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Abstract. The idea of difference sequence space was introduced by Kizmaz [12]
and was generalized by Et and Colak [6]. In this paper we introduce and examine
some properties of three sequence spaces defined by using a modulus function and give
various properties and inclusion relations on these spaces.
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1. Introduction

Let w be the set of all sequences of real numbers and ¢, ¢ and ¢ be respectively
the Banach spaces of bounded, convergent and null sequences x = (x) with the
usual norm ||z|| = sup |xg|, where k € N = {1,2, ...}, the set of positive integers.

A sequence = € { is said to be almost convergent [14] if all Banach limits
of = coincide. Lorentz [14] defined that

. - 1¢ : : :
¢c= {:c: lim — g Th+m €xists, uniformly in m}.
nn
k=1

Several authors including Lorentz [14], Duran [2] and King [11] have studied
almost convergent sequences. Maddox ( [16, 17]) has defined x to be strongly
almost convergent to a number L if

1 . ,
hgn - Z |Zk+m — L] =0, uniformly in m.
k=1
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By [¢] we denote the space of all strongly almost convergent sequences. It is easy
to see that ¢ C [¢] C ¢ C leo.

The space of strongly almost convergent sequences was generalized by Nanda
([20, 21]).

Let p = (px) be a sequence of strictly positive real numbers. Nanda [20]
defined

1 n
¢, p] = {33 = (zg) : lim — E |€k+m — LIP* =0, uniformly in m},
non
k=1

1 n
[é,plo = {3: = (xg) : lim — E |Tk+m|P* =0, uniformly in m},
non
k=1

. 1
67 = {w = (1) 50D~ >l < o0}

n,m k=1

Let A = (\,) be a non-decreasing sequence of positive numbers tending to oo
such that >\n+1 < >\n + 1, )\1 =1.
The generalized de la Vallée-Pousin mean is defined by

tn(z) = )\i Z Tk,

" kel,

where I, = [n— A, + 1,n] forn =1,2, ...

A sequence = = (xy) is said to be (V, A\)—summable to a number L [13] if
tn(x) — L as n — oo.

If A\, = n, then (V,\)—summability and strongly (V, A\)—summability are
reduced to (C, 1) —summability and [C, 1] —summability, respectively.

The idea of difference sequence spaces was introduced by Kizmaz [12]. In
1981, Kizmaz[12] defined the sequence spaces

X (A)={x=(zx) : Az € X}

for X = lo, ¢ and cp, where Az = (z — Tp41) -
Then Et and Colak [6] generalized the above sequence spaces to the sequence
spaces

X(A") ={z=(2x) : A"z € X}
for X = (o, c and cg, where r € N, Az = (), Ar = (v, — 2441),

ATz = (A" ey — A"z ), and so ATz = Y (—1)" (2) Thao-
v=0
Recently Et and Bagarir [5] extended the above sequence spaces to the sequence
spaces X (A") for X = lo(p), c(p), co(p), [¢,p], [¢, p]y and [¢,p] .
We recall that a modulus f is a function from [0,00) to [0,00) such that

i) f(zx) =0 if and only if x = 0,
i) f(z+y) < f(z)+ fy) for 2,y > 0,
iii) f is increasing,

) f

iv is continuous from the right at 0.
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It follows that f must be continuous everywhere on [0, 00). A modulus may
be unbounded or bounded. Ruckle [23] and Maddox [15] used a modulus f to
construct some sequence spaces.

Subsequently modulus function has been discussed in ([3,4, 19, 22, 26]).

Let X, Y C w. Then we shall write

M(X,Y) = m '« Y={a€w:areY forallze X} [27].
zeX

The set X* = M (X, ¢;) is called the Kothe-Toeplitz dual space or a—dual of X.
Let X be a sequence space. Then X is called
i) Solid (or normal) if (apxy) € X whenever, (x) € X for all sequences (o)
of scalars with |ay| <1 for all k € N.
ii) Symmetric if (x) € X implies (z)) € X, where 7(k) is a permutation of
N.
iii) Perfect if X = X,
iv) A sequence algebra if z.y € X, whenever z,y € X.
It is well known that if X is perfect then X is normal [10].
The following inequality will be used throughout this paper.
|ak + [ < C{lar|™ + bk}, (1)

where ay, b € C,0 < pr < supy, pr = H, C = max (1,2H*1) [18].

2. Main Results
In this section we prove some results involving the sequence spaces [f/, A" N |
0
V.87, £.p] and [V, A7, fip]
1 e’}

Definition 1. Let f be a modulus function and p = (pr) be any sequence of
strictly positive real numbers. We define the following sequence sets

[f/, A"\, f,p]1 = {x = (zp) : li}lni k; [f (|A"zprm — L))" =0,

uniformly in m, for some L > O},

[V, A"\ f, p]o = {x = (zg) : lim )\i Z [f (A" 2k 1m )" = 0, uniformly in m},
" kel

[V, A", f,p]Oo = {x = () : sup )\i Z [f (A" 2 em )] < oo}

I el

If x € [V,AT,)\, f,p]1 then we shall write xj, — L [V, AT, f,p]1 and L will

be called A\—strongly almost difference limit of x with respect to the modulus f.

Throughout the paper Z will denote any one of the notation 0, 1, or co.
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In the case f(z) = x and py = 1 for all k € N, we shall write [V, AT, )\}Z

and [V,AT,)\, f}Z instead of [V,AT,)\, f,p}Z. Ifx e [f/, AT,)\} then we say
1
that = is A} —strongly almost convergent to L.

The proofs of the following theorems are obtained by using the known stan-
dard techniques, therefore we give them without proofs (For detail see [3, 22]).

Theorem 2.1. Let (py) be bounded. Then the spaces [V, AT\ T, p}Z are linear

spaces over the set of complex numbers C.

Theorem 2.2. Let the sequence p = (pi) be bounded and f be a modulus
function , then

[f/, AT, A, f,p}o c [f/, AT, A, f,pL c [f/, AT, A, f,pLo

Theorem 2.3. Ifr > 1, then the inclusion [f/, AT, f}z C [f/, AT, f}z is
strict. In general [V, AT, f}Z C [V, AT, f}Z foralli=1,2,...,r—1 and

the inclusion is strict.

Proof. We give the proof for Z = oo only. It can be proved in a similar way for
Z=0,1. Let z € [V, AT, f] . Then we have

1
sup = Z f (’ATﬁlkarm’) < 00.
I ker,

By definition of f, we have

= 2 F 8 < 3 30 P8 i 5 3 £ (AT i) < ox.
kel, kel, kel,

Thus [f/, AT, fLo - [f/, AT, ), f] o Proceeding in this way one will have

[V,Ai,)\,f}m C [V,AT,)\,fLO fori=1,2,...,r—1. Let A, =nforalln € N,

then the sequence z = (k"), for example, belongs to [f/, AT, f] o but does

not belong to [V, AL fLo for f(x) = x. (If z = (k"), then ATz = (—1)"r!

and A"tz = (—=1)" eIk + @) for all k € N). =

The proof of the following result is a routine work.
Proposition 2.4. [f/, AT, f] C [f/, AT, f] )
1 0

Theorem 2.5. Let fi, fo be modulus functions. Then we have
1) |:‘A/a AT,)\, f1:|Z - |:‘A/a AT,)\, fl Of2:|Z,



Strongly Almost Summable Difference Sequences 335
i) [V, AN fup| 0 [VATA fp] C [VoAT N S+ fp]
Proof. Omitted. [ ]
The following result is a consequence of Theorem 2.5 (i).
Proposition 2.6. Let f be a modulus function. Then[V, AT Nz C [V, AT\ flz.
Theorem 2.7. The sequence spaces [V, A" N, f,plo, [V, AT N f,pl1 and [V,
AN f, p]oo are not solid for r > 1.

Proof. Let pp = 1 for all k, f(z) = x and A\, = n for all n € N. Then
(e) = (k) € [V, A7 A, £op| _but (anan) & [V A7 A fp|  when ay = (-1)*

for all £ € N. Hence [f/, AT\ T, p] is not solid. The other cases can be proved

by considering similar examples. [

From the above theorem we may give the following corollary.

Corollary 2.8. The sequence spaces [V,AT,)\, f,p} , [V, AT, f,p} and
0 1

[V, A" N f,p|  are not perfect for r > 1.

Theorem 2.9. The sequence spaces [V, AN f, p} and [V, AT\ T, p} are
1 e}

not symmetric for r > 1.

Proof. Let pr = 1 for all k, f(¥) = = and A\, = n for all n € N. Then

(xg) = (k") € [V, A", \, f,p]o- Let (yr) be a rearrangement of (xy), which is

defined as follows:

. (yk) = {xl, X2,T4, XT3, L9, T5,T165 L6, L25, L7, L36, L8, L49, xlo,---}- Then (yk) ?é
[Va ATa)\a fap]oo |

Remark. The space [V, A"\, f,plo is not symmetric for r > 2.

Theorem 2.10. The sequence spaces [V, AT\, f,plz are not sequence algebras.

Proof. Let py = 1 forall k € N, f(z) = 2 and A, = n for all n € N. Then
z=(k""2),y=(k"2) € [V,A" X f,plz, but 2.y € [V, A", \, f,p] 2. L]

3. Statistical Convergence

The notion of statistical convergence was introduced by Fast [7] and studied by
various authors ([1,9, 24, 25]).
In this section we define A —almost statistically convergent sequences and

give some inclusion relations between §(A%) and [f/, A"\ f,p .
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Definition 2. A sequence v = (x1) is said to be A —almost statistically con-
vergent to the number L if for every e > 0,

1
lim— |{k €I, : |A"zpsm — L| > €}| =0, uniformly in m.
n )\n

In this case we write §(AY) —lima = L or x, — L3(AY).

In the case A, = n we shall write §(A") instead of §(AY%).

The proof of the following theorem is easily obtained by using the same
techniques of Theorem 2 in Savas [25], therefore we give it without proof.

Theorem 3.1. Let A = (\,) be the same as in Sec. 1, then

) Ifa, — L [f/, AT )\L = 2 — L3(AY),

7

ii) If x € loo (A7) and x — L3(AY), then xp — L [V, AT )\}
1

i) S(AL) N Lo (AT) = [V,A’“,)\L N oo (AT).

Theorem 3.2. 5(A”) C §(AY) if and only if liminf, );l—" > 0.

Proof. The sufficiency part of the proof can be obtained using the same technique
as the sufficiency part of the proof of Theorem 3 in Savas [25].

For the necessity suppose that liminf, 22 = 0. As in ([8], p.510) we can

n

choose a subsequence (n (j)) such that % < % Define x = (x;) such that

1, ifiel,(j), j=12,..
Arxl- = .
0, otherwise.

Then x € [¢] (A7) and by [4, Theorem 3.1 (i)}, x € 5(A”). But z ¢ [/, A", )|
1
and Theorem 3.1 (ii) implies that = ¢ §(AY%). This completes the proof. ]

Theorem 3.3. Let f be a modulus function and sup, pr = H. Then [V, AT,
fopli € 3(A%).

Proof. Let x € [V, A" A, f,p]1 and € > 0 be given. Let X; denote the sum over
k < n such that |A"zg4,, — L| > € and X5 denote the sum over k < n such that
A"z m — L| < e. Then



Strongly Almost Summable Difference Sequences 337

= 3 1 (A7 m — L

k€I

= x S (A 2k — L) + % ST (A @ — LN

>+ 187k — LD
> =Sl
= = min (1€ @)
> Sk € T s |70 — L] 2 ) min ([ ("7 [F ()7,
Hence & € 3(AY). -

Theorem 3.4. Let f be bounded and 0 < h = infy p, < pr <sup,pr = H < 0.
Then §(A%) C [V,A’”,)\, f,pL

Proof. Suppose that f is bounded. Let ¢ > 0 and ¥; and X2 be denoted in
the previous theorem. Since f is bounded there exists an integer K such that
f(z) < K, for all x > 0. Then

= 3 1 (AT~ I

kel,
n

S)\ Zmax Kh KH )\i;f

T

1 k
-x 32U 87 ki = B 5 3217 187k = LD
2

IN

max (Kh,KH) )\— Hk eI, : |A"zkem — L| > €}
+max (f()", f(e)").

Hence z € [f/, AN f, p]l . [ |

Theorem 3.5. Letf be bounded and 0 < h = infy, pr, < pr < sup, pr = H < o0.
We have §(AY) = [V, A", X, f,pl1 if and only if f is bounded .

Proof. Let f be bounded. By the Theorem 3.3 and Theorem 3.4 we have
SA(A?;\) = [Va AT) )‘a fa p]l'

Conversely, suppose that f is unbounded. Then there exists a positive se-
quence (tg) with f(tx) = k%, for k = 1,2, .... If we choose
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te, i=k% i=1,2,...
Arxi: .
0, otherwise

Then we have

)\nfl
An

1
. Kk € I, : |A"2pym| > e} < for all n and m

and so z € §(A%), but z ¢ [V,AT,)\, f,p] . This contradicts to §(A}) =
1
V. A7 £ .
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