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1. Introduction

The problem of minimizing or maximizing a linear-quadratic function on a con-
vex polyhedral set is called a quadratic program. Since the appearance of the
paper by Daniel [4] in 1973, continuity and differentiability properties of the so-
lution map, the local solution map, the Karush-Kuhn-Tucker (KKT, for brevity)
point set mapping and the optimal value function in parametric quadratic pro-
gramming have been studied intensively in the literature. In particular, upper
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and Engineering Foundation.
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semicontinuity and also lower semicontinuity of the KKT point set mapping in
indefinite quadratic programs under perturbations were investigated in [11-13]
where it was assumed that every component of the data is subject to perturba-
tion. If only the linear part of the data is subject to perturbation, then the upper
semicontinuity of the KKT point set mapping can be studied via a theorem of
Robinson [9] on the upper Lipschitz continuity of polyhedral multifunctions.

The aim of this paper is to derive necessary and sufficient conditions for the
lower semicontinuity of the Karush-Kuhn-Tucker point set in indefinite quadratic
programs under linear perturbations. The necessary conditions are relatively
simple. But the sufficient conditions are rather sophisticated. A series of exam-
ples is designed to show how each set of the sufficient conditions can be realized
in practice.

We consider the quadratic program

Minimize f(x) := %xTDx + Tz subject to = € A(A,b), (1)

where A(A,b) = {x € R™ : Az > b}, D is a symmetric (n x n)—matrix, 4
is an (m x n)—matrix, b € R™ and ¢ € R™ are some given vectors. Here the
superscript T denotes transposition. In what follows, matrices D and A will be
fixed, while vectors ¢ and b are subject to change. Since D is not assumed to be
a positive semidefinite matrix, the function f is not necessarily convex. Thus we
will have deal with indefinite quadratic programs under linear perturbations.

We say that x € R™ is a Karush-Kuhn—Tucker point of (1) if there exists a
Lagrange multiplier A\ € R™ corresponding to x, that is

Dr—ATXN+c¢=0, Az >b, A>0, \(Az—b)=0. (2)

The KKT point set of (1) is denoted by S(c,b). The solution set and the local
solution set of (1) are denoted, respectively, by Sol(c, b) and loc(c, b). It is well-
known (see [3, p. 115]) that S(c,b) D loc(e,b) D Sol(c,b). We are interested in
studying the lower semicontinuity of the multifunction

S(:): R™ x R™ — 28" (&) — S(c, V).

Note that lower semicontinuity properties of the multifunctions Sol(-) and loc(-),
have been studied in [5] and [7].

Recall [14, p.451] that a multifunction F : RF — 27" is said to be lower
semicontinuous (Ls.c.) at w € R* if F(w) # () and, for each open set V C R"
satisfying F'(w) NV # 0, there exists § > 0 such that F(w') NV # () for every
W' € RF with the property that ||w’ — w|| < §. This definition differs slightly
from the corresponding one given in [1, p. 39], where only the points from the
effective domain of F' are taken into account.

We obtain the necessary and sufficient conditions for the lower semicontinuity
of the multifunction S(-), our main results, in Sec. 2. Then, in Sec. 3, we consider
several illustrative examples.

Throughout this paper, the scalar product and the norm in an Euclidean
space R* are denoted by (,) and || - ||, respectively. In matrix computations,
vectors in R are understood as columns of real numbers. In the usual text
they are written as rows of real numbers. For two vectors = = (x1,...,2%), ¥y =
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(y1,...,yr) € R, the inequality z > y (resp., z > %) means z; > y; (resp.,
x; > y;) for all i = 1,..., k. For a matrix A € R™*"™, A; denotes the i—th
row of A. For a subset I C {1,...,m}, A; is the matrix composed by the
rows A; (i € I) of A. For a vector x = (z1,...,2;) € R* and an index set
J C {1,...,k}, z; is the vector with the components z; (j € J). The norm in
the product space R" x R™ is defined by setting ||(c,b)|| = (||¢||? + ||b]|?)*/? for
every (¢,b) € R" x R™.

2. Main Results

Necessary and sufficient conditions for the lower semicontinuity of the multifunc-
tion S(-) will be established in this section. Recall that the inequality system
Az > b is said to be regular if the Slater condition is satisfied, i.e., there exists
T € R™ such that Az > b. It is easily seen that if the system Ax > b is irregular
then there exists a sequence {b*} C R™ converging to b such that, for each k,
the system Ax > b* has no solutions.

Theorem 2.1 (Necessary conditions for lower semicontinuity). If the multifunc-
tion S(-) is lower semicontinuous at (c,b), then the system Ax > b is reqular
and the set S(c,b) is nonempty and finite.

Proof. Suppose that S(-) is l.s.c. at (c,b). By definition, S(c,b) # 0. If the
system Az > b is irregular, then there exists a sequence {b¥} C R™ converging
to b such that A(A,b*) = () for all k € N. This implies that S(c, b*) = () for all
k € N. Then S(-) cannot be Ls.c. at (¢,b), a contradiction.

In order to prove that S(c,b) is a finite set, for each subset I C {1,---,m}
we define a matrix M; € R®HIDX(+IID  where |I| is the number of elements of

1, by setting 5 L
=5 )
(If I = (), then we put M; = D). Let
Qr= {(u,v) ER"XR™: (u> = M[(x> for some (z,\) € R" x Rm},

vr )\[

and

Q= J{Qr:Tc{1,--- m}, det M; =0}.

If det M; = 0, then @ is a proper linear subspace of R™ x R™. By the
Baire Lemma, @ is nowhere dense in R™ x R™. Hence there exists a sequence
{(c*, %)} € R™ x R™ converging to (c,b) such that (—c¥,b¥) ¢ Q for all k. Fix
any T € S(c,b). Since S() is 1.s.c at (¢, b), without loss of generality we can as-
sume that there is a sequence {z*} C R™ converging to 7 such that ¥ € S(c*, b*)
for all k. Then for each k € N there exists A¥ € R™ such that

Dzt — ATN 4 ¢k =0,

AzF > b5, A >0,

(AT (Azk —bF) = 0.
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For every k, let I, :== {i € {1,...,m} : AF > 0}. (It may happen that I, = 0.)
Clearly, there exists a subset I C {1,---,m} such that I, = I for infinitely many
k. Without loss of generality we can assume that I, = I for all k. Then we have

Dz* — ATNf +c* =0, Aph =1y,

ok ok
M = .
()= ()
We claim that det M # 0. Indeed, if det M; = 0 then by the definitions of Q7
and Q we have

or, equivalently,

(_cka bk) € QI - Qa
contrary to the fact that (—c*, %) ¢ Q for all k. We have proved that det M; #

0. So
)= (o)
=Mt .
(A’? o\ ok
. xk _1{—c
i (7))

(If I = 0 then the last formula becomes limy,_ .o, ¥ = D~ (—c).) It follows that
the sequence {\¥} converges to some A\; > 0 in RI!l. Since the sequence {z*}

converges to T, we have
T _1(—c¢
=M .
(A1> ! (b1>
Z :{(x,)\) €R"x R™:3J C {1, --,m} such that

det My # 0 and . :MJ_1 Y
AJ by

X ={z € R":3X\ € R such that (z,)) € Z}.

Letting k — oo, we get

Set

Let

It is clear that £ € X. From the definitions of Z and X it follows that X is a
finite set. Since T € X for every T € S(c, b), we conclude that S(c,b) is a finite
set. The proof is complete. ™

Example 3.1 in the next section shows that the regularity of the system
Az > b, the nonemptiness and finiteness of S(c, b), altogether, do not imply that
S(+) is Ls.c. at (¢, b).

Our next goal is to find sufficient conditions for the lower semicontinuity
of the KKT point set mapping (¢, ) — S(¢/,V’) at the given point (c,b) €
R™ x R™.
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Let x € S(c,b) and let A € R™ be a Lagrange multiplier corresponding to x.
We set I ={1,2,...,m},

K:{iEI:Aixzbi, )\i>0}; .]:{iEI:Aixzbi, )\120} (3)
It is clear that K and J are two disjoint sets (possibly empty).

Theorem 2.2. (Sufficient conditions for lower semicontinuity). Suppose that
the system Ax > b is regular, the set S(c,b) is finite and nonempty. If for every
x € S(c,b) there exists a Lagrange multiplier A corresponding to x such that at
least one of the following conditions holds:

(cl) z € 1oc(c, b),

() K

(c3) J = 7é 0, and the system {A; : i € K} is linearly independent,

(c4) J 7é = 0, D is nonsingular, and A;D~*AY is a positive definite
matrwj

where K and J are defined via (x,\) by (3). Then, the multifunction S(-) is
lower semicontinuous at (¢, b).

Proof. Since S(c,b) is nonempty, in order to prove that S(-) is L.s.c. at (¢, b) we
only need to show that, for any x € S(¢,b) and for any open neighborhood V,
of x, there exists d > 0 such that

S, VYNV, #0 (4)

for every (¢, b') € R™ x R™ satisfying ||(¢/, ') — (¢, b)|| < 4.

Let z € S(¢,b) and let V,, be an open neighborhood of 2. By our assumptions,
there exists a Lagrange multiplier A corresponding to x such that at least one of
the four conditions (c1)—(c4) holds.

We first examine the case where (c1) holds, that is z € loc(c, b). Since S(c,b)
is finite, loc(c,b) is finite. So x is an isolated local solution of (1). It can be
shown that the second-order sufficient condition [10, Def. 2.1] holds at (x, A).
Since the system Az > b is regular, we can apply Theorem 3.1 from [10] to find
a d > 0 such that

loc(D, A, ', b YNV, #0

for every (¢/,b') € R™ x R™ with ||(¢/, V') — (¢, b)|| < d. Since loc(e, b) C S(c, V),
we conclude that (4) is valid for every (c’, ) satisfying ||(c/, V) — (¢, b)|| < 4.

Consider the case where (¢2) holds, that is A;z > b; for every i € I. Since
A is a Lagrange multiplier corresponding to x, system (2) is satisfied. Because
Az > b, from (2) we deduce that A = 0. Then the first equality in (2) implies
that Dx = —c. Thus x is a solution of the linear system

Dz=—-c (z€R"). (5)

Since S(c,b) is finite, = is a locally unique KKT point of (1). Combining this
with the fact that = is an interior point of A(A,b), we can assert that z is a
unique solution of (5). Hence the matrix D is nonsingular and we have

r=-D"'c (6)
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Since Ax > b, there exist §; > 0 and an open neighborhood U, C V, of =
such that U, C A(A,V) for all i’ € R™ satisfying ||’ — b|| < 1. By (6), there
exists d > 0 such that if || —¢| < 02 and 2/ = —D7'¢ then 2/ € U,.
Set § = min{d;, d2}. Let (¢,b') be such that ||(c,b") — (¢, b)]] < 4. Since
2’ := —D~1¢ belongs to the open set U, C A(A,b'), we deduce that

Dz’ +c =0, Ax' >V.

From this it follows that 2’ € S(¢/,b’). (Observe that X' = 0 is a Lagrange
multiplier corresponding to x’.) We have thus shown that (4) is valid for every
(', V) € R x R™ satisfying ||(c/, V) — (¢, b)|| < 6.

We now suppose that (c3) holds. First, we prove that the matrix Mg €

R HIEDX(n+IKD) defined by setting
D AL
o= 00,

where |K| denotes the number of elements in K, is nonsingular. To obtain a
contradiction, suppose that Mg is singular. Then there exists a nonzero vector
(v,w) € R™ x RI¥l such that

w(l)-[2 ] ()

Dv—ALw =0, Agv=0. (7)

This implies that

Since the system {4; : i € K} is linearly independent by (c3), from (7) it follows
that v # 0. Because Ap\ gz > bpn g and Ax > 0, there exists d3 > 0 such that
Apg(z+tv) > bp g and Mg 4 tw > 0 for every ¢ € [0,03]. By (2) and (7), we
have

D(z +tv) — AL (Ak + tw) + ¢ =0,
Ag(z+1tv) =bg, g +tw >0, (8)
Apng(r+tv) > bpk, Ang =0
for every t € [0, d5]. From (8) we deduce that = + tv € S(c,b) for all ¢ € [0, d3].
This contradicts the assumption that S(c,b) is finite. We have thus proved that
My is nonsingular. From (2) and the definition of K it follows that
Dx—AIT()\K—l—c:O,
Az = bK, A > 0,
A[\K$>b[\K, )\[\KZO.

The last system can be rewritten equivalently as follows

MK( v > = (_C>, A >0, Apnxg =0, Apgr>bng. 9)
Ak by

As My is nonsingular, (9) yields

X —C
=Mzt 0, Ang=0, A brk-
()\K> K (bK>’ Ak >0, Apng =0, NKT > bnk
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Hence there exists § > 0 such that if (¢/,b’) € R™ x R™ is such that ||(¢/,b") —
(¢,b)|| < 6, then the formula

' [
(XK> = My (bK>

defines a vector (z/, \;) € R™ x RI%| satisfying the following conditions
' eVy Ng>0, Apga’ > b}\K.

We see at once that vector z’ defined in this way belongs to S(¢/,b) NV, and
N o= (N, XI\K), where X[\K = 0, is a Lagrange multiplier corresponding to
a’. We have shown that (4) is valid for every (¢/,b') € R"™ x R™ satisfying
H(C/, b/) - (Ca b)H < 0.

Finally, suppose that (c4) holds. In this case, from (2) we get

Dr+c=0, Ajx=0by, M;j=0, A[\J.23>b[\J, )\[\JZO. (10)

To prove that there exists § > 0 such that (4) is valid for every (¢, b’) € R" x R™
satisfying ||(¢/,b") — (¢,b)|] < &, we consider the following system of equations
and inequalities of variables (z, ) € R™ x R™:

{ Dz—AYp;+cd =0, Ajz>0,, p;>0,

11
Apgz 2V g png =0, ph(Asz =) =0. (1D

Since D is nonsingular, (11) is equivalent to the following system
{ z=D"Y = +ATpy), Asjz>V; p;>0,

12
Apgz 2V g png =0, ph(Asz =) =0. (12)

By (10), Ap\ gz > bpy. Hence there exist 04 > 0 and an open neighborhood
U, C V, of x such that Ap;z > b’I\J for any 2z € U, and (¢,b') € R™ x
R™ satisfying ||(¢/,b") — (¢,b)|| < d4. Consequently, for every (c’,b’) satisfying
[[(¢/,b") = (c,b)|| < b4, the verification of (4) is reduced to the problem of finding
z € U, and py € RV such that (12) holds. Here |.J| denotes the number of
elements in J. We substitute z from the first equation of (12) into the first
inequality and the last equation of that system to get the following

{ AJD_1A§MJ > b{] + AJD_lc/a Hy 2 0,

/,[/?;(AJD_lA?;/,LJ — b{] — AJD_lc/) =0.

Let S:=A;D'AT and ¢ := b/, — A;D~'. We can rewrite (13) as follows
Spr+4q >0, p;>0, (us)"(Sps+q)=0. (14)

Problem of finding iy € R!! satisfying (14) is the linear complementarity prob-
lem (see [3]) defined by the matrix S € RIVIXI/I and the vector ¢ € RI/I. By
assumption (c4), S is a positive definite matrix, that is y? Sy > 0 for every
y € RIYI\ {0}. Then S is a P-matrix. The latter means [3, Def. 3.3.1] that every
principal minor of S is positive. According to Theorem 3.3.7 in [3], for each
¢’ € R!I problem (14) has a unique solution p; € RIVI. Since D is nonsingular,
from (10) it follows that

(13)
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A;D™(=¢) = by =0.

Setting ¢ = —by — Ay;D~'c we have ¢ = 0. Substituting ¢’ = ¢ = 0 into (14) we
find the unique solution fiy = 0 = A;. By Theorem 7.2.1 in [3], there exist £ > 0
and € > 0 such that for every ¢’ € RV satisfying ||¢’ — q|| < £ we have

e = Asll < Llg" = qll.

Therefore
Il = Il = Xsll < €lbly = by + AsD™H (e = o).

From this we conclude that there exists § € (0,d4] such that if (¢/,b") satisfies
the condition ||(¢/,b") — (¢, b)|| < §, then the vector z defined by the formula

2= D= + Ajpy),

where (17 is the unique solution of (14), belongs to U,. From the definition of
and z we see that system (12), where pp ; := 0, is satisfied. Then z € S(c/,b’).
We have thus shown that, for any (¢, V') satisfying ||(¢, b)) — (¢, b)|| < 6, property
(4) is valid.

The proof is complete. [ |

To verify condition (cl), we can use the following result, which is due to
Majthay [6] and Contesse [2].

Theorem 2.3. (See [3, p. 116]) The necessary and sufficient condition for
x € R™ to be a local solution of (1) is that the next two properties are valid:
(i) Vf(z)v = (Dx + ¢)Tv > 0 for every v € Ta(z) = {v € R" : A,v > 0},
where [p = {i € I : A;x =b;};
(i) vI'Dv > 0 for every v € Ta(x) N (V f(z))*, where (Vf(z))t = {v € R" :

Vf(z)v =0}.

The ideas of the proof of Theorem 2.2 are adapted from [8, Theorem 4.1]
and [12, Theorem 6]. In [8], some results involving Schur complements were
obtained.

Let x € S(c,b) and let A € R™ be a Lagrange multiplier corresponding to x.
We define K and J by (3). Consider the case where both the sets K and J are
nonempty. If the matrix

M= | P —Ak| ¢ gotiEDx K
Ag 0

is nonsingular, then we denote by S the Schur complement [3, p. 75] of Mk in
the matrix

D —A7 -AY
Ak 0 0 e RHIEHITN)x (n+ K[ +]J])

Ay 0 0

That is
S;=1[A; O]Mlzl[AJ O]T.

Note that S is a symmetric matrix [8, p. 56]. Consider the following condition:
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(c5) J # 0, K # 0, the system {A; : i € K} is linearly independent, v Dv # 0
for every nonzero vector v satisfying Axv =0, and S is positive definite.
Modifying some arguments of the proof of Theorem 2.2 we can show that if

J # 0, K # 0, the system {A; : i € K} is linearly independent, and v?' Dv # 0
for every nonzero vector v satisfying Axv = 0, then Mg is nonsingular.

It can be proved that the assertion of Theorem 2.2 remains valid if instead
of (c1)—(c4) we use (cl1)—(c5). The method of dealing with (c5) is similar to
that of dealing with (c4) in the proof of Theorem 2.2. Up to now we have not
found any example of quadratic programs of the form (1) for which there exists
a pair (z,\), © € S(¢,b) and A is a Langrange multiplier corresponding to z,
such that (c1)—(c4) are not satisfied, but (c5) is satisfied. Thus the usefulness
of (¢5) in characterizing the lower semicontinuity property of the multifunction
S(+) is to be investigated furthermore. This is the reason why we omit (c5) in
the formulation of Theorem 2.2.

3. Examples

The following example shows that the conditions stated in Theorem 2.1 are not
sufficient for having the lower semicontinuity property of S(-) at (¢, b).

Ezample 3.1. (see [12, Example 2]). Consider problem (1) with n =2, m = 3,

1 0 0
D:[_Ol _02], A=1|0 1|, c=(é>, b=1 0
-1 -1 -2

For every € > 0, we set ¢(g) = (1, —¢). Since

A(A D) ={z = (z1,22) € R® 121 >0, 13 >0, —x1 — 9 > —2},

we check at once that the system Ax > b is regular. A direct computation shows
that if € > 0 is small enough then

S(e,b) = {(0,0), (1,0), (2,0), (g %),(o,z)},
S(e(e),b) = {(2, 0), (5:;5, ! ;5> (0, 2)}.

For the open set V := {z € R? : % <z < %, -1 < z3 < 1}, we have
S(e,b) NV ={(1,0)} and S(c(e),b) NV = @ for every &€ > 0 small enough. We
thus conclude that S(-) is not l.s.c. at (¢, b).

We now consider three examples to see how the conditions (c1)—(c4) can be

verified for concrete quadratic programs.

Ezample 3.2. (see [8, p. 56]). Let

1 1
flx) = 53:% - 53:3 —xz; forall z = (z1,22) € R%. (15)
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Consider the problem
min{f(z) : ¢ = (x1,22) € R?, x4 —219>0, x1 + 220 > 0}. (16)

For this problem, we have

o[ 4] o= 2] = () = (0)
ste.t)={0.0),(5.3). (5.2
1oc(c,b)={( )(_ ;)}

For any feasible vector x = (21, z2) of (16), we have x1 > 2|x2| Therefore
2 1., 1, 2

3
f($)+§:§x1—§x2—$1+52§$1 $1+320 (17)

For T := (3, 3) and & := (%,—%), we have f(z) = f(&) = —2. Hence from

(17) it follows that T and Z are the solutions of (16). Actually,
Sol(e, b) = loc(c,b) = {z, &}.

Setting © = (1,0) we have & € S(c,b) \ loc(c,b). Note that X = (0,0) is a
Lagrange multiplier corresponding to . We check at once that the inequality
system defining the constraint set of (16) is regular and, for each KKT point = €
S(c,b), either (cl) or (c2) is satisfied. Theorem 2.2 shows that the multifunction
S(-) is Ls.c. at (¢, b).

Ezample 3.3. Let f(-) be defined by (15). Consider the problem

min{f(z) : x = (z1,22) € R?, 1 — 213 >0, 21 + 215 >0, 21 > 1}.

For this problem, we have

1 -2 0
D:[(l) _01] A=11 2|, c=<_01>, b= [0
1 0 1

Let Z, &, T be the same as in the preceding example. Note that \i= (0,0,0) is
a Lagrange multiplier corresponding to z. We have

S(e,b) ={z, z, &}, Sol(c,b) =loc(c,b) ={z, &}.

Clearly, for x = Z and x = %, assumption (cl) is satisfied. It is easily seen that,
for the pair (Z,)), we have K = (), J = {3}. Since Ay = (1 0) and D! = D,
we get AyD71AT = 1. Thus (c4) is satisfied. By Theorem 2.2, S(-) is Ls.c. at
(c,b).
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Ezample 3.4. Let f(x) be as in (15). Consider the problem

min{f(z) : x = (z1,22) € R?, 1 — 213 >0, 21 + 215 >0, 1 > 2}.

For this problem, we have

1 -2 0
1 0 —1
D_[O _1], A=11 2 |, c-( >, b=1(0],

S(e,b) ={(2,0),(2,1),(2,-1)},
Sol(c, b) = loc(c,b) = {(2,1),(2,—-1)}.

Let z = (2,—1), £ = (2,1), @ = (2,0). Note that X := (0,0,1) is a Lagrange
multiplier corresponding to Z. For x = T and = &, we see at once that (cl) is
satisfied. For the pair (z, ), we have K = {3}, J = (). Since

{Aizie K} = {43} ={(1 0)},

assumption (c3) is satisfied. According to Theorem 2.2, S(-) is Ls.c. at (¢, b).
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