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Abstract. In this paper, we consider the irreducible quadratic perturbation for

the third dimensional linear oscillator. Using the Poincare method, we investigate

conditions guaranteeing existence (lack) of periodic solutions. Also, we study the role

of the iterative derivatives of the displacement function on constitution of periodic

solutions, the type of the stability and global bifurcation of the system.
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1. Introduction

Third order differential equations are recently the subject of much research, spe-
cially, because of their role in modeling of natural phenomena, spatial oscillatory
systems are of great importance. These kinds of equations arise in biology [9, 12]
and physical behaviour of a fluid [2, 3, 10, 17]. Although, there are a few papers
for the persistence of the periodic solutions [4 - 8, 19], but for almost all of them,
the existence of a family of periodic solutions for a primary system is assumed.
Therefore, the major problem is still finding periodic solutions for the primary
system. Because of the topological characteristics of the three-dimensional space,
the investigation of periodic solutions for the nonlinear third-order differential
equations is a difficult problem. The three dimensional linear oscillator appears
in some phenomena such as turbulent fluid dynamics [1, 16]. The concept of this
oscillatory system is adopted from linear oscillation in a plane, which is modeled
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by the equation

ẍ + ω2x = 0.

This introduces an object moving on an ellipse in xy−plane. Differentiating the
above equation, we obtain

˙̈x + ω2ẋ = 0, (1)

which is known as the three dimensional linear oscillator and introduces an object
moving on an ellipse in xyz−space. In paper [14], the authors considered the
equation

˙̈x + ω2ẋ = µ(
∂f(x, ẋ)

∂x
ẋ +

∂f(x, ẋ)
∂ẋ

ẍ). (2)

They showed that the system can be reduced to a second order differential
equation, furthermore, if ∂2f

∂x∂ẋ(0, 0) 6= 0, then (2) has infinitely many periodic
solutions making a cylinder along the x-axis. Also, they considered the case
f(x, ẋ) = ax2 + bxẋ + cẋ2 and imposed conditions on a, b and c, such that
the system has infinitely many homoclinic orbits and periodic solutions. They
left the case that the equation (2) cannot be reduced to a planar system. The
irreducible quadratic perturbation of (1), i.e.

˙̈x + ω2ẋ = Ax2 + Bẋ2 + Cẍ2 + axẋ + bxẍ + cẋẍ,

can be written as below

˙̈x + ω2ẋ = Ax2 + (B − b)ẋ2 + Cẍ2

︸ ︷︷ ︸
irreducable terms

+
∂f(x, ẋ)

∂x
ẋ +

∂f(x, ẋ)
∂ẋ

ẍ
︸ ︷︷ ︸

reducable terms

,

where, f(x, ẋ) = a
2
x2 + bxẋ + c

2
ẋ2. As it is mentioned above, the effect of

reducible quadratic terms has been studied in [14]. In what follows, we will
study the effect of irreducible quadratic terms and consider the equation

˙̈x + ω2ẋ = Ax2 + Bẋ2 + Cẍ2. (3)

Because of the form of the above equation, many of analytical methods (such as,
center manifold, normal form, averaging methods and functional analysis meth-
ods) are not suitable for investigating periodic solutions of the system. Therefore,
we will apply the Poincare method to find periodic solutions. However, because
of the complexity of the formula, computing the derivatives of the Poincare map
is a very long process, such that we can say, manual computation and simplifica-
tion of the formula are almost impossible. So, constructing of the displacement
function and the further computations and simplifications in Sec. 3 (and some
parts of Sec. 2) are done by using algebraic methods and computer softwares.
In Sec. 2, we will re-scale (3) and obtain an irreducible small perturbed system.
Then, we will study the structure of the Poincare map and introduce the cor-
responding main distance variation function. Sec. 3 is devoted to the periodic
solutions. We will investigate conditions guaranteeing existence (lack) of peri-
odic solutions. We will see that iterative derivatives of the Poincare map play
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important role in existence and stability of the periodic solutions. Also, they
may cause global bifurcation for the system. Finally, in Sec. 4, we will re-scale
the small perturbed equation and derive the results obtained in Sec. 3, for the
irreducible quadratic system (3).

2. Construction of Poincare Map

Consider the equation (3) and put µa = A, µb = B, µc = C, then we can
write

˙̈x + ω2ẋ = µ[ax2 + bẋ2 + cẍ2].

One more time, putting x̄(t) = 1
ω
x( t

ω
), ā = a

ω2 , b̄ = b, c̄ = ω2c, after dropping
the bars, we obtain

˙̈x + ẋ = µ[ax2 + bẋ2 + cẍ2].

The above equation can be written by the vector form

X
′
=




0 1 0
0 0 1
0 −1 0




︸ ︷︷ ︸
A

X + µ




0
0

ax2 + by2 + cz2




︸ ︷︷ ︸
F (x,y,z)

. (4)

Let Φ(t, ζ, µ) = (φ1, φ2, φ3) be the flow of (4) such that Φ(0, ζ, µ) = ζ. If
Φ(T, ζ0, µ) − ζ0 = 0 then (4) has periodic solutions, indeed, Φ(t, ζ0, µ) is the
periodic solution with period T . We can expand Φ for µ = 0 and obtain

Φ(t, ζ, µ) = Φ(t, ζ, 0)+µΦµ(t, ζ, 0)+
µ2

2
Φµ2(t, ζ, 0)+· · ·+µn

n!
Φµn(t, ζ, 0)+o(µn+1).

Therefore, finding periodic solutions for (4) turns to the problem

0 = Φ(T, ζ, 0)−ζ+µΦµ(T, ζ, 0)+
µ2

2
Φµ2 (T, ζ, 0)+· · ·+ µn

n!
Φµn (T, ζ, 0)+o(µn+1).

In the above formula, the subscripts denote partial derivatives. Because we
naturally consider |µ| small, so the period T must be such that Φ(T, ζ, 0)−ζ = 0.
On the other hand, the map Φ(t, X, 0) is the flow of the linear oscillator Ẋ = AX
with the corresponding fundamental matrix

χ(t) =




1 sin t (1 − cos t)
0 cos t sin t
0 − sin t cos t


 .

Hence, Φ(t, ζ, 0) = χ(t)ζ. This implies T = 2Nπ. Therefore, we can introduce
the (first) displacement function (for N = 1) as below

d(ζ, µ) = Φµ(2π, ζ, 0) +
µ

2
Φµ2(2π, ζ, 0) + · · ·+

µn−1

n!
Φµn (2π, ζ, 0) + o(µn). (5)
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The map ζ 7→ Φµ(2π, ζ, 0) is called the main distance variation function. This
is because of the fact that, for |µ| small, the values of displacement function
d(ζ, µ) is well near to the values of Φµ(2π, ζ, 0) i.e. d(ζ, µ) = Φµ(2π, ζ, 0)+o(µ).
The function Φµk (t, X, 0), k = 1, 2, ..., is the solution of the k−th variational
equation. Differentiating (4) with respect to µ we obtain

Φ
′

µ = A Φµ + F (Φ) + µDF (Φ)Φµ = A Φµ + F (Φ) + 2µ




0
0

< Φ̄, Φµ >


 , (6)

where Φ̄ = (aφ1, bφ2, cφ3), and < ., . > denotes the inner product of vectors.
Computing the n−th derivative of Φ with respect to µ, for n ≥ 2, we obtain

Φ
′

µn = [A + µDF (Φ)] Φµn +
n−2∑

k=0

[
n

(
cn − 2

k

)
DF (Φµk )

+ µ

(
cn − 1
k + 1

)
DF (Φµk+1 )

]
Φµn−k−1 .

This implies

Φ
′

µn(t, ζ, 0) = AΦµn , (t, ζ, 0)

+
n−2∑

k=0

n

(
cn − 2

k

)
DF (Φµk (t, ζ, 0))Φµn−k−1 (t, ζ, 0), n ≥ 2.

Therefore, by the constant formula, we have

Φµn (t, ζ, 0) = χ(t)
∫ t

0

χ−1(s)
n−2∑

k=0

n

(
cn − 2

k

)
DF (Φµk(s, ζ, 0))Φµn−k−1 (s, ζ, 0) ds

(7)

=
n−2∑

k=0

2n

(
cn − 2

k

)
χ(t)

∫ t

0

< Φ̄µk , Φµn−k−1 >




c(1 − cos s)
− sin s
cos s


 ds.

(8)

The above equation helps us to compute iterative derivatives of Φ with respect
to µ. For the first step, let Φµ(2π, ζ, 0) = (f1, f2, f3). It can be checked from (6)
that

f1 = π[(b + c)(y2 + z2) + a(2x2 + y2 + 5z2 + 6xy)],
f2 = −π[2ay(x + z)], (9)
f3 = −2aπ[z(x + z)],

where, ζ = (x, y, z) ∈ R3. The solutions of the equation Φµ(2π, ζ, 0) = 0
can be find with respect to the parameters a, b, c and variables x, y, z. As we
will see later, under some conditions on the parameters a, b, c, the solutions of
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Φµ(2π, ζ, 0) = 0 are simple. The next theorem is probably well known, but we
write it to have continuation of theory.

Theorem 2.1. If ζ0 is a simple zero of the main distance variation function,
then for |µ| small enough, the displacement function d(ζ, µ) has a simple zero
ζµ = ζ0 + o(µ).

Proof. It is a direct application of the implicit function theorem. �

Now, we need to show some facts about the eigenvalues of the displacement
function. Let P (ζ, µ) be the Poincare map of (4) based on the 2π time flow and
let λ ∈ R be a real constant. By equation (5), we have P (ζ, µ) − ζ = µd(ζ, µ).
Therefore, we can write

(DP (ζ, µ) − I) − µλI = µ(Dd(ζ, µ) − λI),

where, D is the differential operator with respect to ζ. This shows that, for
µ 6= 0, λ is an eigenvalue for Dd(ζ, µ), if and only if, 1 + µλ is an eigenvalue
for DP (ζ, µ). On the other hand, if λ0 is an eigenvalue for DΦµ(ζ, 0), such
that ∂

∂λ
det (DΦµ(ζ, 0) − λI)|λ=λ0 6= 0, then for |µ| small enough, d(ζ, µ) has

an eigenvalue λ = λ0 + o(µ). The next lemma shows the relationship between
the eigenvalues for the main distance variation function and the displacement
function.

Lemma 2.2. Suppose that λi(µ) (i = 1, 2, 3) is an eigenvalues for Dd(ζ, µ).
Then, λi(µ) is smooth; furthermore, if λi(µ) = λ0i + o(µ) is the Taylor expan-
sion of λi(µ), then, λ0i is an eigenvalue for DΦµ(ζ, 0). Moreover, if λ0 is an
eigenvalue for DΦµ(ζ, 0), then, there exists an eigenvalue λi(µ) for Dd(ζ, µ)
such that λi(0) = λ0.

Proof. Because of the smoothness of the determinant function, the smoothness
of λi(µ) is obvious. Now let λi(µ), i = 1, 2, 3, be the eigenvalues for Dd(ζ, µ),
then

det (Dd(ζ, µ) − λI) = (λ − λ1(µ))(λ − λ2(µ))(λ − λ3(µ)).

Therefore,

det (DΦµ(ζ, 0) − λI) + o(µ) = (λ − λ01)(λ − λ02)(λ − λ03) + o(µ).

This shows that λ0 is an eigenvalue for DΦµ(ζ, 0) if and only if, for some 0 ≤
i ≤ 3, λ0 = λi0. This completes the proof. �

Corollary 2.3. By the above lemma, λ0 is an eigenvalue for DΦµ(ζ, 0), if
and only if, there exists an eigenvalue λ(µ) for DP (ζ, µ), such that λ(µ) =
1 + µλ0 + o(µ2). Also, similar method yields the same relation between the
iterative derivatives of the eigenvalue λ(µ) and the eigenvalues for the iterative
derivatives of the displacement function.
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3. Periodic Solutions

Let us consider the equation (4); we recall from [15] that, if a, b, c are non-
positive (non-negative), then the equation does not have any periodic solution
or homoclinic orbit. The equation (4) shows that any periodic solution of the
system intersects the plane y = 0 for at least two different points. This is
because of the fact that, if a nontrivial periodic solution γ(t) = (x(t), y(t), z(t))
with period T , intersects the plane for at most one point γ(t0) = (x0, 0, z0),
then for t ≥ t0, we have y(t) > 0 (or y(t) < 0, depending on the sign of z0).
Hence, 0 = x(T + t0) − x(t0) =

∫ T+t0
t0

y(t)dt > 0, which is a contradiction. This
shows that the plane y = 0 is an appropriate cross section for the Poincare map.
Similar proof indicates that any periodic solution intersects the plane z = 0 for
at least two different points. Let us consider the time flow for t = 2π and define
the Poincare map P (ξ, µ) = Φ(2π, ζ, µ), where ξ = (x, z) is a point of the plane
y = 0. Then, we expand P (ξ, µ) for µ = 0 and obtain the displacement function

d(ξ, µ) = Φµ(2π, ζ, 0) +
µ

2
Φµ2(2π, ζ, 0) + · · ·+ µ(n−1)

n!
Φµn (2π, ζ, 0) + o(µn).

If, for ζ0, Φµ(2π, ζ0, 0) 6= 0, then, for all 0 < |µ| small enough, d(ξ, µ) 6= 0. This
means that the solution through ζ0 is not periodic. The next theorem present
conditions guaranteeing lack of periodic solutions. The theorem shows that, if
a + b + c 6= 0, then, as 0 < |µ| tends to zero, the periodic solutions of the system
vanish; however, for µ = 0, the system has only periodic solutions.

Theorem 3.1. Consider the equation (4) and suppose that A ⊂ R2 is a compact
subset of the plane y = 0 such that A does not contain any fixed points of the
system. If a+b+c 6= 0 or a = 0 then, there exists µ0 ≥ 0 such that, for |µ| < µ0,
the equation (4) does not have any periodic solution through A.

Proof. We consider the system in two cases.

Case one, a 6= 0 and a + b + c 6= 0: In this case, the only fixed point of the
system is the origin, so A is a compact set which does not contain the origin. If
f3(x, 0, z) = 0 then, z = 0 or z = −x. In the first case (i.e. z = 0 ), f1(x, 0, 0) =
2aπx2. In the second case (i.e. z = −x), f1(x, 0,−x) = (a + b + c)πx2. This
implies that the only solution of Φµ(2π, ζ, 0) = 0 is ζ = 0. Hence, there exists
M > 0, such that, for any ζ ∈ A, ‖Φµ(2π, ζ, 0)‖ > M . Moreover, for ζ ∈ A,
there exists an open neighborhood Vζ containing ζ and 0 < µζ such that for each
p ∈ Vζ and 0 < |µ| < µζ , we have d(p, µ) 6= 0. Therefore, the orbit of p is not a
periodic orbit. Suppose that A ⊂ Vζ1 ∪ ...∪ Vζk and 0 < µ0 = min{µζ1 , ..., µζk},
then, for 0 < |µ| < µ0 and ζ ∈ A, d(ξ, µ) 6= 0, hence, the orbit of ζ is not a
periodic orbit.

Case two, a = 0: In this case, any point on the x−axis is a fixed point for
the system, so A does not have any intersection with the x−axis. First let
b + c 6= 0. It is easy to see from (9) that for ζ ∈ A, φ1µ(2π, ζ, 0) = 2(b + c)z2

and φ2µ(2π, ζ, 0) = φ3µ(2π, ζ, 0) = 0. This means that, there exists M > 0 such
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that for any ζ ∈ A, ||Φµ(2π, ζ, 0)|| > M . Similar method, like the case one,
proves the existence of µ0. Now, suppose that b + c = 0 (obviously b, c 6= 0),
then Φµ(2π, ζ, 0) = 0, however, Φµ2 (2π, ζ, 0) = (0,−2

3πc2z3, 0), which shows
that restriction of Φµ2(t, ζ, 0) to A is always nonzero. The same proof, like what
we did for the case one, completes the proof. �

Now, this question arises that what happens, if the condition of Theorem
3.1 is reversed or if |µ| is not small enough in the sense of Theorem 3.1. Note
that Theorem 3.1 shows that, if |µ| is arbitrarily small, the necessary condi-
tion for existence of periodic solution is a 6= 0 and a + b + c = 0. So to find
periodic solutions for the system, we have to consider a = −(b + c) 6= 0. Be-
fore that, assume that h : R3 → R is a function and X ∈ R3 is a point such
that Φµ(t, X, 0) = h(a, b, c)V1(t, X), where, V1 : R × R3 → R3 is a smooth
map. Using (7), for any k ≥ 2, we have Φµk (t, X, 0) = h(a, b, c)Vk(t, X), where
Vk : R × R3 → R3 is a smooth map. We will use this property in the following
theorem and prove the existence of periodic solutions for the system.

Theorem 3.2. Consider the equation (4) with b = a+c = 0. Also, suppose that
U ⊂ R3 is an open set containing the origin. Let 0 < µ0 be such that for |µ| < µ0

and ζ ∈ U , Φ(2π, ζ, µ) is an analytic function with respect to the parameter µ.
Then, any solution through (x, y,−x) ∈ U is periodic with period 2π.

Proof. If a = 0 then c = 0; therefore, the equation (4) has only periodic solutions.
Assume that a 6= 0. If ζ = (x, y,−x) ∈ U and b = 0, then equation (7) yields
that

Φµ(t, ζ, 0) = (a + c)V1(ζ, t),

where,

V1(ζ, t) =

=




– 1
12

[
x2(6t–4 sin t– sin 2t)+y2(6t–8 sin t+ sin 2t)+xy(6–8 cos t+2 cos 2t)

]
2
3

[
x2(2 + cos t) + y2(1 − cos T ) + 2xy sin t

]
sin2 t

2
1
3

[
x2(2 cos t

2 + cos 3t
2 ) + y2(2 cos t

2 − cos 3t
2 ) = 2xy sin 3t

2

]
sin t

2


 .

This implies that, for any integer k ≥ 0,

Φµk (t, ζ, 0) = (a + c)Vk(x, t).

Since for |µ| < µ0, Φ(2π, ζ, µ) is analytic, so we can expand it for µ = 0 and
obtain

d(ζ, µ) = (a + c)
[
V1(ζ, 2π) +

µ

2
V2(ζ, 2π) + · · ·+ µn

(n + 1)!
Vn+1(ζ, 2π) + · · ·

]
.

Therefore, if a + c = 0, then d(ζ, µ) ≡ 0, i.e. any solution of (4) through
ζ = (x, y,−x) ∈ U is a 2π periodic solution. �

The proof of the above theorem shows that if Φ(2π, ζ, µ) is analytic, then
the value of µ does not effect on the periodic solutions, i.e. even for big values
of |µ|, the system has periodic solutions through the plane x + z = 0.
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Now, we turn to the case that |µ| is not small. If µ = 0, then any solution
through ζ = (x, 0, z) returns to the plane y = 0 for t = 2π. In fact, the first
return time to the plane is T = 2π. Let A ⊂ R2 be a bounded subset of the
plane y = 0. If 0 < |µ| is sufficiently small, then by the continuity theorem of
solutions [13, 11], any solution through A intersects the plane y = 0 for a return
time T (µ, x, z) = 2π + o(µ), however, as we will see later, this return time may
be non-equal to 2π. Let, for ξ = (x, z), T (ξ, µ) denote the first return time.
Then, the Poincare map has the form.

P (ξ, µ) = Φ(T (ξ, µ), (x, 0, z), µ)

=(x, 0, z) + µ
(
Tµ(ξ, 0)Φ̇(2π, (x, 0, z), 0) + Φµ(2π, (x, 0, z), 0)

)
+ · · ·+ o(µn+1).

Therefore, we have the displacement function defined on the plane y = 0 with
the form

d(ξ, µ) =




φ1µ(2π, ξ, 0)
zTµ(ξ, 0)

φ3µ(2π, ξ, 0)


+ · · ·+ o(µn),

where the maps φiµ(2π, ξ, 0) = fi(x, 0, z), i = 1, 2, 3, are given by (9), further-
more, Tµ(ξ, 0) = 0. Using the fact that φ2(T (µ, ξ), ξ, µ) = 0, we can compute
the iterative derivatives of T (µ) and find

T (µ) = 2π +
µ2

2
(
−φ2µ2

z
) +

µ3

6
(
−3φ3µφ2µ2 + zφ2µ3

z2
) + o(µ4), (10)

where, all partial derivatives are computed for µ = 0, t = 2π and ζ = (x, 0, z). It
is easy to check from (7) that if b = 0 then, for µ = 0, all higher order derivatives
of T (µ) are equal to zero. This means that, if T is analytic, then for b = 0, the
first return time from the plane y = 0 to itself is T = 2π. Hence again, we have
the situation of Theorem 3.2. However by assuming b 6= 0, then, for |µ| 6= 0
small enough, we have T (µ) 6= 2π. In this case, using (10), we can find the
second and third terms of the displacement function d(ξ, µ). After computation
and simplification, we obtain

d(ξ, µ) =
(

d1(ξ, µ)
d2(ξ, µ)

)
(11)

=
(

φ1µ

φ3µ

)

︸ ︷︷ ︸
L(ξ)

+
µ

2

(
φ1µ2

φ3µ2

)
+

µ2

6




−
−2φ2µφ2µ2

z
+ φ1µ3

φ3µ3 − 3czφ2µ2 +
3(−ax2 + φ2µ)φ2µ2

z


+ o(µ3),

(12)

also, because it is always equal to zero, the second row is omitted by the definition
of the Poincare map. If L(ξ0) 6= 0, then for |µ| small enough, d(ξ0, µ) 6= 0. The
next proposition proves the existence of periodic solutions for the system.

Proposition 3.3. Consider the equation (4) with b(b + c) 6= 0. Then, for any
|µ| sufficiently small, there exist a = −(b + c) + o(µ) and z = −x + o(µ) such
that the solution through ζ = (x, 0, z) is periodic.
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Proof. Suppose that b + c, x 6= 0. We define the map

dx : R3 → R2

(z, a, µ) 7→ d(x, z, µ) = L(x, z) + o(µ).

Then, dx(−x,−(b + c), 0) = 0, but

det
[
D(z,a)d

x(−x,−(b + c), 0)
]

= 2(b + c)π2x3 6= 0.

Therefore, by the implicit function theorem, for |µ| > 0 small enough, there
exist z = −x + o(µ) and a = −(b + c) + o(µ) such that d(x, z(µ), µ) = 0. This
completes the proof. �

It is easy to check from (5) that a(µ) = −(b+c)+o(µ) and z(µ) = −x+o(µ),
d(x, z(µ), µ) = 0, hence,

D(z,a)d(ξ, µ)
(

zµ(µ)
aµ(µ)

)
+

∂d

∂µ
(ξ, µ) = 0. (13)

Therefore, (
zµ(0)
aµ(0)

)
= −

[
D(z,a)d(ξ, 0)

]−1 ∂d

∂µ
(x,−x, 0)

=
[
D(z,a)L(x, z)

]−1
(

φ1µ2

φ3µ2

)
,

where, the functions are computed for ζ = (x, 0 − x), t = 2π, a = −(b + c)
and µ = 0. After simplification, we find that zµ(0) = aµ(0) = 0. Again,
differentiating (13), for µ = 0, we find that

(
zµ2 (0)
aµ2(0)

)
= −1

3
[D(z,a)L(x,−x)]−1

(
−−2φ2µφ2µ2

z
+ φ1µ3

φ3µ3 − 3czφ2µ2 +
3(−ax2+φ2µ)φ2µ2

z

)
.

After simplification, finally we have,

z(µ) = −x−b(b+2c)
x2µ2

3
+o(µ3), a(µ) = −(b+c)−b(b2+5bc+4c2)

x2µ2

4
+o(µ3).

(14)
We need the above equations to compute the eigenvalues for the corresponding
fixed point. The eigenvalues are computed by

det [Dd(x, z(µ), µ) − λ(µ)I2×2]

= det
(

d1x(x, z(µ), µ) − λ(µ) d1z(x, z(µ), µ)
d2x(x, z(µ), µ) d2z(x, z(µ), µ)− λ(µ)

)
= 0,

or equivalently,

λ2(µ) −
[
d1x(x, z(µ), µ) + d2z(x, z(µ), µ)

]
λ(µ) + det [Dd(x, z(µ), µ)] = 0.

We define

U (λ, µ) = λ2(µ) −
[
d1x(x, z(µ), µ) + d2z(x, z(µ), µ)

]
λ(µ) + det [Dd(x, z(µ), µ)],
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then, we have U (λ(µ), µ) = 0. Expanding the map U (λ(µ), µ) for µ = 0, we get

U (λ(0), 0) + µ
[
Uλλ

′
(0) + Uµ

]
+

µ2

2
[
Uλ2λ

′2
(0) + 2Uλµλ

′
(0) + Uµ2 + Uλλ

′′
(0)
]
+

o(µ3).

Using (5) and (13), finally we obtain

λ(0) +
µ2

2
[
2λ

′2
(0) − 2b(b + c)2(b + 4c)π2x4

]
+ o(µ3) = 0.

Therefore, by Lemma 2.2, the eigenvalues for the corresponding fixed point are
given by

λ1,2 = 1 +
− µ2

[
πx2(b + c)

√
b(b + 4c)

]
+ o(µ3).

This implies that, for b(b + 4c) < 0 and |µ| small enough, the eigenvalues have
nonzero imaginary part and their modules are greater that 1. Hence, the periodic
solution is a hyperbolic repelling orbit; but, for b(b+4c) > 0 and |µ| small enough,
the periodic solution is a hyperbolic saddle orbit. This means that for b = −4c
a global bifurcation occurs for the system. The next theorem summarizes the
results

Theorem 3.4. Consider the equation (4) with b(b + c) 6= 0. Then, for each
x 6= 0 and |µ| small enough, there exist z(µ) and a(µ) (given by (14)) such that
the orbit through ζ(µ) = (x, 0, z(µ)) is periodic. Furthermore, if b(b + 4c) < 0
then, the periodic orbit is a hyperbolic repelling orbit, and if b(b + 4c) < 0 then,
the orbit is a hyperbolic saddle orbit. This means that, for b = −4c a global
bifurcation occurs for the system.

Proof. It is obvious by Proposition 3.3 and the above discussion. �

4. Conclusion

In this paper we considered the effect of the irreducible quadratic terms on the
three dimensional linear oscillator, i.e.

˙̈x + ω2ẋ = Ax2 + Bẋ2 + Cẍ2, (15)

and obtained conditions guaranteeing the existence (lack) of periodic solutions.
At first, we changed the system to the simple equation ˙̈x+ẋ = µ[ax2+bẋ2+cẍ2]
and constructed the corresponding Poincare map. Then, we derived the results
explained in Sec. 3. Now, we re-scale the equation to the first case and rewrite
the results that we obtained. We have

µa =
A

ω2
, µb = B, µc = ω2C.

• Let A ⊂ R2 be a compact set in the plane y = 0 which does not contain any
fixed point of the system. By Theorem 3.1, for |A|, 0 < |B| and 0 < ω2|C|
sufficiently small, if A

ω2 + B + ω2C 6= 0 or A 6= 0, then the equation has no
periodic solution through A.
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• If B = 0 and the flow of the system (15) is analytic, then, by Theorem 3.2,
for |A|

ω2 and ω2|C| small enough such that A+ω4C = 0, any solution through
( x

ω
, y

ω2 ,−ω2x) is 2π
ω2 periodic.

• If B(B + ω2C) 6= 0, then by Theorem 3.4, for any x 6= 0 and for |B| and
ω2|C| small enough, there exist A near to −ω2B(B + ω2C) and z near to
−ω2x such that the orbit through ( x

ω , 0,−ω2x) is periodic. In this case, if
B(B + 4ω2C) < 0, then, the periodic orbit is a hyperbolic repelling orbit,
and if B(B+4ω2C) > 0, then, the periodic orbit is a hyperbolic saddle orbit.
This means that for B = −4ω2C a global bifurcation occurs for the periodic
solutions of the system.

• According to the previous item, if BC < 0, then, increasing the frequency of

oscillation i.e. ω, global bifurcation occurs for the system at ω =
√
− B

4C .

References

1. A. Bejan, Convection Heat Transfer, A Wiley-Interscience Publication, 2nd Edi-

tion, 1993.

2. A. Bejan, Advanced Thermodynamics, John Wiley & Sons Inc, 2nd Edition, 1997.

3. T. Cebeci and P. Bradshow,Physical and Computational Aspects of Convective

Heat Transfer, Springer-Verlag, 1984.

4. C. Chicone, Bifurcation of Nonlinear Oscillations Frequency Entrainment Near

Resonance, SIAM J. Math. Anal. (2004).

5. C. Chicone, On Bifurcation of Limit Cycle From Center, Lecture Notes in Math-

ematics 1455 (1991) 20–43.

6. C. Chicone, The Monotonicity of The Period Function for Planar Hamiltonian

Vector Fields, J. Diff. Eqns. 69 (1987) 310–321.

7. C. Chicone and M. Jacobs, Bifurcation of Critical Periods for Plane Vector Fields,

Trans. Amer. Math. Soc. 102 (1988) 706–710.

8. C. Chicone and M. Jacobs, Bifurcation of Limit Cycle From Quadratic Isochrones,

J. Diff. Eqns. 91 (1991) 268–327.

9. J, Cronin, Some Mathematics of Biological Oscillation, SIAM Rev. 19 (1977)

100–137.

10. G. Emanuel, Analytical Fluid Dynamics, CRC Press INC, 1994.

11. J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and

Bifurcations of Vector Fields, Springer-Verlag, 1993.

12. B. Li, Uniqness and Stability of a Limit Cycle for a Third Order Dynamical System

Arising in Neuron Modeling, Nonlinear Anal. 5 (1981) 13–19.

13. L. Perko, Differential Equations and Dynamical Systems, Springer-Verlag, 1991.

14. O. Rabiei Motlagh and Z. Afsharnejad, Existence of Periodic Solutions and Ho-

moclinic Orbits for Third-Order Nonlinear Differential Equations, International

Journal of Mathematics and Mathematical Sciences (IJMMS) 4 (2003) 209–228.

15. O. Rabiei Motlagh and Z. Afsharnejad, Existence of Periodic Solutions and Bounded

Invariant Sets for Non-Autonomous Third-Order Differential Equations, Vietnam

J. Math. 31 (2003) 295–308.



72 O. RabieiMotlagh and Z. Afsharnejad

16. O. Rabiei Motlagh and Z. Afsharnejad and J.A. Esfahani, Existence of Turbulent

Behavior for Nonchaotic Two Dimensional Jets, J. Nonl. Anal. Appl. 293 (2004)

329–344.

17. H. Schilichting, K. Gersten,Boundary Layer Theory, Springer-Verlag, 2000.

18. B. H. Shivamoggi, Theoretical Fluid Dynamics, John Wiley & Sons Inc, 2nd Edi-

tion, 1998.

19. Z. Zhang, Z. Wang, Periodic solutions of the third order functional differential

equations, J. Math. Anal. Appl. 292 (2004) 115–134.


