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Abstract. Let S be a locally compact Hausdorff topological semigroup, and M (.S)
be the Banach algebra of all bounded regular Borel measures on S. Let M, (.S) be the
space of all measures p € M (S) such that both mapping @ +— 0% || and © — |p]*dy
from S into M (.S) are weakly continuous.

In this paper, we present a few results in the theory of amenable foundation semi-
groups. A number of theorems are established about left invariant mean of a foundation
semigroup. In particular, we establish theorems which show that M, (S)* has a left
invariant mean. Some results were previously known for groups.
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1. Introduction

Let S be a locally compact Hausdorff topological semigroup and M (S) the Ba-
nach algebra of all bounded regular Borel measures on S with total variation
norm and convolution p* v, u,v € M(S) as multiplication where

/fdu*y_//f:cydu )dv(y //f:cydy (y)dp(z)

for f € C5(S) the space of all continuous functions on S which vanish at infinity.
(see for example [5, 11] or [13]). Let M, (.S) be the set of all probability measures



34 Ali Ghaffari

in M(S). Let M,(S) ([1, 5, 12]) denote the space of all measures p € M (S) such
that both mappings « +— 0, * |u| and x — |pu| * J, from S into M(S) are weakly
continuous. A semigroup S is called a foundation semigroup if | J{suppy; p €
M,(S)} isdense in S. In this paper, we may assume that S is a foundation locally
compact Hausdorff topological semigroup with identity e. Note that M,(S) is
a closed two-sided L-ideal of M (S) [5]. We also note that for u € M,(S) both
mappings x +— 0y * |u| and x — || * §, from S into M (S) are norm continuous
[5]. Tt is known that M,(S) admits a bounded approximate identity [11].

We know that M, (S) is a Banach algebra with total variation norm and
convolution, so we can define the first Arens product on M, (S)**, i.e., for F, G €
My (S)*™ and f € M,(S)*

<FGaf>:<FaGf>a <thu>:<Gaf:u>a <f,u,l/>:<f,,u*l/>

, where p,v € My(S). For u € My(S), v € M(S) and f € M,(S)*, we define
(fr,py = (f,v*p) and (v, fuy = (f,u *v). In [6] the author defined B =
M, (S)* M, (S) which is a Banach subspace of M,(S)*. Clearly M(S) C B*.

We denote by LUC(S) the space of all f € C(S) (the space of bounded con-
tinuous complex-valued functions on S) for which the mapping « — L, f (where
L.f(y) = f(zy)(y € 9)) from S into Cp(S) is norm continuous. The author
[6] recently proved that the mapping T : LUC(S) — B given by (T(f), u) =
J f(z)du(x) is an isometric isomorphism of LUC(S) onto B.

Denote by 1 the element in M, (S)* such that (1, u) = u(S) (u € M,(S)). A
linear functional M € M,(S)** is called a mean if (M, f) > 0 whenever f > 0
and (M, 1) = 1. Obviously, every probability measure p in M, (S) (| My (S) is
a mean. A mean M on M,(S)* is called topologically left invariant mean if
(M, fu) = (M, f) for any u € My(S) and f € My(S)*. A mean M on M, (S)*
is a left invariant mean it (M, f6,) = (M, f) for any = € S and f € M,(5)*.
Obviously, a topologically left invariant mean on M, (S)* is also a left invariant
mean on M, (S)* (for more on invariant mean on locally compact semigroup,
the reader is referred to ([2, 4, 13, 14])).

Finally, we denote by P(S) the convex set formed by the probability measures
in M,(S), that is, all u € M, (S) for which (1, ) =1 and p > 0.

We shall follow Ghaffari [8] and Wong [18, 19] for definitions and termi-
nologies not explained here. We know that topologically left invariant mean on
M(S)* have been studied by Riazi and Wong in [16] and by Wong in [18, 19].
They also went further and for several subspaces X of M(S)*, have obtained a
number of interesting and nice results. Also, Junghenn [10] studied topological
left amenability of semidirect product.

In this paper, among other things, we obtain a necessary and sufficient con-
dition for M, (S)* to have a topologically left invariant mean.

2. Main Results

Our starting point of this section is the following lemma whose proof is straight-
forward.
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Lemma 2.1. A linear functional M on M,(S)* is a mean on My(S)* if and
only if any pair of the following conditions hold:

(1) M is nonnegative, that is, (M, f) > 0 whenever f > 0.

(2) (M,1)=1.

3) [M]| = 1.

Lemma 2.2. A linear functional M on My(S)* is a mean on M,(S)* if and
only if

inf{(f,u); pe P(S)} <(M,f)
< sup{(f,u); pe€ P(S)},

for every f € M,(S)* with f > 0.

Proof. The statement follows directly from Lemma 2.1. [

For a locally compact abelian group G, M,(G) = LY(G), M,(G)* = L*=(G)
and f6, = L, f for any f € L>°(G) and z € G. Also, if ¢ € LY(G), fo = ¢ * f,
where @(z) = p(x~!). Granirer in [9] has shown that for a nondiscrete abelian
locally compact group G, there is a left invariant mean on L°°(G) which is not
a topologically left invariant mean on L (G).

In the following theorem, we will show that every left invariant mean on B
is a topologically left invariant mean on B.

Theorem 2.1. Let M be a mean on B. Then M is a topologically left invariant
mean on B if and only if M is a left invariant mean on B.

Proof. 1t is clear that every topologically left invariant mean on B is a left
invariant mean on B.

To prove the converse, let u € My(S), f € B and € > 0. By [6, Lemma 2.3]
there exists a combination of members of M, (S), that is, t10,, + -+ -+ 5,05, in
which z; € S, ¢; > 0 and >_. ; ¢; = 1, such that

I fr =" tifo,

< €.
i=1
So (M, fu) — (M, f)| < e. It follows that (M, fu) = (M, f), i.e., M is a
topologically left invariant mean on B. [

Let M be a left invariant mean on M, (S)*. There exists a net (u,) in P(S)
such that for every x € S, d; * pto — fta — 0 in the weak topology. For every
finite subset {z1,...,x,} of S, it is easy to find a net (v,) in P(S) such that
105, *Vo —va| — 0 for 1 < i <mn. An argument similar to the proof of Theorem
2.2 in [7] shows that, there is a net (uq) in P(S) such that, ||0z * o — pta]| — 0
for every z € S.

Let there exist a net (uq) in P(S) such that ||0; * o — pio|| — 0 whenever
x € S. The net (4o) admits a subnet (ug) converging to a mean N on M, (S)*
in the weak* topology. For all f € M,(S)* and z € S,
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(N, f82) = lim(us, foz) = lim(f, 8. = o)

that is, IV is a left invariant mean on M, (S)*.

If M is a topologically left invariant mean on M, (S)*, as above we can find
anet (pq) in P(S) such that || g — || — 0 for all p € Mo (S). An argument
similar to the proof of Theorem 2.2 in [7] shows that, there is a net (o) in
P(S) such that for every compact subset K of S, ||p * pto. — fte|| — 0 uniformly
over all p in M, (S) which are supported in K.

Theorem 2.2. The following statements are equivalent:

(1) My(S)* has a left invariant mean.

(2) (Riter’s condition) for every compact subset K of S and every e > 0, there
exists 1 € P(S) such that |6 * u — p]] < € whenever x € K.

(3) (Riter’s condition) for every finite subset F' of S and every ¢ > 0, there
exists 1 € P(S) such that ||, * pu — p|| < € whenever x € F.

Note that this is Proposition 6.12 in [15], which was proved for groups.
However, our proof is completely different.

Proof. Let M, (S)* have a left invariant mean. Then B has a left invariant mean.
By Theorem 2.1, B has a topologically left invariant mean. So, there exists a
net (uq) in P(S) such that lim, ||p * pto, — pta|| = 0 whenever p € P(S). Choose
v € P(S) and let vy = vk, a € I. It is easy to see that limy, |0, *ve —va || =0
for allz € S (x).

Let K be a compact subset of S and let ¢ > 0. For any = € S, there
exists a nighbourhood U, of x such that ||6; * v — Jy * 1| < € whenever y €
U,. We may determine a subset {z1, ..., z,} in S such that K C {J!_, U,, and
|02, * v — &y * v|| < € whenever y € U,, (i =1,...,n). By (x) there exists o, € I
such that for any ¢ € {1,...,n}, |0z, * Vo, — Va,| < €. For any = € K, there
exists ¢ € {1,...,n} such that = € U,,. Then we have

162 * Vo, = Vao |l < 10z * Vay, = 0y * Vao || + |0z, * Vo, — Va,||
< |0z * v pag — Oz, * ¥ pa || + €
< |6z * v — by, * V]| + € < 2e.

Thus (1) implies (2).

(2) implies (3) is easy.

Now, assume that (3) holds. We will show that M,(S)* has a left invariant
mean. To every finite subset F' in .S and each € > 0, we associate the nonempty
subset

Qpre={peP(S); ||[0zxp—pl|<e forallz e F}.

We know that the weak* closure Qp . of Qp . is compact (see Theorem 3.15 in
[17]). Since the family
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{Qp; €>0, F is a finite subset in S}

has the finite intersection property, therefore there exists M € M,(S)** such
that

M e () Or..
Fle
Choose f € My(S)*, z € S and € > 0. The set of all N € M,(S)** such that
[(M, f6.) — (N, fo.)| < e and |[(M, f) — (N, f)| < € is a weak™ neighborhood
of M. Therefore ;) . contains such an p. We have [(M, f) — (u, f)| < € and
[(M, f6.) — (u, fo.)| < €. So that
UM, f) = (s )l S €+ (0 p—p, f)| + €
< 2e+€| fl].

Since € was arbitrary, we see (M, fd,) = (M, f). This shows that M is a left
invariant mean on M, (S)*. n

In the following theorem, we establish a characterization of amenability terms
of limits of averaging operators.

Theorem 2.3. If u € M,(S), we define

di(p) = inf{{|lpxnll, n € Mo(5)}.
M, (S)* has a topologically left invariant mean if and only if di(p) = |u(S)| for
all p € Mgy(S).

Proof. Let M,(S)* have a topologically left invariant mean. Let p € M, (S) and
e > 0. For every n € M,(S), we have

[l = |+ n(S) = [(S)].
It follows that d;(p) > |(S)]. On the other hand, there exists a compact subset
K in S such that |u|(S\ K) < e. By Theorem 2.2, there exists a measure v in
P(S) such that ||, * v — v|| < € whenever z € K. For every f € M,(S)*, by
Lemma 2.1 in [6], we can write

() = w0 =] [15.0240) duto) - w($)08,0)]
= | [ (.0~ (1.0 duta)|
<| [ 40000 = (10) duto)

t] [ e =) o)

< IA /K 102 % v — vlld|u|(x) + 2[| || (S \ K)
S ell Ml + 20 f 1l (S K.
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It follows that
v — p(S)v| < ellpll +2[u[(S\ K),

and so
v < e(llpll +2) + [u(S)]-

As € > 0 may be chosen arbitrary,
inf{{lpxnll; n e Mo(S)} = [u(S)].

Conversely, suppose that d;(u) = |p(S)| for all p € M, (S). Let € > 0, p1, ..., pin €
Mo (S). Since py — 6.(S) = 0, there exists a measure v; € P(S) such that
[p1 % 1 — 1] < e. Since pg * 1 — v1(S) = 0, there exists a measure vy € P(S5)
such that ||pg %11 %ve — vy *12]] < €. Proceeding in this way, we produce n € P(.S)
such that

[pixn—nll<e (1<i<n).

An argument similar to the proof of Theorem 2.2 shows that M,(S)* has a
topologically left invariant mean. [

Let S be alocally compact semigroup. A left Banach S-module A is a Banach
space A which is a left S-module such that:
(1) ||z.a| < |la| for all a € A and = € S.
(2) forallz,y € S and a € A, z.(y.a) = (zy).a.
(3) for all @ € A, the map = — z.a is continuous from S into A.

We define similarly a right dual S-module structure on A* by putting (f.z, a) =
(f,x.a). Define

(z.F, f) = (F, f.z),
forallz € S, f € A* and F € A**. If p € M(S), f € A* and a € A, we define

(o) = [ (7. v.a)d(a).

We also define (u.F, f) = (F, f.u), for all p € M(S), f € A* and F € A**.

By the weak * operator topology on B(A**), we shall mean the weak* topology
of B(A**) when it is identified with the dual space (A** Q) A*)*. We denote by
P(A**) the closure of the set {T,; u € P(S)} in the weak* operator topology,
where T}, € B(A™) is defined by T,(F) = p.F for all F' € A**.

Theorem 2.4. The following two statements are equivalent:

(1) My(S)* has a topologically left invariant mean.

(2) For each left Banach S-module A, there exists T € P(A**) such that T, T =
T for all u € P(S).

Proof. Let M,(S)* have a topologically left invariant mean. There exists a net
(te) in P(S) such that || * o — pa]| — 0 for each p € P(S). Hence we may
find T' € B(A**) with ||T'|| <1 and a subnet (ug) of (1) such that T,,, — T" in
the weak* operator topology. For every p € P(S) and F' € A**, we have
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1T T (F) = T ()| = ([ Tanas (F) = Ty (F)|
< lw* s = pslll|[F[l — 0.

Consequently 7,7 =T.

To prove the converse, let A = M,(S). If p € Aand z € S, let .0 = §, * p.
It is easy to see that A is a left Banach S-module. By assumption, there exists a
net (pta) in P(S) such that 7),, — T in the weak* operator topology of B(A**).
We may assume by passing to a subnet if necessary that po — M in the weak*
topology of A**. Let (eg) be a bounded approximate identity of M, (S) bounded
by 1 [11], and let E be a weak*-cluster point of (eg). For every u € P(S) and
f € My(S)*, we have

(M, fp) = (M, E(fp)) = (ME, fu) = (T(E), f)
= (WT(E), f) = (T.T(E), f)
= (T(E), f) = (M, [).

Consequently M is a topologically left invariant mean. n

Let V be a locally convex Hausdorff topological vector space and let Z be
a compact convex subset of V. An action of M,(S) on V is a bilinear mapping
T : My(S) xV — V denoted by (u,v) — T, (v) such that T}, = T,0T, for any
v € My (S). We say that Z is P(S)-invariant under the action M, (S)xV — V,
if T,(Z) C Z for any pu € P(S).

Theorem 2.5. The following two statements are equivalent:

(1) Mo(S)* has a topologically left invariant mean.

(2) For any separately continuous action T : My(S) x V — V of M,(S) on V
and any compact conver P(S)-invariant subset Z of V, there is some z € Z
such that T, (z) = z for all u € P(S).

Proof. Let M,(S)* have a topologically left invariant mean. If M is any topolog-
ically left invariant mean on M,(S)*, the weak™ density of P(S) in the set of all
means on M, (S)* insures that we can find weak* convergent net (uq) C P(S5)
such that uo, — M. Consider the net T}, (z) where z € Z is arbitrary but fixed.
By compactness of Z, we can assume T}, (z) — 2, in Z, passing to a subnet
if necessary. If z* € V*, we consider the mapping f : M,(S) — C given by
(f, ) = (x*,Tyu(2)). It is easy to see that f € M,(S)*. For every p € P(S), we
have

(0%, 20) = lim(2™, Ty, (2)) = lm(f, pa) = lim{ua, f)
= (M, f) = (M, fr) = lim{ua, fru) = Tm(f, g pra)
= lim(s", Tup, (2)) = lim(z", T,0T},, (2)) = lim(z" 0T}, Ty, (2))
= (x0T}, zo) = (2", T)u(20))-

So T, () = 2, for every pn € P(S), i.e., 2 is a fixed point under the action of
P(S).
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To prove the converse, let V= M, (S)** with weak® topology. We define an
action T : M, (S) x My (S)** — M,(S)** by putting T, (F) = pF for p € M,(S)
and F € M,(S)**. Then clearly T is a separately continuous action of M,(S)
on M, (S)**.

Let Z be the convex set of all means on M, (S)*. We know that the set Z
is convex and weak* compact in M, (S)**. Clearly Z is P(S)-invariant under 7T
By assumption, there exists M € Z, which is fixed under the action of P(S5),
that is uM = M for every p € P(S). It follows that M is a topologically left
invariant mean on M, (S)*. This completes our proof. ]

Acknowledgement. The author is indebted to the University of Semnan for their sup-
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