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1. Introduction

Let C be the complex number field. In [3], Li and Yang introduced the following
definition.

Definition. A non-constant polynomial P(z) defined over C is called a unique-
ness polynomial for entire (or meromorphic) functions if the condition P(f) =
P(g), for entire (or meromorphic) functions f and g, implies that f = g. P(z) is
called a strong uniqueness polynomial if the condition P(f) = CP(g), for entire
(or meromorphic) functions f and g, and some non-zero constant C, implies

that C =1 and f = g.

Recently, there has been considerable progress in the study of uniqueness
polynomials, Boutabaa, Escassut and Hadadd [10] showed that a complex poly-
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nomial P is a strong uniqueness polynomial for the family of complex polyno-
mials if and only if no non-trivial affine transformation preserves its set of zeros.
As for the case of complex meromorphic functions, some sufficient conditions
were found by Fujimoto in [8]. When P is injective on the roots of its derivative
P’ necessary and sufficient conditions were given in [5]. Recently, Khoai and
Yang generalized the above studies by considering a pair of two nonlinear poly-
nomials P(z) and Q(z) such that the only meromorphic solutions f, g satisfying
P(f) = Q(g) are constants. By using the singularity theory and the calculation
of the genus of algebraic curves based on Newton polygons as the main tools,
they gave some sufficient conditions on the degrees of P and @ for the problem
(see [1]). After that, by using value distribution theory, in [2], Yang-Li gave
more sufficient conditions related to this problem in general, and also gave some
more explicit conditions for the cases when the degrees of P and @ are 2, 3, 4.

In this paper, we solve this functional equation by studying the hyperbolic-
ity of the algebraic curve {P(x) — Q(y) = 0}. Using different from Khoai and
Yang’s method, we estimate the genus by giving sufficiently many linear inde-
pendent regular 1-forms of Wronskian type on that curve. This method was first
introduced in [4] by An-Wang-Wong,.

2. Main Theorems

Definition. Let P(z) be a nonlinear polynomial of degree n whose derivative is
given by
P(2)=clz—a1)™...(z —ag)™,

where ny+---+nr =n—1and ay,. .., qax are distinct zeros of P'. The number
k is called the derivative index of P.

The polynomial P(z) is said to satisfy the condition separating the roots of
P’ (separation condition) if P(cy;) # P(oy) for all i # 5, i,j =1,2.... k.

Here we only consider two nonlinear polynomials of degrees n and m, respec-
tively

Px)=apnx"+...+a1x +ap, Q) =bny™ + ...+ bry+ by, (1)

in C so that P(z) — Q(y) has no linear factors of the form az + by + c.

Assume that

P(x) = na,(z — o)™ ... (x — ag)"",

Q'(y) = mbm(y — )™ ... (y — B)™,

where ni+...+nx=n—-1, m+...+m; =m—1,ay,...,a are distinct zeros
of P and f1, ..., 3 are distinct zeros of Q)'. Let

A := {ay| there exist §; such that P(a;) = Q(5;)},

and
A :={3;| there exist a; such that P(a;) = Q(5;)}.

Put
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I'=4A, J=#A,

then k > I and [ > J. We obtain the following results.

Theorem 2.1. Let P(z) and Q(y) be nonlinear polynomials of degree n and
m, respectively, n > m. Assume that P(x) — Q(y) has no linear factor, and
1,J,n;,m; be defined as above. Then there exist no non-constant meromorphic
functions f and g such that P(f) = Q(g) provided that P and Q satisfy one of
the following conditions

(1) Zijagani Zn—m+3,
(i) 215, ¢a ™M 2 3.

Corollary 2.2. Let P(x) and Q(y) be nonlinear polynomials of degree n and
m, respectively, n > m. Assume that P(z) — Q(y) has no linear factor. Let
k,l be the derivative indices of P,Q, respectively and A, A, I, J be defined as
above. Then there exist no non-constant meromorphic functions f and g such
that P(f) = Q(g) provided that P and Q satisfy one of the following conditions
(i) k—I>n—m+3,
(ii) 1 —J > 3,
(iii) k—1 =2 and n1+n2 > n—m+3, where n1, ne are multiplicities of distinct
zeros o, ag of P’ respectively, such that aq, ag ¢ A,
(iv) I1—J =2 and my +mq > 3, where my, mq are multiplicities of distinct zeros
b1, B2 of @', respectively, such that (1,02 ¢ A,
(v) k—I=1 and ny > n—m+ 3, where ny is the multiplicity of zero ay of P’
such that a1 ¢ A,
(vi) I—J =1 and my > 3, where my 1is the multiplicity of zero 51 of Q" such that
01 ¢ A.

Corollary 2.3. Let P(z) and Q(z) be two nonlinear polynomials of degrees n
and m, respectively, n > m. Suppose that P(a) # Q(B) for all zeros a of P’
and B of Q'. If m > 4, then there exists no non-constant meromorphic functions

f and g such that P(f) = Q(g).

Theorem 2.4. Let P(z),Q(z) be nonlinear polynomials of degree n and m,
respectively, n > m, and A, J, n;, m; are defined as above. Rearrange §; € A
so that my > mo > ... > my.

Assume that P satisfies the separation condition, J > 2 and P(ay) = Q(54),
with t = 1,2. Then there exists no pair of non-constant meromorphic functions
£y g such that P(f) = Q(g) if one of the following conditions is satisfied

(i) m1 > mg > 3,m1 > N1, Mo > ng, or
(ii) mq > n1,my > 3,n9 > mg > 3,mﬁl—;r1 > Na=ma o
(iii) 1 > mq > mo > 3, M2 > na,
(iv) n1 > mq > ma > 3,n2 > mao, mﬂz—#z% and %Z%
If k=1=J=1=1, then there exist non-constant meromorphic functions

f,g such that P(f) = Q(g).

Z Tmi—3°
mi+1 > ni—msi or
m; — mo—3"



320 Nguyen Trong Hoa

Corollary 2.5. Under the hypotheses of Theorem 2.4, then there exists no
pair of non-constant meromorphic functions f and g such that P(f) = Q(g) if
J>2, mp+me —4>max{ni, na} and my, me > 3.

Remark. In the case n = m = 2, the equation P(f) = Q(g) has some non-
constant meromorphic function solutions. Indeed, in this case we can rewrite
the equation P(f) = Q(g) in the form:

(f —a)*> = (bg — 0)* +d,

where a,b,c,d € C and b # 0. Assume that h is a non-constant meromorphic
function. Let

1 d 1 d c

=—-(h+ - =—(-h+-)+-.
Then f and g are non-constant meromorphic solutions of the equation P(f) =
Q(9)- n

3. Proofs of the Main Theorems

Suppose that H(X,Y, Z) is a homogeneous polynomial of degree n. Let
C:={(X:Y:2)cP*C)|H(X,Y,Z) =0}
Put

X Y

W(X,Y) = ’ W(Y, Z) ;_’ Yy z

T |dX dY day dZ T dX dZ

’, WX, 2)=| %X 2 ’
Definition. Let C be an algebraic curve in P?(C). A 1-form w on C is said to
be regular if it is the pull-back of a rational 1-form on P?(C) such that the set of
poles of w does not intersect C. A well-defined rational regular 1-form on C' is
said to be a 1-form of Wronskian type.

Notice that to solve the functional equation P(f) = Q(g), is similar to find
meromorphic functions f,g on C such that (f(z),g(z)) lies in curve {P(z) —
Q(y) = 0}. On the other hand, if C' is hyperbolic on C and suppose that f, g
are meromorphic functions such that (f(z), g(z)) € C, where z € C, then f and
g are constant. Therefore, to prove that a functional equation P(f) = Q(g)
has no non-constant meromorphic function solution, it suffices to show that any
irreducible component of the curves { F(X,Y, Z) = 0} has genus at least 2, where
F(X,Y, Z) is the homogenization of the polynomial P(z) — Q(y) in P?(C).

It is well-known that the genus g of an algebraic curve C' is equal to the
dimension of the space of regular 1-forms on C. Therefore, to compute the genus,
we have to construct a basis of the space of regular 1-forms on C.

Now, let P(x) and Q(y) be two nonlinear polynomials of degrees n and m,
respectively, in C, defined by (1). Without loss of generality, we assume that
n > m. Set
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Fi(z,y) :== P(z) — Q(y),

X Y
P2 = 2 {P) - e} @)
C:={(X:Y:2)eP*QC)|F(X,Y,Z) =0} (3)
We define
P(X,2) = 2 P,
/ m—1 /Y
Q(Y,Z):=2"""Q (?’
then
oF
8_X - P (Xa Z)a
8F _ n—m N/
57 = =-Z""QY, Z),
n—1 m/
55 = = DX 2 =Y by Zn
i=0 Jj=0
where
, { n—1 if n=m
m= m if n>m.

It is known that (see [4] for details)
W(Y,7) W(ZX) W(X,Y)

o~ o~ oF W
0X 10)4 0z
Therefore,
w,z) WX 2)
P(X,2)  ZrmQ(Y,2)
W(X,Y

Yiso (n —i)a; X Zn—1=t = S (0 — )b Y Zno1od

We recall the following notation. Assume that ¢(z,y) is an analytic function
in z,y and is singular at (a,b). The Puiseux expansion of p(x,y) at p := (a, b)
is given by

[ = a+ ant® + higher terms, y = b+ bst” + higher terms],
where a, 8 € N* and aq,bg # 0. The a (respectively, ) is the order (also the

multiplicity number) of x at p, (respectively, the order of y at p) for ¢ and is
denoted by
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a = ord, ,(x) (respectively, 5 := ord, ,(y)).

In order to prove the main results, we need the following lemmas.

Lemma 3.1. Let P and Q be two nonlinear polynomials of degrees n and m,
respectively, n > m, and C be a projective curve, defined by (3). If P(«;) #
Q(B;) for all zeros v of P’ and B; of @', then we have the following assertions
(i) If n=m orn=m+1 then C is non-singular in P?(C).
(ii) If n —m > 2 then the point (0 : 1 : 0) is a unique singular point of C in
P%(C).

Proof. By assumption, the curve C is non-singular in P?(C) \ [Z = 0]. Now we
consider the singularity of C' in [Z = 0]. Assume that (X : Y : 0) is a singular
point of C. We obtain
OF OF OF
—(X,Y,0) = —=(X,Y,0) = —=(X,Y,0) =0.
8X ( Y Y ) 8Y ( Y Y ) 8Z ( Y Y )
If n =m or n = m+ 1, then the above system has no root in P?(C).
If n—m > 2, then the system has a unique root (0 : 1 : 0) in P?(C). Thus, if
n=m orn=m+ 1 then C is a smooth curve. If n —m > 2 then C is singular
with a unique singular point at (0 : 1:0). ]

Remark 3.2.

(i). We also require that the 1-form, defined by (5), is non trivial when it
restricts to a component of C. This is equivalent to the condition that the nom-
inators are not identically zero when they restrict to a component of C i.e.,
the Wronskians W(X,Y), W(X, Z), W(Y, Z) are not identically zero. It means
that the homogeneous polynomial defining C' has no linear factors of the forms
aX —bY, aY —bZ, or aX —bZ, with a,b € C if P # Q. Indeed, suppose on the
contrary that, aX —bZ is a factor of the curve C defined by (3). Without loss of
generality, we can take a # 0. Since aX — bZ is a factor of F(X,Y, Z), we have

b by

0=F(22,Y,2) = 2" {P(%) 7

—QU = 2P QL))

this gives P(2) = Q(%) for all Y, Z, a contradiction.
(ii). Assume that P(oy) # Q(8;) for all zeros ; of P’ and §; of @' and m > n.
If m = n+ 1 then C is non-singular in P?(C). If m —n > 2 then the point

(1:0:0) is a unique singular point of C' in P?(C). ]

From Lemma 3.1, the only possible singularities of the curve C'in P?(C)\[Z =

0] are at (o @ GB; : 1), where o, . .. , ay, are distinct zeros of P’ and 1, ..., §; are
distinct zeros of @Q'. Assume that the distinct zeros ay, ..., ai of P/ with mul-
tiplicities nq, ... , ng, and the distinct zeros 31 , ..., §; of @ with multiplicities

mi, ..., my, respectively. Let
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I:={(a;:8j:1) ] (a; : B : 1) is a singularity of C}, (6)
A= {a; | (a; : f; : 1) is a singularity of C}, (7)
A:={p; | (a;: Bj : 1) is a singularity of C'}. (8)

Setting I = #A, J = #A, then we have k > I and [ > J. Without loss of
generality, we can take

A={f1,...,B;and m1 >mo > ... >my.
Lemma 3.3. Suppose that A, 3y, m; are defined as above. Then, the 1-form
) W(X.2)
C Ipga ¥ = B2)™

is regular on C.

Proof. By the hypotheses, 6 is regular on C' because no point of the set {(«; :
6t1)|6t¢A}ISIHC |

Lemma 3.4. Assume that A, o, n; are defined as above. Then, the 1-form
- anm
Hi|ai¢A(X - alZ)fh

g

W(Y,2),

is regular on C.

Proof. By (5) and the hypotheses of the Lemma, we have

- anm
[Lija,ga(X —aiZ)™
pZ" "  Ligea(X —ayZ)™

= 1;[ ea " .z

pIlim (X — i Z)mi
Il (X i)™
QY. Z)

g

W(Y, 2)

W(X,2),

where p = na, # 0. By the definition of the set A, we have o is regular on C. m

Proposition 3.5. Assume that n > m, P(xz)— Q(y) has no linear factor and
kLA, J ng,my are defined as above. Then the curve C is Brody hyperbolic if
one of following conditions is satisfied

(1) Zijagani Zn—m+3.
() e ms = 3

Proof. By Lemma 3.3, set

9 1= Z2nmen ™%
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Then ¥ is a well-defined regular 1-form of Wronskian type on C'if ) 18,¢A M 2
2. Let p:= ZjlﬂgM m;—2. If p > 1, we take {R1, Ra, ... , Rt1+2) } as a basis
’ 2

of monomials of degree p in {X,Y, Z}. Then

{Ri9|i:1,2,...,W}

are linearly independent and are global regular 1-forms of Wronskian type on

the curve C. Thus, the genus g¢ of C is

S+ Dlp+2)
C = ————— — -
2
Therefore, C' is Brody hyperbolic if p > 1, that means, ijjgz[\ m; > 3.
By Lemma 3.4, we set

= Zzi\ai€Ani7(n7m+2)g,
By a similar argument as above, the curve C' is Brody hyperbolic if

q= Z ni—(n-—m+2)=>1,
that means,
Z n; >n—m-+3.

Assume that (a5 : §; : 1) is a singular point of C'. Then, we obtain

t=n;+1
QW) -QWB) = > Ww-8)
t=m;+1
with P(a;) = Q(5;), hence
F(X.Y,2) = 2{P(5) - ()}ATHH%%-wm-U%%—Q@H}
= > X-az)-z"m Z (Y — 6;2)
t=n;+1 t=m;+1

Using Puiseux expansion of F(X,Y, Z) at p;; = (a; : B : 1), we have
(mi + Dordy, £(X — i Z) = (m; + ord,,, w1 (Y - B;2). (9)

Suppose that p1 = (a4, : B4, : 1) and p2 = (a, : B}, : 1) are two distinct finite
singular points of C. Setting

(X - 2) — %(Y_lez) if 3, #sz
(Y = B 2) = G222 (X — 00, Z) if o, # .

Qig =iy

L12 =
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Then
Lio(aiy, By, 1) = Lia(ay,, Bj,,1) = 0,
and
ord,, pLi2 > min{ord,, (X — «;,Z),0rd,, r(Y — 3;,Z)}.

Hence,

ord X - itZ if o < M,
ord,, pLig > { rdoc.r( i) 1 e =T (10)

ord,, p(Y — 8;,2) if mj, >n,,

fort=1,2.

Now, assume that P satisfies the separation condition. Then J > I and for
every 3; € A, there exists a unique value a;; € A such that (g, : 5 : 1) is
singular point of C' (these a;; can be equal to each other). Therefore,

I'={(ay; : 65 : 1)|Bs € A} (11)
is the set of singular points of C, with [ > J. We have the following proposition.

Proposition 3.6. Let P, Q be nonlinear polynomials and C' is a projective curve
defined by (3). Assume that T’ = {(«a; : B; : 1)} is the set of all finite singular
points of C. Let A = {S1,...,08s}, defined by (8), where mqy > mg > ... > my
and (aq : B1 : 1), (g : B2 : 1) € T'. Furthermore, suppose that P satisfies the
separation condition. Then, the curve C is Brody hyperbolic if J > 2 and one of
the following conditions is satisfied

(i) m1 > mg > 3,m1 > N1, Mo > ng, or

(ii) mq > n1,my > 3,n9 > ma 23,7”7?1—11 > fA=TE or

(iii) ny > mq > mo > 3, M2 > na, —mﬁil > —"ﬂll;flgl, or

. mq+1 ni—m mo+1 no—m
(IV) n1>m12m2>3,n2>m2, é—IZﬁ and #Zﬁ

Proof. By the hypotheses, if p1 = (a1 : f1 : 1) # p2 = (g : B2 : 1), then
B1 # (2. Indeed, assume on the contrary that 51 = (3. Since p; # p2, we obtain
ay # ag. Hence P(ag) = Q(61) = Q(B2) = P(az), which is a contradiction. Let

g — (X1
B2 — b ¥ =h2).

L=(X-a12)—

By (9) and (10), we get

ord X — o Z if <
ordrr = { (X o) ALy < e (12)
ord,, (Y — B:Z)  if my > my,
for t = 1,2. The rational 1-forms
Lm1+m273
w1 = m1—1 mo W(XaZ)a
(Y - 512) (Y = 3:2)
Lm1+m273
(.()2 = W(X, Z),

Y = B2)™ (Y — Boz)™ "

are well-defined if my +mg > 3. We claim that w;, ws are regular. To prove
this problem we only need to check the regularity at p; = (ay : B @ 1) (for
t =1,2), since P satisfies the separation condition, we have for every u # t then
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(g : Be: 1) ¢ C, with t = 1,2, respectively. w;, i = 1,2 are regular at p; if the
1-forms

Lm1+m273
X11 = WW(X, Z)a
Lm1+m273
X1z == WW(X, Z),
Lm1+m273
X1 = WW(X, Z),
Lm1+m273
X22 ‘= WW(X, Z)a

are regular at p, with ¢t = 1,2. From (12), we have

4 [mitmz-3 (m2 — 2) OI‘dphF(Y — 61Z> if my >nq
or —_———
P gz T T | e D D) o1, (X-aiZ) ifmy <,
J [m+me—3 o (m1 — 3)0rdp27F(Y — 62Z) if mo > ng
or 7F7m — m mi— —ma(na—m .
PR — Ba2)™ (mat+1)( lmi)Jrl 2(n2=ma) ordy, p(X —aZ) if mg < no,
4 [ m+me—3 (m2 — 3)0rdp17F(Y — 61Z> if mp >ny
or F I 4 o mr = m mo—3)—mi(ni—m :
PREY — B Z)™ (ma+1)( 2m3;)+1 1(na—ma) ordy, p(X —anZ) if mq <na,
4 [mitme-3 (m1 — 2)0rdp27F(Y — 61Z> if mg > no
or F T Aama 1 = m m1—2)—(ma—1)(na—m :
- (Y-Bo2)" " (mat1)(my 72722Sr12 D(ny-ms) ord,, r(X-asZ) if my < no.

Thus, the 1- form x11 is regular at p; if one of the following conditions is satisfied

(r1) m1 >mnq and me > 2, or
(ro) m1 <mnq and (mq + 1)(ma —2) > (mq — 1)(n1 — myq).

By a similar argument, we obtain xio is regular at py if one of the following
conditions is satisfied

(r3) m1 > 3 and mgy > ng, or

(r4) ma < mng and (mg + 1)(m1 — 3) > ma(ne — ms).
The 1-form xo; is regular at p; if one of the following conditions is satisfied

(rs) m1 > mnq and mg > 3, or

(re) n1 > mq and (mq + 1)(mg — 3) > mq1(n1 —my),

and xo2 is regular at po if one of the following conditions is satisfied

(r7) ma > ng and my > 2, or
(rg) ma < ng and (mg + 1)(m1 — 2) > (ma — 1)(ng — ma).
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Thus, w; is regular on C' if one of the following conditions is satisfied

(a) m1 > ny1, my >3, ma >ng and mgy > 2,
(b) m1 > n1, na >me > 2 and (ma2 + 1)(m1 — 3) > ma(na — ma),
) ny >my > mg > ng, mp > 3and (my + 1)(ma —2) > (my — 1)(n1 — my),
d) n1 >mq, ng >ma, (M1 +1)(me —2) > (my —1)(n1 —mq)
and (mg + 1)(m1 — 3) > ma(ng — ma).

Similarly, wg is regular on C' if one of the following conditions is satisfied

(a") m1 >n1, ma > ngo and my > my > 3,

(b") m1 > nq, ng >mg >3 and (ma + 1)(my — 2) > (ma — 1)(n2 —ma),
) ny >my > mg > ng, mp > 2and (my 4+ 1)(ma — 3) > my(n1 — mq),
) ny > my, na >ma, (M1 + 1)(me—3) > mi(n1 —mq)
and (mg + 1)(mq1 — 2) > (m2 — 1)(n2 — ma).

Hence, w1 and wy are regular on C' if one of the following conditions holds

(i) m1>ma > 3,m1 >ny,ma > no,

(’L’L) my > ni, g > Mo > 3, (m2 + 1)(m1 — 3) > m2(n2 — mg),

(’L’L’L) ny > mp > mo > n2, M1 > 3, (m1 + 1)(m2 — 3) > ml(nl — ml),

() n1 > mq > ma,na > ma, (my + 1)(mg —3) > mi(ng —mq)

and (mz + 1)(my — 3) > ma(ng —ma).

From (ii), my > 3. By (iii), me > 3, and by (iv), m; > mg > 3. Furthermore,
assume that awy + bwe = 0, with a,b € C. Then we obtain a(Y — 51 Z) + b(Y —
B2Z) = 0, hence (a + b)Y — (af1 + b0B2)Z = 0 with all Y, Z. It follows that

a = b = 0. Thus, w;, wy are linearly independent. Therefore, the curve C is
Brody hyperbolic if one of conditions of the proposition is satisfied. ]

Remark that if m; > mo > 3 and m; + me — 4 > max{n;,, n;,}, then

(m2 —2) OI‘dphF(Y—ﬂlz) 1fm1 an
Lm1+m273
oy, oy 2 4 {4 ma = 3)-
(V' =52) —%}ordphp(X —a1Z) ifmy <ng,
4 [ Mitme-3 (m173) Ordp27F(Y762Z> if mo > nog
or NS o \ma — mao(n 3
pat (Y-32)™ {(m1+mg — 3)*%}01{1’;27}7(){*0&22) if ma < no,
[matme—3 (m273) OI‘dphF(Y*51Z) if my > nq
ordy, . F vy = oy ma(natl) - :
Y-p12) {(my+m2-3) e tord,, p(X-a1Z) if my < n,
(m172) Ordpzyp(Y*62Z) if mo Z )
Lm1+m273
ord,, {(m1 4+ m2-3)-

>
Y522 mal = mo—1)(n
(Y- 522) —lme =Dty ord,, p(X — a2Z)  if ma < na.
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We obtain
Lm1+m273 Lm1+m273
ord, p—r"——— >0, ord,, poe———— >0,
Y~z T Y - 3e2)™
Lm1+m273 Lm1+m273
OI‘dphF77n1 > O, Ordpzypﬁ > 0
Y - p2) (Y = BoZ)™

Thus, we have w; and wq are regular on C. Therefore, we obtain the following
corollary.

Corollary 3.7. If the hypotheses of Proposition 3.5 are satisfied, then the curve
C' is Brody hyperbolic if mi; > ms > 3 and my + mg — 4 > max{n;,, n;,}.

In the case J = #A = 1, we obtain the following result.

Lemma 3.8. If k=1=J =1 =1, then there exist non-constant meromorphic
functions f, g such that P(f) = Q(g).

Proof. It k =1 =J =1 =1, then we can rewrite the equation P(f) = Q(g) in
the form (f — a)™ = (bg — 5)™, where b # 0. Assume that h is a non-constant
meromorphic function, set

1 B
= K og=-h"+ =,
f=a+h™ g b + b
Then f and g are non-constant meromorphic solutions of equation P(f) = Q(g).

Remark. Assume that the equation P(f) = Q(g) has a solution (f, g), when f, g
are non-constant meromorphic functions. Then the mapping

(f,g,1) : C — P*(C)

has its image contained in C defined by (3). If C is Brody hyperbolic, then
f = g. From this it follows that P = @, contrary to the fact that P(z) — Q(y)
has no linear factors of the form ax + by + c¢. Hence, we prove that under the
assumptions of the theorems, the curve C' is Brody hyperbolic. n

Proof of Theorem 2.1. Theorem 2.1 immediately follows from Lemmas 3.3, 3.4,
Proposition 3.5 and Remark 3.9. [ |

Proof of Corollary 2.2. From Theorem 2.1, if ijngA m; > 3, then the func-
tional equation P(f) = Q(g) has no solution in the set of non-constant mero-
morphic functions. Since m; > 1, we conclude that if [ — J > 3, then p =
ijjgzz\ m; > 3. If | —J = 2, then there only exist two zeros (i, 2 of Q'
such that P(a) # Q(fB:) with all zeros « of P, ¢t = 1,2. This implies that if
mi1 + mg > 3 then p > 1. If | — J = 1, then there only exists a unique zero (3,
with multiplicity m; of Q" such that P(«) # Q(81) with all zeros a of P’. Since
my > 3 shows that p > 1, from Remark 3.9, we obtain (ii), (iv) and (vi).
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Since Zj|aj¢A n; > k—1I, therefore, if Kk —I > n—m+3 then the curve C is
Brody hyperbolic. If kK —I =2 and ny +ng > n—m+ 3 then Zj|aj¢A nj = ni+
no > n—m+3. If k—I =1 and n; > n—m++3 then Zjlang n; =mng > n—m+3.
Thus, we obtain (i), (iii) and (v). n

Proof of Corollary 2.3. If the hypotheses of Corollary 2.3 are satisfied then
J=0and Y\ ;mj =m—12>3,1>1, hence | — J = I. Using Theorem 2.1
and Corollary 2.2 in the cases (ii), (iv) and (vi), we obtain Corollary 2.3. ]

Note that Corollary 2.3 is Theorem A of Khoai-Yang in [1] and from Theorem
2.1, we can imply the Theorem B of Yang-Li in [2].

Proof of Theorem 2.4 and Corollary 2.5. Theorem 2.4 immediately follows from
Proposition 3.6, Lemma 3.8 and Remark 3.9. Similarly, from Corollary 3.7 and
Remark 3.9, we can obtain the proof of Corollary 2.5. ]

Acknowledgments. 1 am grateful to the referee and the editor for reading the first
version of this paper, and for very useful suggestions and comments, which me to
improve this work.
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