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1. Introduction

In 2003 Shcherbina proved the following result which solves a problem posed
several years ago by Chirka (see [4]): Let D be a domain in C" and f: D — C
be a continuous function. The graph I'(f) of f is pluripolar subset of C**! if
and only if f is holomorphic (see [10]). Next, Shcherbina extented the above
result to the multi-functions. Namely he proved that if ai(z), - ,am(z) are
continuous on D such that the set:

E={(z,w) € DxC:w™+a(2)w™ 4+ ...+ an(z) =0}

is a pluripolar set in C"*! then a1(2),- -, am(z) are holomorphic on D (see
[11]). In this paper we give some results of type of Shcherbina on the relation
between pluriporlarity of graphs and holomorphicity of complex-valued functions
defined on a domain in C". In particular we establish the relation between the
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pluripolarity of graphs and the holomorphicity of Hartogs type and of Forelli
type (see Theorems 3.2 and 4.1 below). The paper is organized as follows.
Beside the introduction, the paper contains three sections. In the second one
we recall some well-known facts in the pluripotential theory. The third section
is devoted to present holomorphic graphs of Hartogs type. The fourth one deals
with holomorphic graphs of Forelli type.

2. Basic Definitions
In this section we recall some notions and fix some notations.

2.1. Let D be a domain in C"* and ¢ : D — [—00,400). ¢ is called plurisub-
harmonic on D if ¢ is upper semi-continuous and the restriction of ¢ to the
intersection of D with every complex line is subharmonic. The cone of plurisub-
harmonic functions on D is denoted by PSH (D).

A set E of C™ is called pluripolar if for every a € E there exitsts a neighbor-
hood U = U(a) of a, p € PSH(U), ¢ is not identity to —oo such that ¢ = —o0
on UNE. A basic theorem of Josefson (see [6], Theorem 4.7.4) asserts that if E
is pluripolar in a domain D in C" then there exists a plurisubharmonic function
@ on C", ¢ is not identity to —oo but E C {z € D : ¢(z) = —o0}.

2.2. We recall the relatively extremal function due to Siciak (see [13]). Let D
be a domain in C™ and A C D. The relatively extremal function hs p of A to
D is defined by

hap =sup{u:u € PSH(D),u < l,u’A < 0}.

By h} p we denote the upper semicontinuous regularization of ha p. A set
A C D is called locally pluriregular if for any a € A and any neighborhood
U =U(a) of a we have h%y; ;(a) = 0.

2.3. Let D C C™ be a domain and f : D — C be a complex-valued function
defined on D. The graph of f is the set

I(f) ={(zf(2)) : ze D} ¢ D x C.
3. Holomorphic Graphs of Hartogs Type

The main aim of this section is to give a result above holomorphicity of a
complex-valued function under assumption that it is separately continuous and
its graph is pluripolar. As well-known that in the main result of Shcherbina
(see [10]), Shcherbina assume that if f : D — C is a continuous function and
the graph T'(f) of f is a pluripolar set in C**! then f is holomorphic on D.
Now we prove a such result but under assumption weaker than the theorem of
Shcherbina. At the same time, this result itself is a form of Hartogs theorem.
However before proving this result we establish some results on the relation
between holomorphicity of a valued-complex function and pluripolarity of its
graph. Namely we prove the following result.
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Theorem 3.1. Let p be a non-constant holomorphic function on C™\ S, where
S is a hypersurface in C™ and f is a continuous function on a domain D C C™.
Assume that

Z ={(z,w) € (C"\ ) x D:p(z) = f(w)}
is pluripolar in C™ x D. Then f is holomorphic on D.
Proof. First we consider the case m = 1.

Step 1. Given wy € D such that there exists zg € (C\ S) with p(29) = f(wo).-
Assume that p’(zp) # 0. Take two neighborhoods U C (C\ S) and V of zp and
vo = p(20) respectively such that p : U — V is biholomorphic. Consider the
biholomorphic map: 6 : U x f~4(V) — V x f=1(V) given by 0(z,w) = (p(2), w).
Then we have

0(ZN (U x f71(V)) = {(v,w) € C x f7H(V) 1 v = f(w)}.

It follows that the graph of f |p-1(yy is pluripolar in f~'(V) x C. By [10] f is
holomorphic on f~1(V), a neighborhood of wy.

Step 2. Let zg € (C\ S), wo € D with p(z9) = f(wo), p'(20) = 0. Since
p # const then we can choose a neighborhood U C (C\ S) of zg such that
Vz e U\ z,p (2) # 0 and p(U) = V is a neighborhood of vy = f(wp). By step 1
f is holomorphic on f=*(V \vg) = f~(V)\ f~!(vo). Since f is continuous then
the Rado theorem implies that f is holomorphic on f~1(V'), a neighborhood of
wo-

Step 3. By Steps 1 and 2 the function f is holomorphic on a neighborhood of
f71(p(C\ S)). Thus again by the Rado theorem without loss of generality we
may assume that C \ p(C\ S) is an infinite set. Hence p(C \ S) is hyperboli-
cally embedded into CT!. By the Kwack theorem (see [7]) p is extended to a
holomorphic map p: C — CT'. Since

{(z,w) € (C\p~'(00)) x D : p(2) = f(w)}

is pluripolar, Steps 1 and 2 imply that f is holomorphic on a neighborhood of
f7H(P(C \ p*(c0)). Since p # const, the little Picard theorem implies that
C\p(C\ p~1(c0)) is finite. Again by the Rado theorem f is holomorphic on D.

Now assume that m > 1. Since S is a hypersurface we can find a complex
line ¢ C C™ such that £N S is discrete and p’ n(\S) # const and the set

{(zw) e (N LN S) x D p(z) = f(w)}

is pluripolar in ¢ x D. By the case m = 1 it follows that f is holomorphic on D.
|

As well-known that in complex analysis the Hartogs theorem says that if D
is a domain in C™ and f : D — C is separately holomorphic on D then f is
holomorphic on D. Next we give a result of type of Hartogs theorem under the
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hypothesis f is separately continuous and the graph T'(f) of f is pluripolar in
C"*1. Namely we prove the following result.

Theorem 3.2. Let D; C CFi be bounded pseudoconver domains for j =
1,2,---,Nand f: D =Dy x---x Dy — C be a complex - valued function
defined on D. Assume that for every (ai,---,an) € D1 X -+ X Dy the func-
tion f(ai, - ,a;-1,.,a;41, - ,an) is continuous on Dj,j =1,2,---,N. If the

graph U(f) of f:
F(f) :{(215"' ,ZN,’(U) €D XC:w:f(zl,~~~ aZN)}
is pluripolar in CF1H+EN+1 then f is holomorphic on D.

Proof. We prove Theorem 3.2 by induction. For N = 1 the result belongs to
Shcherbina [10]. We prove if for the case N = 2. Let D; € C", Dy C C™ be
bounded pseudoconvex domains and f : D; X Dy — C be a complex-valued
function satisfying the followings:

(i) For every z; € Dy the function f,, (z2) = f(21, 22) is continuous on Ds.

(ii) For every z2 € Do the function f*2(z1) = f(z1, 22) is continuous on Dj.
Assume that the graph I'(f) of f is pluripolar in C**™*! From the hypothesis
there exists u € PSH(C"T™T1) u # —oco such that

F(f) C {(Zla ZQaw) eCrHmtl: ’U,(Zl, 22,w> = —OO}.

Assume that (24, 25, w’) € C"T™F1 with u(z], 25, w’) # —oco. Then the function
uy(z1,w) = u(z1, 2, w) and wuz(ze, w) = wu(z], 22, w) are plurisubharmonic on
D; x C and Dy x C respectively. Setting

Ey ={z1 € Dy : u1(21,w') = —o0},

Ey = {23 € Dy : uz(22,w') = —00}.

Then E; and E5 are pluripolar sets in Dy and Dy respectively. Let A; = Dy \ Ey
and Ay = Do \ Fy. For each (29, 29) € A; x Ay the function f# :D; — Cis
continuous and

T(f%) = {(z1,w) € Dy X C: w = f%(z)}
={(z1,w) € Dy xC:w = f(z1,29)}
C {(z1,w) € Dy x C:u(z, 29, w) = —c0}

with u(z], 28, w) > —oo, then Theorem 1 in [10] implies that f#2 is holomorphic
on D;. Similarly, the function fz? : Dy — C is holomorphic on Dy. Hence, f is
separately holomorphic on the cross X = (D; x A2) U (A; x D3). We prove that
Ay and Ag are pluriregular in D7 and Dy respectively. Indeed, let a; € A; be
arbitrary. Take an arbitrary neighborhood Uy of A1, Uy C D;. Consider the rela-
tively extremal function ha,nv,,v, =sup{u:u € PSH(U1),u < 1,u|a,nv, < 0}
and its upper - semicontinuous regularization h’y ~y, 1, Then Ry ~y, ) is
plurisubharmonic on U;. Put

Fy ={z1 € Ur : haynv, v, (21) # Wy qo, o, (1) }-
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Theorem 7.1 in [3] implies that F is pluripolar in Uy and hy, yy, 1, = hainu,,u,
on Ul\Fl. Hence h210U17U1 (Zl> =0forz € AlﬂUl\Fl. However, AlﬂUl\Fl =
Ui \ E1 U Fy. Tt follows that h*AmUl,Ul = 0 on U; and the desired conclusion
follows. Similarly, A is pluriregular in Dy. Theorem 2.2.4 in [1] implies that
f : X — C extends to a holomorphic function fon X = {(21,22) € D1 X Dy :
R, p,(21) + k%, p,(22) < 1}. Notice that from the above proof it follows that
Wy, p, = 0on Dy and h}, p, = 0 on Dy. Hence X = Dy x Dy. For each
z1 € Dy we have that f., and le are continuous on Dy and f,, |4, = le|,42. On
the other hand, Fy = Dy \ As is pluripolar. Hence f,, = le on Ds. Thus f = f
on D; x Dy and the proof for the case N = 2 is completed. Now we assume that

the conclusion of the theorem holds for N —1> 2. Put £k = k1 +---+ ky. From
the hypothesis there exists u € PSH(C**!), u # —oo such that

L(f) € {(z1, 22, ,w) € CF s u(zy, -+ un, w) = —oo}.
Take (21, 25, - -+, i, w') € CFFL with u(2], 25, -+, 2ly,w') > —oco. Then the set
Fy ={2v € Dy :u(z}, -+ ,2y_1,2n,0") = —c0}
is pluripolar in Dy . Foreach 2%, € D\ Fy the function u(z1, -+, z2n_1, 2%, w) €

PSH(Ck*1=kx). Notice that

{(z1,",2n_1,w) €Dy X - x Dy xC:w= f(z1, -, 2n_1,2%)}
Cc{(z1, -, 2n_1,w) € CFFIEN w0 L 2n o1, 2%, w) = —oo}.
Hence, the inductive hypothesis implies that the function f(z1,---,2n_1,2%)

is holomorphic on D X -+ x Dy_q. Since D' = Dy x --- x Dy_1 is bounded
pseudoconvex then the arguments in the above proof imply that there exist
pluripolar sets B/ C D' = Dy X --- x Dy_1 and Ex C Dy, Ex D Fy such that
f is separately holomorphic on the cross

X = (D x Ax)| J(4' x Dy)

with A’ = D'\ E',; Ay = Dy \ En. The same arguments as in the above proof
complete the proof of Theorem 3.2. ]

4. Holomorphic Graphs of Forelli Type

In 1978 Forelli proved that if f : B™ = B"(0,1) — C is defined on the unit ball
B™(0,1) in C™ such that restrictions of f on every complex line ! through 0 is
holomorphic and f is of C'"*°-class in a neighborhood of 0 then f is holomorphic on
B™ (see [8]). In this section we establish a result of such type under assumption
that f is continuous on every complex line [ through 0 and the graph I'(f) is
pluripolar in C"™*. Namely we have the following.

Theorem 4.1. Let B™ = B"(0,1) be the unit ball in C™ and f : B — C be
a function defined on B™. Suppose that f is continuous on every complex line



280 Le Mau Hai and Phung Van Manh

I through 0 € C™ and on a neighborhood of 0 € B™. If the graph T(f) of [ is
a pluripolar set in C"TL then there exists a family V of complex lines through
0 € B" with Aan(V) = 0 and a holomorphic function f on B™ such that f = f
on B\ V and a neighborhood of 0 € B™.

To prove the theorem we need the following.

Lemma 4.2. Let E be a pluripolar set in B \ {0} and V = J, . ., where [,
denotes the complez line through 0 and z. Then o1(V NIB™) =0 and A2, (V N
B™) = A2, (V) = 0, where o1 denotes the surface area measure on OB™ and A2y,
the Lebesgue measure in C™.

Proof. For each m > 1 we put E,, = E\ B and V;,, = (J,cp, [z, where

B = {z€B":|z|]| < 2} Then V;, C Vi1 and V = Uﬁ:l?/m- Given
£ 0. By [2], the Hausdorff measure As,—1(E,,) = 0 and, hence, there exists a
family of balls {B"(z;,7;)}52, such that r; < 50— forall j > 1, 22 r2" 7! < ¢,
En C U2 B"(25,75). Tt follows that

- n n 1

UB (Zj,Tj) C{ZG(C : % < ||Z||<2}

j=1
Let 72 denote the projection from C™ \ {0} to OB™ given by

z
7T2(Z) = 2m
Setting, for each j > 1, S; = m2(B"(2;,7;)), then we have
Vin N OBy C | (ma(B™ (25, 75))-
j=1

Since B"(z;,7;) C {z € C" : 5= < ||2|| < 2} it follows that there exists C' =
C(m,n) such that:

03(S;) < CrZ*=t Vi > 1.

Hence

Thus 02(V,, N 0BY) = 0 and, hence,
o2(V NOBY) = MIE o2(V NOBY) = 0.
Notice that o, (VNBE) = (5)?" o2(V NBY) then we infer that o, (VNIBY) =0

for all » > 0. Consequently, o1(V NoB") = 0.
On the other hand
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+oo
danV) = [ w@dxa@ =20 [ dr [ xvindonn =0

in which xy denotes the characteristic function of V. The lemma is proved. m
Now we are able to prove Theorem 4.1.

Proof of Theorem 4.1. From the hypothesis there exists u € PSH(B™ x C), u is
not identity to —oo such that

I'(f) C{(z,w) € B" x C: u(z,w) = —c0}

Assume that (z',w") € B" x C with u(z",w’) # —o0. Then v(z) = u(z,w') €
PSH(B™). Set FF = {2z € B" : v(2) = —oo} and E = F \ {0}. Then E is a
pluripolar set in B™ \ {0}. Assume that zp € B™ \ (£ U {0}) is arbitrary. Then
[ le.,rBn is continuous and T'(f) |1, g~ is a pluripolar set. By [10] f [o, rpn is
holomorphic. On the other hand, if we put V' = (J, g l. then Lemma 4.2 implies
that A2, (V) = 0. From the above proof it follows that f |¢np~ is holomorphic for
every complex line ¢ C (B™\ V) through 0 € B™. Moreover, from the hypothesis
there exists 0 < 7 < 1 such that f is continuous on B™(0,7). Again by [10] f is
holomorphic on B™(0,r). Hence f is of C*°-class on B"(0,r). By shringking r
we may assume that f is bounded there. The following proof is presented in [5]
but for convenience to the reader we rewrite it here. Putting

1 Az)dA
G- [ S0 e, 0

we obtain for each k > 0 a bounded C'*°-function G on B?. Since A — f(\z) is
holomorphic for all z € B™\ V' we have

Gr(\2) = N*GL(2) (2)

for z € B \ V and |A| < 1. Notice that B \ V is dense in B! then (2) holds for
all z € B and all |\| < 1. From the boundedness of Gy, on B} we deduce that

Gr(z) =0(|z[*) as z— 0. (3)

Since G, € C*°(B!) and by (3) then the Taylor expansion of Gy, at 0 € B™ has
the form

Gu(2) = D Pu(2) +|2*(2), (4)

ptrv==k

where P, is a polynomial of degree p in z and degree v in Z and v(z) — 0 as
z — 0.
By replacing z by Az into (4) and using (2) we obtain

S P (NN 4 AF2F(Az) = MGi(2)

ptrv==k



282 Le Mau Hai and Phung Van Manh

— Z P (2)NF + NF| 2Ry (2) (5)

ptrv==k

for z € B, |A| < 1. If Ais chosen in (0,1) then we deduce that v(Az) = (z)
and let A — 0 we obtain that v(z) = 0 for z € B! and (5) becomes

S Pu@MN = Y Pu(2)A (6)
ptrv==k ptrv==k

for z € B}
From (6) and using the uniqueness of the expansion it follows that P, (z) =0
for all v > 0 and z € C™. Hence from (4) we obtain that

Gi(z) = Pro(z) = Z caz®

|| =k

for z € C™ and G/(2) in fact is a homogeneous holomorphic polynomial of degree
k. On the other hand, A2y, (B! \ V) > 0 and from

1
SL;p{Elog|Gk(Z)|<OO} for z€BI\V

by [13] we can find € > 0 and C > 0 such that

1
sup § =~ log |Gi(z)| < oco: ||z|| <ep < C.
ip { 7 10g|Gu(2)] < oot |12 < e}

o0
This inequality yields that the series ZGk(z) is uniformly convergent on
k=0
B?, »c. Thus fgn\v is extended to a holomorphic map on By, where a@ = ege™
Next for each 1 < j < n put B} ; = {z € B" : z; # 0}. Now as in [9] consider
the map ¢; : B} ; — C" given by

2C

z1 Z5—1 Zj41 Zn
—, ) 24 g, —

<Pj(zla"'azjflazjazj+la"'azn):( ’
Zj Zj Zj Zj

It is clear that ¢; is biholomorphic onto its image. Fix 1 < j < n which we may
assume that j = n. By ¢ we denote ¢,, and

T:=¢®!,) =By x A*(O’ \/%)

R>0

We shall prove g := fo~! is holomorphic on T'. Let

1
_ / n—1 . / * A /
A={w' eBY 3w, (W) €A (0,\/—14_ 2)such that (wp(W)w', w, (W) € V}.

Since V' is a family of complex lines through 0 then we obtain that S, C V
and

A2(Sr) > mlwn (W)]? >0
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for all ' € A where

St = {(wpw',wn) :wp € C, |wn| < Jwn (W)}
and Ao denotes the Lebesgue measure on C. Hence U S C V and if \gp,

w'eA
denotes the Lebesgue measure of C™ then an application of Fubini’s theorem

gives
O:/ d)\n:/ dw’/ d)q:/ A2 (S )dw'.
U, S A o A

L:J/GA w
This yields that Ag,—2(A) = 0.
Consider g’Bgfle*(o,\/E)' Since g is holomorphic on IB%’;{l A (O,
,/%) and we have g(w',wn) = f(wnw',wy) for ' € By N\A , w, € A (0,
\/ ﬁ) is holomorphic in w,, Theorem 3 in [12] implies that g is holomorphic

on IB%?{l A (0, £/ ﬁ) for all R > 0. Therefore g is holomorphic on T'. Thus
Jign\v is holomorphically extended to BY ; for all j = 1,2,---,n. From the

equality
B-B2U(|JBr,)
j=1

it follows that figs\v is extended to a holomorphic function fon B"™ such that

f=fonB" \ V. Since A\g,, (V) = 0 and f.f are holomorphic on B, f’IB"\V =

ﬂBn\V it follows that f = fon B}'. Theorem 4.1 is proved. [
We have the following remark.

Remark 4.3. Under the hypothesis of Theorem 4.1 it could not follow that f is
holomorphic in B™. Indeed, assume that B" = {(z,w) € C?: |2|? + |w|* < 1} is
the unit ball in C2. Let g be a holomorphic function on B™. Take a continuous
function h(z) on the unit disc A = {z € C: |z| < 1} but h is not holomorphic
on A satisfying condition h(z) = g(z,0) on {|z| < 1} U {2 < |z| < 1}. Consider
the function on B™ given by

fzw) = { g(z,w) ifw#0

h(z) ifw=0.

Then f is continuous on every complex line ! through 0 € B™ and f(z,w) =
g(z,w) on BY. Hence f € C°(B7%). It is easy to see that
3 3

L(f) € T(g) U{(20,m) € C*}

is a pluripolar set in C3. However, because h is not holomorphic then f is not
holomorphic on B”.
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