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1. Introduction

During the last several decades the probability metric approach has risen to
become one of the most important tools available for dealing with certain types
of large scale problems.

In the solution of a number of problems of probability theory the method of
distance function has attracted much attention and it has successfully been used
lately as Abramov [1], Butzer and Kirschfink [4], Dudley [6] and [7], Kirschfink
[12], Rachev [20] and Zolotarev [26 - 31].

The essence of this method is based on the knowledge of the properties of
metrics in spaces of random variables as well as on the principle according to
which in every problem of the approximating type a metric as a comparison
measure must be selected in accordance with the requirements to its properties.

In recent years several results of applied mathematics and informatics have
been established by using the probability metric approach. Results of this nature
may be found in Gibbs and Edward [9], Hutchinson and Ludger [11] and Ralph
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and Ludger [16 - 18], Hwang and Neininger [l0], Mahmound and Neininger [13].
The main purpose of the present note is to introduce a probability metric

which is based on well-known Trotter’s operator. Some approximations of the
rates of convergence via Trotter metric are indicated.

This paper is organized as follows. Sec. 2 deals with some well-known prob-
ability metrics. Sec. 3 reviews definition and properties of Trotter’s operator.
The definition of the Trotter metric basing on Trotter operator and some its
connections with different probability metrics are described in Sec. 4. Sec. 5
shows some estimations related to the rates of convergence via Trotter metric.
It is worth pointing out that all proofs of theorems of this section utilize Trot-
ter’s idea from [25] and the method used in this section is the same as in [2 - 4,
12, 14, 15, 21]. The received results in Sec. 5 are extensions of that given in [23,
24]. It should be noted that the results for dependent random variables have
been obtained by Butzer and Kirschfink in [3], Butzer, Kirschfink and Schulz in
[4], Kirschfink in [12]. However, this idea is due to Trotter, who has presented
an elementary proof of a central limit theorem (see [25] for more details). After
presenting Trotter’s method, some analogous results concerning the proofs of
limit theorems and the rates of convergence in limit theorems for independent
random variables were demonstrated by Renyi [21], Feller [8], Molchanov [14],
Butzer, Hahn, Westphal, Kirschfink and Schulz [2 - 4], Muchanov [15], Rychlich
and Szynal [22] and Hung [23, 24]. The concluding remarks will be taken up in
the last section.

2. Probability Metrics

Before stating the main results of this paper we review the definitions and prop-
erties of some well-known probability metrics. We will denote by Ψ the set of
random variables defined on a probability space (Ω,A, P ).

Definition 2.1. The mapping d : Ψ×Ψ → [0,∞) is called a probability metric,
denoted by d(X, Y ), if

i. P (X = Y ) = 1 implies d(X, Y ) = 0,
ii. d(X, Y ) = d(Y, X) for random variables X and Y,
iii. d(X, Y ) ≤ d(X, Z) + d(Z, Y ) for random variables X, Y and Z in Ψ.

Definition 2.2. A metric d is called simple if its values are determined by a pair
of marginal distributions PX and PY . In all other cases d is called composed.

It should be noted that, for a simple metric the following forms are equivalent

d(X, Y ) = d(PX , PY ) = d(FX , FY ).

Definition 2.3. A metric d is called ideal of order s ≥ 0 on a subspace Ψ∗ ⊂ Ψ,
if for X, Y, Z ∈ Ψ∗ with X and Y independent of Z, and c 6= 0, the following two
properties hold

i. regularity: d(X + Z, Y + Z) ≤ d(X, Y ),
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ii. homogeneity: d(cX, cY ) ≤ | c |sd(X, Y ).

An interesting consequence of the regularity and homogeneity properties is
the semi additivity of the metric d: Let X1, X2, . . . , Xn and Y1, Y2, . . . , Yn be
two collections of independent random variables, then one has for X, Y with
real numbers cj , 1 ≤ j ≤ n

d(
n∑

j=1

Xj,

n∑

j=1

Yj) ≤
n∑

j=1

|cj|sd(Xj , Yj).

We now turn to some examples for illustration of well-known probability
metrics

1. Kolmogorov metric (Uniform metric). Let us consider the state space Ω =
R = (−∞, +∞), then the Kolmogorov metric is defined by

dK(F, G) := sup
t∈R

∣∣∣F (t) − G(t)
∣∣∣. (2.1)

The Kolmogorov metric assumes values in [0, 1], and is invariant under all
increasing one-to-one transformations of the line.

2. Levy metric. Let the state space Ω = R = (−∞, +∞), then the Levy metric
is defined by

dL(F, G) = inf
δ>0

{
G(x − δ) − δ ≤ F (x) ≤ G(x + δ) + δ, ∀x ∈ R

}
. (2.2)

The Levy metric assumes values in [0, 1]. While not easy to compute, the
Levy metric does metrize weak convergence of measures on R. This metric is a
simple metric.

3. Prokhorov (or Levy-Prokhorov) metric. Let µ and ν be two Borel measures
on the metric space (S, d), then the Prokhorov metric dP is given by

dP (µ, ν) := inf
ε>0

{
µ(A) ≤ ν(Aε) + ε, for all Borel sets A ∈ (S, d)

}
, (2.3)

where Aε := {y ∈ S; ∃x ∈ A : d(x, y) < ε}.
The Prokhorov metric dP assumes values in [0, 1]. It is possible to show that

this metric is symmetric in µ, ν. This metric was defined by Prokhorov as the
analogue of the Levy metric for more general spaces. This metric is theoretically
important because it metrizes weak convergence on any separable metric space.
Moreover, dP (µ, ν) is precisely the minimum distance ”in probability” between
random variables distributed according to µ, ν.

4. Zolotarev metric. The Zolotarev metric for distributions FX and FY is de-
fined by

dZ(X, Y ) := sup
{∣∣∣E[f(X) − f(Y )]

∣∣∣; f ∈ D1(s; r + 1; C(R))
}
, (2.4)
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here C(R) is the set of all real-valued, bounded, uniformly continuous functions
defined on the reals R = (−∞, +∞), endowed with the norm

‖ f ‖ = sup
t∈R

|f(t)|.

Furthermore, for r ∈ N we set Co(R) = C(R),

Cr(R) := {f ∈ C(R) : f (j) ∈ C(R), 1 ≤ j ≤ r, r ∈ N}.

and

D1(s; r + 1; C(R)) :=
{
f ∈ Cr(R);

∣∣f (r)(x) − f (r)(y)
∣∣ ≤

∣∣x − y

∣∣∣∣
s}

.

It should be noted that Cr(R) ⊂ D1(s; r + 1; C(R)) ⊂ C(R),
The Zolotarev metric dZ(X, Y ) is an ideal metric of order 3, i. e. we have

for Z independent of (X, Y ) and c 6= 0,

dZ(X + Z, Y + Z) ≤ dZ(X, Y )

and
dZ(cX, cY ) = |c|3dZ(X, Y ).

It is easy to see that, for Xj and Yj being pairwise independent,

dZ

( n∑

j=1

Xj ,
n∑

j=1

Yj

)
≤

n∑

j=1

dZ(Xj , Yj).

It is well known that convergence in dZ implies weak convergence and it
plays a great role in some approximation problems. For general reference and
properties of dZ we refer to Zolotarev in [26 - 31] or to Gibbs and Edward in
[9], Hutchinson and Ludger in [11] and Ralph and Ludger in [16 - 18].

In addition, we also illustrate some relationships among probability metrics
in (2.1), (2.2) and (2.3) as follows (cf. [9]).
1. For probability measures µ, ν on R with distribution functions F, G,

dL(F, G) ≤ dK(F, G).

2. If G(x) is absolutely continuous (with respect to Lebesgue measures), then

dK(F, G) ≤
(
1 + sup

x
|G

′
(x)|

)
.dL(F, G).

3. For probability measures on R,

dL(F, G) ≤ dP (F, G).

3. The Trotter Operator

In order to present an elementary proof that a sequence {Xn, n ≥ 1} of ran-
dom variables satisfies the central limit theorem, a linear operator was mainly
introduced by Trotter [25]. The operator of Trotter to be dealt with in the
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present section can be called the characteristic operator (or Trotter’s opera-
tor). We recall some definitions and properties of the Trotter operator from
[2, 12, 21,25].

Definition 3.1. By the Trotter operator of a random variable X we mean the
mapping TX : C(R) → C(R) such that

TXf(t) := E[f(X + t)], t ∈ R, f ∈ C(R). (3.1)

The norm of f ∈ C(R) needs to be recalled as

‖ f ‖ = sup
t∈R

|f(t)|.

We need in the sequel the following properties of the Trotter operator (see
[2, 12, 21,25] for more details).

At first, the operator TX is a positive linear operator satisfying the inequal-
ity

‖ TXf ‖≤‖ f ‖,

for each f ∈ C(R).
The equation TXf = TY f for every f ∈ C(R), provided that X and Y are

identically distributed random variables.
The condition

lim
n→+∞

‖ TXnf − TXf ‖ = 0 for f ∈ C(R),

implies that
lim

n→+∞
FXn(x) = FX(x),

for all x ∈ C(F )− the set of all continuous point of F .
Let X and Y be independent random variables, then

TX+Y (f) = TX (TY f) = TY (TXf),

for each f ∈ C(R).
Moreover, if X1, X2, . . . , Xn and Y1, Y2, . . . , Yn are independent random

variables (in each group) and X1, X2, . . . , Xn are independent of Y1, Y2, . . . , Yn,
then for each f ∈ C(R), we have

‖ T∑
n

i=1
Xi

f − T∑
n

i=1
Yi

f ‖≤
n∑

i=1

‖ TXif − TYif ‖ .

and
‖ T n

X − T n
Y ‖≤ n ‖ TXf − TY f ‖ .

For the proofs of these properties we refer the reader to Trotter [25] and Butzer,
Hahn, Westphal [2], Molchanov [14] or Renyi [21] for more details.

The modulus of continuity we denote by

ω(f ; δ) := sup
|h|<δ

‖ f(. + h) − f(.) ‖, f ∈ C(R), δ > 0.
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Of course, we have

lim
δ→0

ω(f ; δ) = 0

and for each λ > 0,

ω(f ; λδ) ≤ (1 + λ)ω(f ; δ).

The detailed discussions of the properties of the modulus of continuity can
be found in [2 - 4].

4. The Trotter Metric

In this section the definition and properties of a probability metric basing on
Trotter operator are considered. Some relationships with well-known probabil-
ity metrics are established, too.

Definition 4.1. The Trotter metric dT (X, Y ; f) of two random variables X
and Y related to a function f is defined by

dT (X, Y ; f) = sup
t∈R

{∣∣Ef
(
X + t

)
− Ef

(
Y + t

)∣∣; f ∈ Cr(R)
}

.

The most important properties of the Trotter metric are summarized in the
following. The proofs are easy to get from the properties of the Trotter operator
(see [2, 12, 14, 25] for more details).
1. dT (X, Y ; f) is a probability metric.

It is easy to see that, if P (X = Y ) = 1 then

supt

{∣∣Ef
(
X + t

)
− Ef

(
Y + t

)∣∣; f ∈ Cr(R)
}

= 0,

in Definition 2.1 we have i) holds. The condition ii) is trivial, and the condition
iii) follows from triangle-inequality.
2. dT (X, Y ; f) is not a ideal metric because neither regularity nor homogeneity

holds.
3. If dT (X, Y ; f) = 0 for f ∈ Cr(R), then FX = FY .
4. Let {Xn, n ≥ 1} be a sequence of random variables and X be a random

variable. Then, for all x ∈ C(F ),

lim
n→+∞

FXn(x) = FX (x)

if
lim

n→+∞
dT (Xn, X; f) = 0, for f ∈ Cr(R).

5. Let X1, X2, . . . , Xn and Y1, Y2, . . . , Yn be two collections of independent
random variables, then

dT

( n∑

j=1

Xj ,

n∑

j=1

Yj ; f
)

≤
n∑

j=1

dT

(
Xj, Yj ; f

)
.
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6. In the case when X1, X2, . . . , Xn and Y1, Y2, . . . , Yn are two collections of
independent identically distributed random variables, then

dT

( n∑

j=1

Xj ,
n∑

j=1

Yj ; f
)

≤ ndT

(
X1, Y1; f

)
.

7. If N is a positive integer-valued random variable independent of

X1, X2, . . . , Xn and Y1, Y2, . . . , Yn,

then

dT

( N∑

j=1

Xj ,

N∑

j=1

Yj; f
)

≤
∞∑

n=1

P (N = n)
n∑

j=1

dT

(
Xj , Yj; f

)
.

A special interest in approximation problems is the connection between the
Trotter metric and other well known metric such as the dZ metric in (2.4), and
Prokhorov-metric dP in (2.3), who metrizes weak convergence. We have the
following (see for more details in [1, 4, 9, 11]).
8.

cs sup{dT (X, Y ; f)1/(1+s); f ∈ D1(s; r + 1; C(R)} ≥ dP (| X |, | Y |),

where cs is a constant .
9. (Recall Theorem 8, [4])

dT (X, Y ; f) ≤ E[|X − Y |s], 0 < s ≤ 1,

where

f ∈ Ds =
{

f ∈ C(R) ∩Lip(α)
fr ∈ C(R) ∩ Lip(α), s = r + α, r ≥ 1, α ∈ (0, 1], s > 1.

10. (Recall from Lemma 2, [26])

dZ(X, Y ) ≤ Γ(1 + α)
Γ(1 + s)

{
E|X|s + E|Y |s

}
with s > 0,

where s = r + α, r ≥ 1, α ∈ (0, 1].
11. (cf.[11]) Let s = r + α, r ∈ N ∪ {0}, α ∈ (0, 1], then there exists a constant

cs, such that for X and Y,

d1+s
P (|X|, |Y |) ≤ csdZ(X, Y ).

12. (cf. [11]) In comparison with the Zolotarev metric dZ , there holds

sup
{
dT (X, Y ; f); f ∈ D1(s; r + 1; C(R))

}
= dZ(X, Y ).

5. Applications

The above relationships will help to solve some approximation problems in
theory of limit theorems via Trotter metric.
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First at all, we recall a well-known theorem due to Petrov (see [25, Theorem
28, page 349]), which related to the rate of convergence in weak law of large
numbers.

Theorem Petrov. [25] Let {Xn, n ≥ 1} be a sequence of identically inde-
pendent distributed (i.i.d.) random variables with zero means and finite r-th
absolute moments E(| Xj |r) < +∞ for r ≥ 1 and for j = 1, 2, . . .n. Then,

P (|Sn| > ε) = o(n−(r−1)), as n → +∞,

where Sn = n−1
∑n

j=1 Xj .

We are now interested in the rate of convergence of the Trotter metric to
zero,

dT (Sn; X0; f) → 0 as n → +∞.

Theorem 5.1. Let {Xn, n ≥ 1} be a sequence of i.i.d. random variables
with zero expectation and finite r-th absolute moments E(| Xj |r) < +∞ for
r ≥ 1 and for j = 1, 2, . . .n. Then, for every f ∈ Cr(R), we have the following
estimation

dT (Sn; X0; f) = o(n−(r−1)), as n → +∞. (5.1)

Proof. By the same method used in [23], since f ∈ Cr(R), we have the Taylor
expansion

f(n−1Xj+t) =
r∑

k=0

f (k)(t)
k!

n−kXk
j +(r!)−1

[
f (r)(t + θ1n

−1Xj) − f (r)(t)
]
(n−1Xj)r,

where 0 < θ1 < 1.
Taking the expectation of both sides of the last equation, we have

E
[
f(n−1Xj + t)

]
=

r∑

k=0

f (k)(t)
k!

n−kE(Xj)k

+ (r!)−1

∫

R

[
f (r)(t + θ1n

−1x) − f (r)(t)
]
(n−1x)rdFXj (x),

where 0 < θ1 < 1.
Then

∣∣E
[
f(n−1Xj + t)

]
− f(t)

∣∣ ≤
r∑

k=1

[
(k!nk)−1‖ f (k) ‖E|Xj|

k]

+ [(r!nr)−1]
∫

R

∣∣f (r)(t + θ1n
−1x) − f (r)(t)

∣∣.|x|rdFXj (x),

(5.2)

where ‖ f (k) ‖ = sup
t∈R

|f (k)(t)|, 1 ≤ k ≤ r.

Since f ∈ Cr(R), it follows that ‖ f (k) ‖ ≤ M1 = const, and because
E|Xj|k < +∞ for k = 1, 2, . . . , r, we get
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r∑

k=1

[
(k!nk)−1‖ f (k) ‖E|Xj |

k]
= o(1), as n → +∞. (5.3)

Subsequently, by estimating the integral of right hand side of (5.2), we get

[(r!nr)−1]
∫

R
|f (r)(t + θ1n

−1x) − f (r)(t)|.|x|rdFXj (x)

= [(r!nr)−1]
∫

|x|≤nδ(ε)

|f (r)(t + θ1n
−1x) − f (r)(t)|.|x|rdFXj (x)

+ [(r!nr)−1]
∫

|x|>nδ(ε)

|f (r)(t + θ1n
−1x) − f (r)(t)|.|x|rdFXj (x) = I1 + I2.

Because f ∈ Cr(R), so for every ε > 0, there is δ(ε) > 0, such that, for
|n−1x| ≤ δ(ε), we find

|f (r)(t + θ1n
−1x) − f (r)(t)| < ε.

It follows that

I1 ≤ ε

∫

R
|x|rdFXj (x) = εE|X|r . (5.4)

Since E|X|r < +∞, so we get, for every ε > 0, and for n sufficiently large, we
obtain

I2 ≤ 2ε‖ f (k) ‖. (5.5)

Combining (5.4) and (5.5) and since ε is arbitrary positive number, so we have

sup
t
|Ef(n−1Xj + t) − f(t)| = o(n−r) as n → +∞. (5.6)

Then we get, for f ∈ Cr(R), using the properties of dT ,

dT (Sn; X0; f) ≤ ndT (n−1Xj ; n−1X0
j ; f).

We get the complete proof dT (Sn; X0; f) = o(n−(r−1)) as n → +∞. �

Let now {Nn; n ≥ 1} be a sequence of random variables which assume only
positive integer values and which are supposed to obey the relation

Nn → +∞ (in probability) as n → +∞

and

P (Nn = n) = pn ≥ 0;
+∞∑

n=1

pn = 1.

Suppose that the Nn, n ≥ 1 are independent of random variables X1, X2, . . . .
Then we can deduce from Theorem 5.1 the following result.

Theorem 5.2. Let {Xn; n ≥ 1} be a sequence of i.i.d. random variables
with zero expectation and let for r ≥ 1, j = 1, 2, . . . , E|Xj|r < +∞. Let further
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{Nn; n ≥ 1} be a sequence of positive integer-valued random variables satisfying
the above conditions. Then, for every f ∈ Cr(R), the relation

dT (SNn ; X0; f) = o(E(Nn)−(r−1)) as n → +∞ (5.7)

is valid.

Proof. The proof rests upon the inequality of property 7, Sec. 4 and (5.1) using
the same method as the proof of Theorem 5.1. �

Theorem 5.3. Let {Xn, n ≥ 1} be a sequence of i.i.d. random variables with
mean zero and 0 < V ar(Xj) = σ2 ≤ M2 < +∞, for every j = 1, 2, . . .n. Then,
for every f ∈ C(R), we have the following estimation

dT (Sn; X0; f) ≤ (2 + M2)ω(f ; n− 1
2 ). (5.8)

Proof. We first observe that E(Sn) = 0, and

V ar(Sn) = E(S2
n) =

σ2

n
.

Let us denote λ =
[ |Sn |

δ

]
+ 1, ∀δ > 0. For f ∈ C(R), using the properties of

the modulus of continuity of the function f , we have

|f(Sn + t) − f(t)| ≤ ω(f ; λδ) ≤ (1 + λ)ω(f ; δ).

Clearly,
dT (Sn; X0; f) ≤ ω(f ; δ)E(1 + λ) ≤ ω(f ; δ)(1 + E(λ2))

≤ ω(f ; δ)(2 +
E(S2

n)
δ2

) ≤ ω(f ; δ)(2 +
σ2

nδ2
).

The complete proof follows by taking δ = n− 1
2 and σ2 ≤ M2. �

Remark 5.1. By taking r = 1 from (5.1) we get the weak law of large in
Khinchin form (see [8, 19, 21]).

Remark 5.2. By taking r = 1 from (5.7) we get the random weak law of large.

Remark 5.3. Because of (5.8), using the fact that ω(f ; n− 1
2 ) → 0 as n → +∞,

the weak law of large in Chebyshev form (see [8, 15, 17]) will be received.

6. Concluding Remarks

We conclude this paper with the following comments, and the interested reader
is referred to [16] for more details. Let Xn be a sequence of the numbers of key
comparisons needed by the Quick sort algorithm to sort an array of n randomly
permuted items satisfies Xo = 0 and the recursion

Xn
d= XIn + X

′

n−1−In
+ n − 1, n ≥ 1,
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where d= denotes equality in distribution, (Xn), (X
′

n), In are independent, In

are uniformly distributed on {0, 1, . . .n−1}, and Xk ∼ X
′

k, k ≥ 0, where ∼ also
denotes equality of distributions.

The distribution of the number of key comparisons Xn of the Quick sort
algorithm needed to sort an array of n randomly permuted items is known
to converge after normalization in distribution as n → ∞. Recently, some es-
timates for the rate of the convergence were upper estimates 0(n− 1

2 ) in the
minimal lp metric, p ≥ 1, and 0(n− 1

2+ε ) for the Kolmogorov metric for all ε > 0
as well as the lower estimates 0( ln(n)

n
) for the lp metric, p ≥ 2, and 0( 1

n
) for the

Kolmogorov metric.
It is to be noticed that some indication was given that 0

(
ln n
n

)
might be the

right order of the rate of convergence for many metrics. And this conjecture
for the Zolotarev metric dZ was confirmed in [16]. An interesting question can
be raised for further study whether the same order of the rate of convergence
in Trotter metric dT can be found? We shall take this up in the next paper.
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