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Abstract. Let (A, m) be a commutative Noetherian local ring and M a finitely
generated A-module. The aim of this paper is to give a blow-up characterization of
pseudo Buchsbaum modules defined in [2], which says that M is a pseudo Buchsbaum
module if and only if the Rees module Rq() is pseudo Buchsbaum for all parameter
ideals q of M. We also show that the associated graded module G¢(M) is pseudo
Cohen Macaulay (resp. pseudo Buchsbaum) provided M is pseudo Cohen Macaulay
(resp. pseudo Buchsbaum).
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1. Introduction

Let A be a commutative Noetherian local ring with the maximal ideal m, M a
finitely generated A-module with dimM = d > 0. Let z = (x1,...,z4) be a
system of parameters of A-module M. We consider the difference between the
multiplicity and the length

Ju(z) = e(z; M) — L(M/Qn(z)),

where Qu(z) = U (@4, ... 2t M « 2% .. 2l) is a submodule of M. Tt
t>0
should be mentioned that Jys(x) gives a lot of informations on the structure of M.
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For example, if M is a Cohen—Macaulay module then Qs (z) = (z1,...,2zq)M

by [7]. Therefore Jys(z) = 0 for all system of parameters z of M. Further,

we have known that ¢(M/Qp(x)) is just the length of generalized fraction (see

[10]). Therefore by [10], sup Jas(z) < oo if M is a generalized Cohen-Macaulay
x

module. In [1] we also showed that if M is a Buchsbaum module then, Jis(z)

takes a constant value for every system of parameters z of M. Unfortunately,

the converses of all above statements are not true in general. The structure

of modules M satisfying Jas(z) = 0 or sup Jys(z) < oo was studied in [5] and
x

such modules were called pseudo Cohen-Macaulay modules or pseudo generalized
Cohen-Macaulay modules, respectively. In [2] we studied the structure of mod-
ules M having Jys(x) a constant value for all systems of parameters. We called
it pseudo Buchsbaum modules. Note that pseudo Cohen Macaulay (resp. pseudo
Buchsbaum, pseudo generalized Cohen Macaulay) modules still have many nice
properties and they are relatively closed to Cohen Macaulay (resp. Buchsbaum,
generalized Cohen Macaulay) modules.

For a parameter ideal q of M we set Rq(M) = iejoqiM T* the Rees module and

Gq(M) = i6>90qiM/qi+1M the associated graded module of M with respect to g.

Let M =m® & 7" be the unique homogeneous maximal ideal of Rq(A). Then
i>1

Rqy(M) or Gq(M) is called a pseudo Cohen Macaulay (resp. pseudo Buchsbaum)

module if and only if Rq(M)gyn or Gg(M)gy is a pseudo Cohen Macaulay (resp.

pseudo Buchsbaum) module. The purpose of this paper is to prove the following

result.

Theorem 1. Let A be a commutative Noetherian local ring and M a finitely
generated A-module. Then the following statements are true.
(i) M is a pseudo Buchsbaum module if and only if Rq(M) is a pseudo Buchs-
baum module for all parameter ideals q of M.
(ii) Let M be a pseudo Cohen Macaulay (resp. pseudo Buchsbaum) module.
Then Gq(M) is a pseudo Cohen Macaulay (resp. pseudo Buchsbaum) mod-
ule for all parameter ideals q of M.

It should be noted that an analogous result of the first statement in the
above theorem for Buchsbaum modules was only proved under the assumption
that depth M > 0 (see [11, Theorem 3.3, Chap. IV]).

The paper is divided into 4 sections. In Sec. 2, we outline some properties
of pseudo Cohen Macaulay (resp. pseudo Buchsbaum) modules over local ring
which will be needed later. The proof of Theorem 1 is given in Sec. 3. As
consequences of Theorem 1 we will show in the last section that the Rees module
Rq(M) and the associated graded module Ggq(M) are always locally pseudo
Cohen-Macaylay if M is a pseudo Buchsbaum module.

2. Preliminaries

Let (A,m) be a commutative Noetherian local ring and M a finitely gener-
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ated module with dimM = d > 0. Let z = (z1,...,24) be a system of
parameters of M and n = (n1,...,nq) a d-tuple of positive integers. Set
z(n) = («1",...,x;*). Then the difference between multiplicities and lengths

Ju(z(n)) = ny...nge(z; M) — 0(M/Qn(z(n)))

can be considered as a function in n. Note that this function is non-negative
([1, Lemma 3.1]) and ascending, i.e., for n = (ny,...,nq), m = (my,...,mq)
with n; > mg, i =1,...,d, Ju(z(n)) > Ju(z(m)) ([1, Corollary 4.3]). More-
over, we know that £(M/Qp(z(n))) is just the length of generalized fraction
M1/}, ..., 2% 1)) defined by Sharp and Hamieh [10]. Therefore, we can
describe Question 1.2 of [10] as follows: is Jy(z(n)) a polynomial for large
enough n (n > 0 for short)? A negative answer for this question is given in [4].
But, the function Jas(2(n)) is bounded above by the polynomial ny . . .ngJas (),
and more general, we have the following result.

Theorem 2. [3, Theorem 3.2] The least degree of all polynomials in n bound-
ing above the function Jyr(xz(n)) is independent of the choice of a system of
parameters x.

The numerical invariant of M given in the above theorem is called the
polynomial type of fractions of M and denoted by pf(M) [3, Definition 3.3].
For convenience, we stipulate that the degree of the zero-polynomial is equal
to —oo.

Definition 1.

(i) [5, Definition 2.2] M is said to be a pseudo Cohen Macaulay module if
pf(M) = —oc.

(ii) [2, Definition 3.1] An A-module M is called a pseudo Buchsbaum module
if there exists a constant K such that Jy(x) = K for every system of
parameters x of M.

A is called a pseudo Cohen Macaulay (resp. pseudo Buchsbaum) ring if it is
a pseudo Cohen Macaulay (resp. pseudo Buchsbaum) module as a module over
itself.

It should be mentioned that every Cohen Macaulay module is pseudo Cohen
Macaulay and the class of pseudo Buchsbaum modules contains the class of
pseudo Cohen Macaulay modules. In [1] and [2], we showed that the class of
pseudo Buchsbaum modules strictly contains the class of Buchsbaum modules,
but it does not contain the class of generalized Cohen Macaulay modules.

Next, we recall characterizations of these modules from [5] and [2].

Proposition 1. M is a pseudo Cohen Macaulay (resp. pseudo Buchsbaum) A-
module if and only if M is a pseudo Cohen Macaulay (resp. pseudo Buchsbaum,)
A-module.

Note that for an A-module M (A is not necessarily a local ring) we usually
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use in this paper the following notations

Assh M = {p € AssM | dim A/p = dim M }.

Let 0 = . jr; MN (p;) be a reduced primary decomposition of the submodule 0
i€EASs
of M. We put
Up(0) = N N(p, d M = M/Uy(0).
M( ) pieAsshM (p]) an / M( )

Then Uy (0) does not depend on the choice of a primary decomposition of the
zero-submodule of M. Notice that Up/(0) is the largest submodule of M of
dimension less than dim M and Ass M = Assh M, dim M = dim M.

Theorem 3. ([5, Theorem 3.1], [2, Lemma 4.4]) Suppose that A admits a
dualizing complex. Then the following statements are true.
(i) M is a pseudo Cohen Macaulay module if and only if M is a Cohen Macaulay
module.
(i) M is a pseudo Buchsbaum A-module if and only if M is a Buchsbaum A-
module. Moreover, in this case we have

T =3 (52 ).

= 1 —1
for every system of parameters x = (v1,... ,zq) of M, where Hi (M) stands
or the i'" local cohomology module o with respect to the mazimal idea
the i local cohomol dule of M with t to th imal ideal
m.

3. Proof of Theorem 1

Let
¢: Rq(M) — Rq(M) and 7:Gq(M) — Gq(M)

be the canonical epimorphisms, where M = M /Uy (0). Then we have

. , MO (g M + U (0
Ker ¢ = & (Uy(0)Ng'M)T* and Kerm = & a (a . + Un ))
i>0 i>0 qiti M

To prove Theorem 1 we need some auxiliary lemmata.
Lemma 1. With the same notations as above, then we have Ker ¢ = URq(M)(O).
Proof. 1t is clear that AssKery C AssRq(M). For each p € Spec A we
denote p := @ (p N q")T". Take any P € Assh Rq(M). Then there exists
i>0

p € Assh M such that B =p (see [11, Lemma 1.7 and Lemma 3.1, chap IV]).
Since dim Uy (0) < dim M, (U (0))p = 0. Therefore we have

(Ker ¢) 5, = (ieZBO(UM(o) Na'M)T") 5 =0.
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Thus (Ker ¢)g) = 0. It follows that (Ker 4,0);;3 = 0. Therefore dimKerp <

Let K = @ K;T" be a homogeneous submodule of Rq(M) with K D Ker ¢.
i>0

Then we have K;T% D (Up;(0)Ng*M)T" for all i > 0 and there exists j > 0 such
that K; D (Un(0)Ng?M). Since K C Rq(M), K; C ¢/ M. Hence K; € U (0).
Set V = K; + Upn(0). We have V' D Up(0). Thus dimV' = dim M. Therefore
there exists p € AsshV N Assh M. Hence 0 # V, = (Kj)p C Kﬁ,h - KF'
Thus we get KF # 0, i.e, p € SuppK C Supp Rq(M). On the other hand

P € Assh Rq(M) (see [11, Lemma 1.7 and Lemma 3.1, chap IV]). Combining

these facts, we get dim K = dim Rq(M) and therefore Ker ¢ is the largest

homogeneous submodule of Rq(M) of dimension less than dim Rq(M).
Moreover, we can choose a reduced primary decomposition of the submodule

!
0 in Rq(M) such that Opg(a) = '01Qi with @Q; is the homogeneous primary
1=
submodule of Rq(M) belonging to homogeneous prime B; (see [9, Proposition
10 BJ). Then Ugg(ar)(0) is a homogeneous submodule of Rq(M). On the other

hand, Ugg(n)(0) is the largest submodule of Rq(M) of dimension less than
dim Rq(M ). Therefore Ker ¢ = Ugg(ar)(0). ]

Let N be a submodule of M such that dim N < dim M. Set M’ = M/N. If
q is a parameter ideal of M, then it is clear that q is a parameter ideal of M’.
But the converse is not true. It means that there exists a parameter ideal q’ of
M’ but ¢’ is not a parameter ideal of M. However, we have the following result.

Lemma 2. Let q' be a parameter ideal of M’'. Then there exists a parameter
ideal q of M such that ¢ + Ann M’ = q' + Ann M’. In particular we have
Rq(M/) = Rq' (M/) and Gq(M/) = qu (M/)

Proof. Let q’ be a parameter ideal of M’ and let (z1,...,x4) be a system of
parameters of M’ such that ' = (z1,...,24)A. Then the lemma is proved if we
can show the existence of a system of parameters (y1, ... ,yq) of M such that

Y1y ya)R+Aan M’ = (z1,...,24)R+ Ann M’.

To prove this we first claim by introduction on 7 that there exists a system of
parameters (y1, ... ,yq) of M such that y; = x;+a; with a; € (xig1,...,2q) A+
Ann M’ for all i = 1,...,d. In fact, since x; is a parameter element of M’
and Assh M = Assh M’, we have z1 is a parameter element of M. We choose
y1 = 1. Suppose that we already have for 1 < k < d a part of the system of
parameters (y1,...,yx) of M as required. We have to show that there exists
a parameter element yr1+1 of M/(y1,...,yx)M such that ypir1 = Tpr1 + ax41
with agt+1 € (Tgy2,...,2q)A + A M'. Let q1 = (x1,...,24)A + Ann M'.
Since (1, ... ,xq) is a system of parameters of M’, we have q; is a m-primary
ideal. Therefore g1 Z p for all prime ideals p with dim A/p > 0. It then follows
that

(Tht1s- - xa) A+ Ann M’ € p
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forallp € Assh (M/(y1,...,yx)M. Indeed, if (xg11,...,24)A+ Ann M’ Cp
for some p € Assh (M/(y1,...,ya)M), then

q1 = (z1,... ,24)A+ Ann M’
= (yla"' s Yks Tht1y - - - 7xd)A+AnnM/g (yla"' 7?Jk>A+P:P

as the choice of y1, . .. , yx. This gives a contradiction since dim A/p > 0. There-
fore we can choose by [8, Theorem 124] an element ax41 € (Tgyo,...,2q)A +
Ann M’ such that z11 + agy1 € p for all p € Assh (M/(y1,...,yx)M). Let
Yk+1 = Tk+1 + ak+1. Then yryq1 is a parameter element of M/(yi,...,yx)M
and the claim is therefore proved.

Now, let (y1,...,¥yq) be a system of parameters of M as required. Then we
can check that

(Y1, ,ya) R+ Ao M’ = (zq,... ,24) R+ Ann M’

by the choice of yi,...,yq. We set ¢ = (y1,...,%4)A. Then we have q +
Ann M’ = g’ + Ann M’; Rq(M') = Rq/(M') and Gq(M') = Gq (M'). ]

Now we are able to prove the first statement of Theorem 1.

Proof of Statement (i) of Theorem 1. Let q be a parameter ideal of M. We have
known that RqZ(A) = Rq(A) ®4 A and RqZ(M) = Rq(M) ®a A. Moreover,

let q denote a parameter ideal of M. Then there is a parameter ideal q of M
with §M = (qA)M. Hence Ra(M) = RqZ(M)' Therefore R/q\(M) is a pseudo
Buchsbaum (resp. pseudo Cohen Macaulay) module for all parameter ideals
9 of M if and only if Rq4(M) is a pseudo Buchsbaum (resp. pseudo Cohen
Macaulay) module for all parameter ideals q of M. On the other hand, M is
a pseudo Buchsbaum (resp. pseudo Cohen Macaulay) module if and only if
M is a pseudo Buchsbaum (resp. pseudo Cohen Macaulay) by Proposition 1.
Therefore without any loss of generality, we may assume that A = A.

Let M be a pseudo Buchsbaum module and q any parameter ideal of M.
Then M is Buchsbaum by Theorem 3. Hence Rg(M) is Buchsbaum (see
[11, Theorem 2.10, Chap. IV]). Thus Rq(M)on/Urg(rr)(0)on is Buchsbaum
by Lemma 1. Since A is complete, Rq(A) is catenary. Then we can check that
Urq(m)(0)on = Urq(M)gn(0). Therefore Rq(M)oy is a pseudo Buchsbaum by
Theorem 5.

Conversely, let Rq(M) be a pseudo Buchsbaum module for all parameter
ideals q of M. Let q be any parameter ideal of M. Then we have Rq(M) =
Rq(M)/Urq(r)(0) by Lemma 1. Hence Rq(M)on = Rq(M)on/Urg(ar)(0)om =
Rq(M)Sm/URq(M)Sm(O)- Therefore Rq(M )gy is a Buchsbaum module by Theo-
rem 3. Take any parameter ideal q of M, there exists by Lemma 2 a parameter
ideal q of M such that RH(M) = Rq(M).

Combining these facts we get that RH(M) is a Buchsbaum module for all
parameter ideals § of M. On the other hand, depth M > 0. Therefore, M is
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a Buchsbaum module by [11, Theorem 3.3, Chap IV]. Thus M is a pseudo
Buchsbaum module by Theorem 3. Statement (i) of Theorem 1 is proved. m

In order to prove the second statement of Theorem 1 we need some more
lemmas.

Lemma 3. P ¢ Supp (Ker ¢), for all B € Assh Gg(M).

Proof. Let % € Assh G4(M). Suppose that P € Supp (Ker ¢). Then we have
dim M = dim Rq(A)/P < dim Rq(A)/Ann Ker ¢ = dim(Ker ) < dim M + 1
by Lemma 1. It follows that dim( Ker ¢) = dim M and P € Assh (Ker ¢).
Thus dim(Ker ¢)g = 0. Hence

dim(Ker ) ) = 0.

On the other hand, [Blo = M € Supp M (see [11, Lemma 3.1, Chap. IV]).

Further, [PB]; C qT. Because, if [P]; = qT then P D g7. It follows that P =

[Bls =M =M (@Oq"T") = M. However, M ¢ Assh Gq(M). Therefore, by
1>

[11, Lemma 1.3 (ii), Chap IV], there exists « € q, 2T ¢ [B]; such that x is a
non-zero divisor with respect to Rq(M) . Since (Ker ¢)q) C Rq(M)sp), © is
a non-zero divisor with respect to (Ker ¢)(q). This is a contradiction. Therefore
the lemma is proved. [ |

Lemma 4. dim Ker 7 < dim G4(M).

Proof. We have

"M N (g M 4 Uni(0 LM 4 (qPM N Uy (0
Kerm— @ IMO @M+ Un(0) _ o a7 M+(q 1 (0))
120 q”‘lM i>0 ql"rlM
- 4Rq(M) + Urya)(0) Urq(1)(0)

qRq(M) ~ qRq(M) N Ugry(a)(0)

Then we get
(Ker m)qs = Urg(a) (0)sp/ (aR2q(M) N Ugg(ar) (0))p = 0,

for all 8 € Assh G4(M) by Lemma 3. Thus dimKer 7 < dim G4(M). ]

Lemma 5. Let A be a commutative Notherian local Ting, M be a finitely
generated A-module. Suppose that N is a submodule of M such that dim N <
dim M. Then M is a pseudo Buchsbaum module if and only if so is M/N.

Proof. Recall that U (0) is a largest submodule of M of dimension less than
dim M. Then N C Ur(0) and Uy (0)/]/\7 is a largest submodule of M\/N of
dimension less than dim M\/ﬁ Further, (M\/N)/(/[{JQ(O)/N) = M\/Uﬁ(O) ~

Let M be a pseudo Buchsbaum module. Then M /U (0) is a Buchsbaum A-
module by Proposition 1 and Theorem 3. Thus M / Nisa pseudo Buchsbaum
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A-module by Theorem 3. It follows that M/N is a pseudo Buchsbaum A-
module by Proposition 1. DR
For the converse, let M/N be a pseudo Buchsbaum A-module. Then M /N

is a pseudo Buchsbaum A-module by Proposition 1. Therefore M /U (0) is

a Buchsbaum A-module by Theorem 3. Thus Mis a pseudo Buchsbaum A-
module by Theorem 3. So M is a pseudo Buchsbaum module by Proposition
1. ]

Now we prove the second statement of Theorem 1.

Proof of Statement (ii) of Theorem 1. By the same argument in the proof of
Stament (i) of Theorem 1, we can assume without loss of generality that A is
complete.

Assume that M is a pseudo Cohen Macaulay (resp. pseudo Buchsbaum)
module. Then M is a Cohen Macaulay (resp. pseudo Buchsbaum) module
by Theorem 3. Let q be any parameter ideal of M. Then Gq(H) is a Cohen
Macaulay (resp. Buchsbaum) module (see [11, Theorem 2.1, Chap IV]). Hence
G4(M)/Ker 7 is a Cohen Macaulay (resp. Buchsbaum) module. It means that
G4(M)on/(Ker 7)oy is a Cohen Macaulay (resp. Buchsbaum) module. On the
other hand, we have dim(Ker 7)oy < dimKer 7 < dim G (M) = dim G4(M)on
by Lemma 4. Therefore, if M is a pseudo Cohen-Macaulay module, we can
check that pf(Gq(M)on) = pf(Gq(M)gn/(Ker m)gn) = —oo. This means that
G4(M) is a pseudo Cohen Macaulay. Further, if M is a pseudo Buchsbaum
module, then by Lemma 5 G (M) is a pseudo Buchsbaum module. ]

For pseudo Cohen Macaulayness of Rees module, we only have the following
result.

Proposition 2. Let M be a pseudo Cohen Macaulay module. Then Rq(M) is
a pseudo Cohen Macaulay module for all parameter ideals q of M.

Proof. By the same argument in the proof of Statement (i) of Theorem 1, we
can assume without loss of generality that A is complete. Since M is pseudo
Cohen Macaulay, M is Cohen Macaulay by Theorem 3. Thus RE(M ) is Cohen

Macaulay for all parameter ideals § of M (see [11 ;, Theorem 2.11, Chap. 1V]).
Let q be any parameter ideal of M. We have Rq(M) = Rq(M)/Ugq(ar)(0) by
Lemma 1. Therefore

Rq(M)an = Rq(M)on/Urq(a)(0)an = Bq(M)on/Urq(a1)gy (0)-

It follows that Rq(M)gy is a Cohen Macaulay. The statement is proved.
|

Remark 1. The converse of Proposition 2 is not true. In fact, let k be a field and
s,t indeterminates. Take A = k[[s?, s%, st>, ¢!]]. Then the Rees algebra Rq(A)
is a Cohen Macaulay ring for every parameter ideal q of A by [6, Proposition
4.8]. But it is well-known that A is not a Cohen Macaulay ring. However, A is
Buchsbaum with Hy(A) = 0 and Hj,(A) = k. Therefore A = A/UA(0) = A is
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not pseudo Cohen Macaulay by Theorem 3.

4. Locally Pseudo Cohen—Macaulay Modules

For any module M we set
Supph M = {p € Supp M | 3q € Assh M, q C p}.

We start with the following definition.

Definition 2. Rq(M) (resp. Gq(M)) is called a locally pseudo Cohen—Macaulay
module if Rq(M)p) (resp. Gq(M)sp)) is a pseudo Cohen-Macaulay module for
all homogeneous prime ideals B € Supph Rq(M)\M (resp. B € Supph Gq(M)\
M) of Rq(A).

Lemma 6. Assume that A has a dualizing complezx. Then URq(J\I)(O)(SB) is the
largest submodule of Rq(M)sp) of dimension less than dim Rq(M ) for all
homogeneous prime ideals B € Supph Rq(M).

Proof. Let B € Supph Rg(M). Since A has a dualizing complex, we can
check that Upg(ar)(0)sp is the largest submodule of Rq(M)gq of dimension less
than dim Rq(M)qp. Furthermore, dimURq(M)(O)(m) = dimUpgq(m)(0)p and
dim Rq(M ) = dim Rq(M)sp) (see [11, Lemma 2.27, Chap IV]). This implies
that dim URq(Ju) (0)(;3) < dim Rq(M)(‘B)-

On the other hand, let N be a submodule of Rq(M)sp) with dimN <
dim Rq(M)(gp)- Then N C Rgq(M)gp and dim N < dim Rq(M)s. Thus N C
Urgq()(0)sp- It follows that N' C Ugg(ar)(0)(g)- Therefore the lemma is proved.

|

Proposition 3. Let M be a pseudo Buchsbaum module. Then Rgq(M) is a
locally pseudo Cohen Macaulay module for all parameter ideals q of M.

Proof. Let M be a pseudo Buchsbaum module. Then M is a Buchsbaum
module by Theorem 3, (ii). Hence RH(M) is a locally Cohen Macaulay module
for all parameter ideals § of M by [11, Theorem 3.2, Chap. IV].

Let q be a parameter ideal of M. Then q is also a parameter ideal of M and
Rq(M)/Urq(r)(0) is a locally Cohen Macaulay module by Lemma 6. It means
that Rq(M) ) /Urg(ar)(0)(gp) is a Cohen Macaulay module for all homogeneous
prime ideals 8 € Supph Rq(M) \ M. Therefore Rq(M )y is a pseudo Cohen
Macaulay module for all homogeneous prime ideals € Supph Rq(M) \ 9 by
Lemma 6 and Theorem 3, (i), i.e., Rq(M) is a locally pseudo Cohen Macaulay
module. [ ]

Lemma 7. Let Rq(M) be a locally pseudo Cohen Macaulay module. Then
G4(M) is a locally pseudo Cohen Macaulay module.

Proof. Suppose that Rq(M) is a locally pseudo Cohen Macaulay module i.e.,
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Rg(M) s is a pseudo Cohen Macaulay module for all homogeneous prime ideals
P € Supph Rq(M) \ M of Rq(A).

Let B € Supph Gg(M) \ M. If Gq(M )y = 0 then Gq(M)sp) is a pseudo
Cohen Macaulay module. If G4(M)p) # 0 and [B]; = qT, then P = M. Thus
we may assume that Gq(M)p) # 0 and [P]1 # q7. Then we can choose an
element x such that z € q, T ¢ [B]1. Moreover, x is a non-zero divisor with
respect to Rq(M)p) and Gq(M) gy = Rq(M)sp)/xRq(M)(sp) by [11, Lemma
1.3 (ii), Chap. 1V]. Therefore Gq(M g is a pseudo Cohen Macaulay module
by [5, Corollary 3.4]. Therefore G4(M) is a locally pseudo Cohen Macaulay
module. [ ]

Proposition 4. Let M be a pseudo Buchsbaum module. Then Ggq(M) is a
locally pseudo Cohen Macaulay module for all parameter ideals q of M.

Proof. Since M is a pseudo Buchsbaum module, Rq(M) is a locally pseudo
Cohen Macaulay module for all parameter ideals q of M by Proposition 3.
Therefore the statement follows from Lemma 7. ]
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