® A)G" = p >
mi+mo+maz=d+m,l1+la+Iz+d=l
Proposition 2.4. The Drinfeld double D(T'y, q4) is described as follows: as a
coalgebra, it is (Ty,qa)*“P @ Ty.q. We write the basis elements G' Xy, with
i,1€40,1,...,n—=1}, 0< j,m < d—1. The following relations determined the
algebra structure completely:
Gn=1, X'=p(1-G%, GX =¢'XG
the product of elements " is the usual product of paths, and
WG =q "Gy" (1)

in particular e,G = Ge; since e; =7 by the definition of v, and

m m2 m3
()l Gma)ly gty e e 0

qm1(l2+l3)+m2l3m!

q _mi mao ms
() g (ma)lgma)l, 0 & e E

qm1(l2+l3)+m2l3m!

q ,.mq mo ms3
()t (ma)ly(ma)t, ™ e 00

- { XY q_m(m)qvﬁgl + ql+1_m(m)qG7ﬁHl if m>1
A= d—1 _ _d—1 1 d—1 _ _d—1 -
Xy = (dfﬁ)xq (Vi1 —Vga—a) (531)!QG(%+1 ~Vig1-q) W m=0.

(+2)

Proof. We only prove equality (1), (2). For equality (x1), by the definition of
Drinfeld double,

WG =1y el)

- > ST G e ()
mi+ma+mz=m,l1+l2+I3=I
+p ) Crriyy ™ (ST ) ) @y
Mo +ma=d+m, 1 +la+s =l (IT)
— > Gy ™ RS ) 1) @ iy

mi+ma+ma=d+m,li+la+lz+d=1 (I1IT)
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g1z tlg)tmals g

where G} )72 = G- Gma) ey By observation, we can find the following

results. -

For term (I), 79 (S™ (v2%)?y"") # 0 only if Iy = 1,3 =n — 1,1y = [,m; =
0,m3 = 0,mz = m. In this case C]'})"/>™ = ¢~"™. Thus (I) = Y@M =
¢~ ™Gy In a similar way, we can find (II) = 0 and (III) = 0. Thus () is
proved.

For equality (+2),

WX =10y ) (p®1)

m17m2,m3/T —1/.m m m
Citas (S (")) @, ° 0))
mi1+ma+mz=m,li+la+I3=I
m1,m2,m3/T —1 ms3 mi me

tH Z Ch oty Yo (ST (V) @,

mama+mg=d+m,li+la+ls=l (IT)

m1,m2,m3/T —1 ms3 mi me

K Z Cly o s Yo (ST ()t ) @,

mi+ma+ma=d+m,li+lo+ls+d=l (IIT)

For term (I), it is easy to find that there are only three cases satisfying '/yg(S’1
(72) ) # 0. They are

(1)1 l1=0,la=I0+1,l3=n—1,m =0, my=m—1, mzg =1

(2): 11 =0,lo=141,ls=n—1,m; =0, my=m, mg=0

(3)1 l1=0,lc=1+1,l3=n—1, m =1, mg=m—1, mzg =0.

For case (1), it is straightforward to prove that

Clm b (ST ) @ i = =g ™M (m) 1 @y

l1,l2,l3
For case (2), we have

Cm1,m27m3701(5—1(,ylr:3)?7ﬁ1) ®,ylm2 — _q—m,yé ® ,yln}rl — —q_mXﬁL-

l1,l2,l3 2
For case (3), we have

Crym2 ™ g (STH ) ) ®@ o
= — ¢ @ = =g T (m) Gy
For term (IT), there are also three possible cases such that 45 (S~ (y,1"*)?y,"") #
0. They are

(1)1 l1=0,lc=1+1,l3=n—1, m =0, me=d+m—1, mg=1
(2): 11 =0,la=1+1,ls3=n—-1,m =0, my=d+m, m3=0
(3)1 l1=0,lsa=I0+1,l3=n—1, mi =1, ma=d+m—1, mg=0.
Thus if m > 1, we have that ’yl’?z € J?% which is zero by the definition of
Iy q. Thus 73(5_1(%:3)?7;:“) ®,? # 0 only if m = 0.
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Assume m = 0. For case (1),

mama T/ c— —H d
PO 2N (ST () ) @ e = '

(d— 1)!(]7[4:1 :
For case (2),

KO (ST G @ A = 0.
For case (3),

/quJrl
(@1,

For term (III), there are also three cases which we need to consider.

ma,ma 1/ q— _ d—
PCT M (ST () 29 ) @ 4 = G

(1)1 l1=0,lsc=1l+1—-d,l3=n—1, m =0, my=d+m—1, mg=1
(2):11=0,lo=1l4+1-d,ls=n—-1, m =0, me=d+m, mg=0
(3):11=0,lo=1l41—-d,ls=n—-1, m=1, m=d+m—1, mg=0.

If m > 1, we also have term (III) = 0. Assume m = 0. For case (1),
1, PLLL: 1 — m m m _//[/ _
Ncﬁ,zﬂ; " (S 1(’713 D) @t = W’Yﬁ{»llfd'
‘q
For case (2),
MO 0 (ST O ) P @ i = 0.
For case (3),

+1
[ 1 0
HGi " (ST ORI @ = Gy G .

In order to study the structure of projective modules of D(T',, 4), we first
decompose D(T'), 4) into a direct sum of algebras I'g,--- ,I',_1 and study each
of these algebras. Our method is from [7]. This method were used by several
authors, see [13, 14].

Proposition 2.5. The elements E, := + ZMEZ" q_i(”+j)Giej, forue Z,, are

n

central orthogonal idempotents, and ZuGZn E, = 1. Therefore,
D(T.4) = @ D(Tn.a)E.
uE Ly

Proof. We only prove that £, X = X FE,,, the others are easy.

1 o
E,X ==Y q'Gex

K ,J€EZn

1 i) i L d—1 d—1

— E Z q (u+i) & [X€j+1 - m(’YjJrl —’YjJrl,d)
,J€EZn
pg’ d—1 d—1
+ MG(%H - ’Yj+17d)i|'
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Note that
q l(uﬂ)ﬂ =1 _d—1
Z %+1 Vi1-a)
JE€EZy
_ + —i(ut
—Zq“” |%+1 qu(u]) 1)'%+1d
= JE€EZy
_ + +i+d
_Zqzuj |7]+1 Zqzu ) 1)' 71+1
JE€EZn ez,
‘LL o .
= 2 @) — e
4 jezn
=0.
Similarly,
q 7’(u+])uq‘7+1 d— d—
Yy GO ) =0
JEZn
Thus
1 . . )
EUX — E Z q—z(u+J)G’LXej+1
4,JELn
1 —i(utg) —i (v
= " Z q q "' XG'ejiq
',jGZn
_X Z BEARE Gej
HEZ"
=XE,.

Define T, := D(I';, q)E,. The above propositions tell us that we need to
study I'y,. We now define some idempotents inside I',,, which are not central,
but we will use them to describe a basis for I',,.

Proposition 2.6. Set E, ; = 21?:_01 ejtvdlu, for j € Zq. Then E, jE,; =
0Ly, and Z;l;ol E,; = E,. We also have E, ; = E, j» if and only if j = j
(mod d).

Moreover, the following relations hold within Ty :

GEuj=q""Byj=FEu;G, XE,;=FE,;1X

m By jymn" if 1=j (modd)
f}/l Eu j = )
0 otherwise.

Proof. We only prove that X FE, ; = E, j—1X. The proof of other equalities is
the same with that of Proposition 2.7 in [7].
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n_q
d
Eyj1X = Z(ej—l-i-'udX)Eu
v=0
|
W d—1 d—1

= Z [Xej.:,_@d - m(%ﬂd - ’Yj+(v—1)d)

v=0
g e d—1 d—1

+ MG(%JFM - ’ijr(vfl)d)}E“
|

= Z Xejroaby = X Ey .
v=0 "

We can now describe a basis for I', and a grading on I';,, as follows: I'), =
@g;ll_d(Fu)s with (T')s = span {Xt’meEu,j |7 € Zn,0 <m,t <d—1,m—t=s}.
This is a sum of eigenspaces for G: if yE, ; is an element in (T',)s, we have that

G-yE.;=q¢""yE,;, yE.; G=q¢T"yE,;

Now set F, ; = nglEuJ for j € Z,. If j is an element in Z,, we shall
denote its representative modulo d in {1,... ,d} by < j > and its representative
modulo d in {0,... ,d—1} by < j >".

Proposition 2.7. The module I', F,, ; has the following form:

oFui

Xt

*
I
-.lii'}.‘,

where Hu,j = X<2j+u71>71Fu7j, ﬁu,j = X<2j+u71>7Fu7j andﬁu,j = XdilFu’j.
In this diagram, | represents the action of X and T represents the action of the

suitable arrow up to a monzero scalar; the basis vectors are eigenvectors for the
action of G.

Note that when 2j + v — 1 = 0(modd), the single arrow does not occur, the
module is simple, and we have Hy, ; = Hy ; = Xd_lFu,j and F,; = F, ;.

In order to prove this proposition, we require the following lemma:
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Lemma 2.8.
(1) XmF,; =0im>d;
(3) Assume m < d, the element ’ydbﬂ_m_leFuJ s equal to
_b(@m—b+1) (m)'q 24 —1— — — —
—— jtu—1—(m—t+1)—1 xm bF .
q (m _ b)'q H(q ) u,j
if b <m and is 0 otherwise.

Proof.

(1): It is enough to prove that XF, ; =0. In fact, X9F, ; = p(1 - GYHF, ; =
1(Fuj — (¢ ) Fy 5) = p(Fuj — Fuy) = 0.

(2): This is proved by induction on b. When b = 1, we take the arrow on the
left across X, using the relation in Proposition 5.4.

d— — -1_0 i—m—1+d 0 —1_d—
Vita1mX ™ Bui =0 XV iad Vymrat @ " TIGY) a) X B

= (¢ "XV _pra—q (L= PUTTFITNY L )X, (%)
We want to compute that what 7?7m+de’1fy§l_1 is.
If m =1, clearly %Q_m_i_de—lV;i*l = Xm_lfyjd*l.
Ifm>1, . i
’Yj—m+de71’Yj_
_ 0 d—1 d—1
= [X7j7m+d+1 - m (7j7m+d+1 - j—m+1)
pug? A d—1 d—1 2, d—1
* (d—1) GO mtarr = Vjmman) [ X5

Since m — 2 < d — 1, by induction on the length of path, we know
WX =0 for L€ Z,.

Thus 0 1 d—1 0 2_d—1
ijerde_ 7]'7 = X’ijerdJrle_ 7]’7
_ d—
== X"
_ m—1_d—1
=X v
Therefore,

() = ¢ ' XY g XTI B — g (1= U X4,
= qilX(qilXﬂy}—m-i-d-l—l -q'(1- q2(j7m+d)+u+2)%(‘)—m+d—1)Xm72’)’]d_1Eu,j
o q—l(l o q2(j—m+d)+u)Xm—1,yg71Eu7j
_ q_2X27]1,m+d+1Xm_2’7§17lEu,j

+ (_q72 _ qil + q2j72m+u71 + q2j72m+u)Xm71,y;i—1Eu,j

m
=" XY gV Buy 4 Y (—q P 4 g Xy,
p=1

_ qu(m)q(q2jfm+ufl . ]-)Xmilf}/;*iilEu,j -
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Proof of Proposition 2.7. Here we apply Lemma 2.8 with b = 1 to see that the
element g4 j—m—1X"F, ; is equal to 0 if m = 2j + u — 1 (mod d) and is a
nonzero multiple of X™ ! F, ; otherwise. ]

Definition 2.1. We define permutations of the indices in Z, by o,(j) == d+
j— (25 +u—1). Note that the arrow going up from H, ; in the diagram in
Proposition 2.7 is fy;u(j).
Remark. We can easily see that o,(j) = j if and only if (2j + u — 1) = d, and
that if (2j +u — 1) # d, then 02(j) = j + d and so o,, has order 2.

We shall now define large modules (and we will see later that they are a full
set of representatives of the indecomposable projective modules).

Lemma 2.9. If (2j+u—1) # d, then there exists an element K,, ; homogeneous
of degree d — (2j +u — 1)~ — 1 such that H, j = 'Vclru(j)*lKuvj'

Proof. Consider H, ; = X<2j+“_1>_1’y;l_1Eu,j. We first take one arrow across
X; there exist scalars ay,... ,oj4y—2 such that

Hoyj= Xy,
_ qX<2j+”_1>_27]1+d,3X’y§l72Eu,j + alX(2j+u—1)—2,y;172Eu7j

— q2X(2j+u_1>_37‘71+d74X27‘;'172Eu,j + (al + a2)X<2j+u—1>—2,y‘;172Eu,j

where the third equality follows the following computation

Viva—aX? = (@ XVjras — 4 N yas + qj+d_4G,7jO'+d73)X
—1 —1 1 —1_.0 j+d—3 0
= ¢ ' X' Xjya 00— 0 ra o+ TG s)

— a1t xA0 _L( -1 _ d—l)_,_ﬂg( a1 d-1y
q Vjtd—2 -1, Vjrd—2 ~ Vj—2 @1, Vjt+d—2 ~ Vj-2
j+d— M d— a1y, ke’ d— d—

+¢ TG |:X7‘jo+d*27m(vj+;72ﬂj72l)+ d—1), G(%’ﬂif%‘—%)}

and,

XISy X By = XS Xy — ¢ X s
+ X s — 0T X
o "
+ T AXGY g )V TP By

Repeat the above process, we have that
Hyj =
. 11 de
:q2]+u 27;—u(]’)71X<2]+u 1> l,yj 2Eu,j

+ (041 N 02j+u72)X<2j+u_1>_2’)’;l72Eu,j-
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We now repeat the process on the second term of the last identity, and
continue until there is an arrow in front of all the terms; so there exist scalars
!, 8" and §; such that the following identities hold:

_2j4u-2_1 <2jtu—1>—1_d—2 /oy <2tu—1>—2  d—2
Hy ;= q” ’Yau(j)qX ! v Bug+ /X ’ v By

_ ojqu—21 <Vtu—1>—1_d—2p
=q Vou(j)-1X Vi Bu
/ 27+u—3 .1 <2j4+u—1>—-2_d—3 1"y <2j4+u—1>—-3_d—3
+ B1(q” You(i)—1X 7 Y CEu + By X5V Vi “Eu)
_ 2jtu—2_1 <jtu—1>—1_d-21 1 <2jtu—1>-2_d-3 1
=q Vou()—1X Vi Bug t Y, ()1 X Vi B

!y <2j+u—1>-3_d—-3
+ B X 5 Ey.;

_ 2j4+u—2,1 <2j+u—1>-1_d—2 .
=q You (G X 5 Euj

<2jt+u—1>
1 <2j+u—1>—p_ d—p—1 )
o D BpaX Vo Bug
p=2
_ A1 K. .
= You(j) -1 u,j

with K, ; nonzero and homogeneous of degree d— < 2j+u—1> -1 =d— <
2j+u—1>" —1. [ ]

Definition 2.2. If < 2j+u —1 >= d, set K, ; = F, ;. Note that it is
homogeneous of degree of d — 1.

Now consider I', K, ;. The following result is immediate:

Proposition 2.10. Assume that < 2j +u—1 >=d. Define L(u, j) := T, K, ;.
Then L(u, j) has the following structure:
Rr._]' = I{zu._] = Fl.!._.i
.
x|]
.

T

. -—

It

. =~
Hu._.i = Hz:.j
In the case < 2j + u — 1 >z d, we obtain the following structure:

Proposition 2.11. Assume that < 2j +u — 1 >%# d. Then module I' K, ; has
the following structure:
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oL
It
.
‘
.

T Rx
l.;{mj_ff-""’ﬂl "uj
. .

f —
"QE’-:JT_-#-- H//," H'-:r\;l

ﬁf

L J I :

It

.

H

I

o0y

where D, j = Xd’<2j+“’1>7’1Ku,j,I~(u,j = X(Zutl) gng l~)u7j = XK, ;.
As before, | denotes the action of X and T the action of suitable arrow up to
a nonzero scalar. /' also denotes the action of suitable arrow up to a monzero
scalar.

To prove this, we need some preliminaries.

Lemma 2.12. For s < d, we have

0 s—1 _ ys—1.0 )
Vou(y—s X Buj = X%, ()1 K-

Proof.

0 s—1 _ 0 H d—1 d—1
Vou(i)—sX Fuj = [X%u(j>—s+1 ~ @, Oeu st T Yoty -sri-a)

‘ulqcru(j)ferl

T,

d—1 d—1 s—2
GVgn () —st1 ~ You()—st1—a) | X°7 Kuy-

Using formula (*2) in Proposition 2.4 again and again, it is easy to find that for
any path of length d — 1, we have

WX TRy = e Xy, K

with [ > 2. But, by Lemma 2.9 and Proposition 2.7, anKu,j =0 for! > 2. Thus
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0 s—1 o 0 s—2
’Yau(j)—sX Ku,j*X’Yau(j)—sHX Ku;.

Repeat this process, we get our desire conclusion. n

Lemma 2.13. We have that ~! L) s (XK =Y 41 “bey, é'yb (SJ)rt Lxb
Hyj+cs—t s X 'K, ; where css =1, cps =0 if b <0, and cps = (s Cpp1
with (s = (8)gq™ (¢~ =D75 — 1) f0<b<s—1.

Proof. The proof is by induction on t, and we write out the case ¢t = 1 here:

’Y;u(j)—s—1XsKu,j

= ¢ X, ()X T K+ (ma 7 DTG ) sXs‘lKu,j

= ¢ X)) X K+ (g DTG X 1 Vo ()1 5w
(¢ '+ ¢V X K,
(q o q72j7u+172s)XsflKu’j

=q 1X’yo' (]) SX K u,j +
=q X5, XK

= qilX(qilXV;u(j)—‘%l — 0 g, Grmast TV TGN )y ) XK
. (q—l . q_2j_u+1_28)Xs_1Ku7]

_ q72X2’Y;u(j)_s+1X572Ku,j _ X (Y - g2y o2
B L) Gy (O

= q_2X2’Y;u(j)fs+1Xs_2Ku7j
(g g o H e 2t =2y sl e

=4 X, (-1 Kug + X Ky .

Lemma 2.14. For 0 < s <d— <2j4+u—1>" —1, the elements X°K,, ; and
X°F, ; are linearly independent.

Proof. The proof of this lemma is same to the proof of Lemma 2.18 in [7]. For
completeness, we write it out. B

Assume that aXSK w,j +BX°F, ; =0 with O < s<d—<2j+u—1>" —1.
Multiply by ~2 ( Ho1—st Using Lemma 2.8, 7 ( Ho1— SXsﬁu,j is a multiple of
(qPru—t=(sh<2jtu—i>=(s+1)+1) _ 1) X <2i+u=1>F . which is zero.

On the other hand, by using Lemma 2.13, ‘5+(1J) 1_s XK, j is equal to
S0 Ccos fygu(j)_bXbHu,j. Now {, = 0 if and only if p = —2j—u+1 (mod d).
Butif 0 <b6+1<p<s<d—<2j+u—1>" —1, we have (, # 0 and therefore
cps #O0forallb,s with0<b+1<p<s<d-<2j+u—1>" —1.

So multiplying the identity aX°*K, ; + ﬁXsﬁuj = 0 by 'yjj(lj)%fs gives
a nonzero multiple of ow”l X°K, ; with ’ys+1 X°K, ; nonzero, so

u(j)—1-s w(j)—1—s
« = 0 and therefore g = 0. [ |



204 Meihua Shi

Proof of Proposition 2.11. We apply Lemma 2.13 with £ = d — 1 = s to see that
’yjf(lj)idXd’lKu,j is a nonzero multiple of F, ;:

fb<d—{(2j4+u—1)" —1, then ¢, 41 = 0;

Ifb>d— (2j+u—1)" +1, then ’yg*(lj)ibXbHuyj = 0;

Finally, if b = d— (2j+u—1)", then ’yg_(lj)_ddelKuyj is a nonzero multiple
of X<2j+“_1>7g71Euj.

Thus, in particular, X°K, ; # 0 for all s = 0,...,d — 1. The rest of this
structure follows this and Lemma 2.14. n

By Proposition 2.11, it is easy to find all possible submodules of I', Ky, ;.

Corollary 2.15. When (2j +u — 1) # d, the module I', K, ; has ezactly two
composition series:

[WKyj DTWFy;+TuDyj D TuFyu; DTyFy; D0

and
LuKy; DTyFyj+TuDyj DTyDyj D WF,  DO0. -

When (25 +u — 1) # d, we also define L(u, j) := T, K,y j/(TuFuj +I‘u5u7j).
By this corollary, it is a simple module of dimension d—(2j+u—1)", and the com-
position factors of the composition series in this corollary are L(u, j), L(u, 0y (j)),
L(u,0,'(5)) and L(u, j).

To decompose I',, into a sum of indecomposable modules, we find modules
isomorphic to the I', Ky, ; inside I'y,.

Lemma 2.16. If0 < h < d— <2j+u—1>" —1, then right multiplication by
X" induces an isomorphism Ky j = FuKu,th of T'y,-modules.

Proof. The proof is very similar to the proof of Lemma 2.22 in [7].

In order to prove this lemma, we must show that right multiplication by X"
embeds I'y K, ; into I‘uKu,th. Thus it is enough to prove for A maximal. For
this, we only need to check that ﬁu,th # 0 and l~)u,th # 0. Since, by Propo-
sition 2.11, I?u,j equals the multiplication of ﬁu,j and some arrows, I?u,th #0
implies D, ;X" # 0. Therefore, we only need to consider H,, ;X 4~ <%i+u-1>"~1

To compute this, we need a relation similar to that in Lemma 2.8:

Xd_l'y;l_lEu,ij

b
_vewa-n-viy  (d—1), it (e o

— 2 _ " T4 | | j+(d—1)Fu+t -1 Xd 1 d 1 bE L

1 (d—1-0), t:l(q ) Vi+b u,j+b

This formula has been given in [7] (proof of Lemma 2.22). It is easy to see that it
is also true for our case. Using this relation, we see that H, jX¢~<%+u-1>"-1

is a nonzero multiple of
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d—<2j+u—1>"—1

2j—14+u+t d—1_<2j+u—1>" )
H (q )X f}/_]-‘rd <2j+u—1>—— lEuf737“
t=1

which is nonzero. n

We now can decompose I';, into a sum of indecomposable modules. Note
that if < 2j + v — 1 ># d, the module I', K, ; has dimension 2d while if <
2j +u — 1 >=d, it has dimension d.

Theorem 2.17. T', decomposes into a direct sum of indecomposable modules in
the following way:

d—<2j4+u—1>"-1

@ EB LK, X"

JE€EZn

Proof. We first prove the sum is direct. The sums over h are direct since the
summands are in different right G-eigenspaces. The outer sum is also direct
because the summands have non-isomorphic socle: the socle of

d—<2j+u—1>""—1 d—<2j+u—1>"—1
@ T, K, ;X" is EB L(u,j)X"
h=0 h=0

with L(u, j) X" = L(u, j).
Equality follows from dimension counting. For example, when d is odd,
dim@ e, Dh_y T T DK X = 2(d-d+2d4SY) = nd+nd(d—1) =
nd? and thus ndimg, ., @d <2]+“ >-lr WK j XM =n2d?® = dimD(T), q).

Thus Ty = @, 5, 69d <2jtu—1>Tolp g P -

Corollary 2.18. Set P(u,j) = I', K, ; for all u,j. The modules P(u,j) are
projective, and they represent the different isomorphism classes of projective
D(T'y,q)-modules when w and j vary in Zy,.

When < 2j +u — 1 > d, their structure is

L{u, §)

\“ ;
When < 2j+u—1>=d, P(u,j) = L(u,j) is simple.
Moreover, the L(u, j) represent all the isomorphism classes of simple D(I'y, 4)-

modules when u and j vary in Z,. Those of dimension d are also projective,
2
and there are - projective simple.

Liuw, o, Liw, ey(5))
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With these preparations, we can give the quiver with relations of D(T'y, 4).

Theorem 2.19. The quiver of D(T';,.q4) has "72 isolated vertices which correspond

D

to the simple projective modules, and "(d—; copies of the quiver

h o0

K
-

.F:H *

with 27” vertices and 47" arrows. The relations on this quiver are bb, bb and bb —
bb. The vertices in this quiver correspond to the simple modules L(u, j), L(u, 0.(5)),

! 7L(uaO—ZTn_1(j))‘

Proof. The proof is same to that of Theorem 2.25 in [7]. ]

An algebra A is said to be of finite representation type provided there are
finitely many non-isomorphic indecomposable A-modules. A is of tame type or
A is a tame algebra if A is not of finite representation type, whereas for any
dimension d > 0, there are finite number of A-k[T]-bimodules M; which are
free as right k[T]-modules such that all but a finite number of indecomposable
A-modules of dimension d are isomorphic to M; @y k[T]/(T — A) for X € k.
The following conclusion is our main aim.

Theorem 2.20. D(T,, 4) is a tame algebra.

Proof. By Theorem 2.19, we know that D(T', 4) is a special biserial algebra (for
definition, see [6]) and thus it is tame or of finite representation type (see II.3.1
of [6]).

Given a quiver I', we associate with I" the following quiver I'y called the
separated quiver of T'. If {1,...  n} are the vertices of I', then the vertices of I'y
are {1,...,n,1’,... ,n'}. For each arrow - — ©in I', we have by definition an

’

arrow - — - in T's. It is known that for a finite quiver @, path algebra kQ is
of finite representation type if and only if the underlying graph @ of @ is one of
finite Dynkin diagrams: A,, D,, Eg, E7, Eg.

Clearly, the separated quiver of the quiver drawn in Theorem 2.19 is not a
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union of finite Dynkin diagrams. Indeed, it has two components A g (Eu-
clidean diagram). Let J denote the Jacobson radical of D(T', 4). Since the
separated quiver of D(T';, 4) is not a union of finite Dynkin diagrams and the
quivers of D(T,, 4) and D(T,, 4)/J? are identical, Theorem 2.6 in Chapter X of
[1] implies D(T'4)/J? is not of finite representation type. Thus D(I',, 4) is not
of finite representation type and D(T'y, 4) is tame. n
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References

1. M. Auslander and I. Reiten, Representation Theory of Artin Algebras, Cambridge
University Press, 1995.

2. H-X. Chen, Irreducible representations of a class of quanrum doubles, J. Algebra
225 (2000) 391-409.

3. H-X. Chen, Finite-dimensional representation of a quantum double, J. Algebra
251(2002) 751-789.

4. Xjao-Wu Chen, Hua-Lin Huang, Yu Ye, and Pu Zhang, Monomial Hopf algerbas,
J. Algerba 275 (2004) 212-232.

5. C. Cibils, A Quiver quantum group, Comm. Math. Phys 157 (1993) 459-477.

6. K. Erdmann, Blocks of Tame Representation Type and Related Algebras, Lecture
Notes Math. Vol. 1428, Springer—Verlag, Berlin, 1990.

7. K. Erdmann, E. L.Green, N. Snashall, and R. Taillefer, Representation Theory
of the Drinfeld double of a family of Hopf algebras, J. Pure and Applied Algebra
204 (2006) 413-454.

8. H-L. Huang, H-X. Chen, and P. Zhang, Generalized Taft algebras, Alg. Collo.
11 (2004) 313-320.

9. H. Krause, Stable Equivalnece Preserves Representation Type, Comment. Math.
Helv 72 (1997) 266-284.

10. Gongxiang Liu, On the structure of tame graded basic Hopf algebras, J. Algebra,
(in press).

11. G.X. Liu and F. Li, Pointed Hopf algebras of finite Corepresentation type and
their classifications, Proc. A.M.S. (accepted).

12. D. Radford, The structure of Hopf algebras with a projection, J. Algebra 92
(1985) 322-347.

13. R. Suter, Modules for Uy(sl2), Comm. Math. Phys. 163 (1994) 359-393.

14. J. Xiao, Finite-dimensional Representations of Uy (sl(2)) at Roots of Unity, Can.
J. Math. 49 (1997) 772-787.



