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Abstract. A r-module M is said to be Hopfian(respectively Co-Hopfian) in case any
surjective(respectively injective) R-homomorphism is automatically an isomorphism.
In this paper we study sufficient and necessary conditions of Hopfian and Co-Hopfian
modules. In particular, we show that the weakly Co-Hopfian regular module rR is
Hopfian, and the left R-module M is Co-Hopfian if and only if the left R[z]/(z"*!)-
module M[z]/(z"T!) is Co-Hopfian, where n is a positive integer.
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1. Introduction

Throughout this paper, unless stated otherwise, ring R is associative and has an
identity, M is a left R-module. An essential submodule K of M is denoted by
K <. M, and a superfluous submodule L of M is denoted by L < M.

In 1986, Hiremath introduced the concept of the Hopfian module [1]. Lately,
the dual of Hopfian, i.e., the concept of Co-Hopfian was given, and such modules
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have been investigated by many authors, e.g. [1-8]. In [9], it is proved that if R R
is Artinian then gR is Noetherian. In the second section, we introduce the con-
cept of generalized Artinian and generalized Noetherian, which are Co-Hopfian
and Hopfian, respectively, and prove that if g R is generalized Artinian then g R
is generalized Noetherian. Varadarajan [2] showed that if pR is Co-Hopfian then
rR is Hopfian, and we considerably strengthen this result by proving that rR
is Hopfian under the condition of weak Co-Hopficity. So we get the following
relationships for the regular module pR:

Artinian = generalized Artinian = Co—Hopfian = weakly Co—Hopfian

¥ 4 I v 4

Noetherian = generalized Noetherian = Hopfian = generalized Hopfian

Varadarajan [2, 3] showed that the left R-module M is Hopfian if and only if
the left R[z]-module M [z] is Hopfian if and only if the left R[z]/(z""!)-module
M(z]/(z™*1) is Hopfian, lately, Liu extended the result to the module of gen-
eralized inverse polynomials [8]. But for any 0 # M, the R[z]-module Mz] is
never Co-Hopfian. In fact, the map ”"multiplication by z” is an injective non-
surjective map, where x is a commuting indeterminate over R. In the third
part of the paper, the Co-Hopficity of the polynomial module M|[z]/(z"T!) is
considered. We showed that the R-module M is Co-Hopfian if and only if the
R[z]/(z")-module M [x]/(z"*!) is Co-Hopfian, where n is any positive integer.
The following are several conceptions we will use in this paper.

Definition 1.1. [2] Let M be a left R-module,

(1) M is called Hopfian, if any surjective R-homomorphism f : M — M is an
isomorphism.

(2) M is called Co-Hopfian, if any injective R-homomorphism f: M — M is
an isomorphism.

Definition 1.2. [12] A left R-module M is said to be weakly Co-Hopfian if
every injective R-endomorphism f: M — M is essential, i.e., f(M) <. M.

Definition 1.3. ([13]) A left R-module M is said to be generalized Hopfian if
every surjective R-endomorphism f of M is superfluous, i.e., Ker(f) < M.

2. Hopfian and Co-Hopfian Modules

Definition 2.1. Let M be a left R-module,

(1) M is called generalized Noetherian, if for any R-homomorphism f: M —
M, there exists n > 1 such that Ker(f") = Ker(f*"*%) fori=1,2,---.

(2) M is called generalized Artinian, if for any R-homomorphism f : M — M,
there exists n > 1 such that Im(f™) = Im(f"*%) fori=1,2,---.

Obviously, any Noetherian (resp. Artinian) module is generalized Notherian
(resp. Artinian), but the converses are not true.
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Ezample 2.1. The Z-module M = €D, Zp is both generalized Noetherian and
generalized Artinian, but it is neither Noetherian nor Artinian, where P is the

set of all primes.

Proof. Using the fact that Homz(Z,,Z,) = 0 if p and ¢ are distinct primes
we see that any Z-endomorphism of M has the form of f = ®p€77 fp, where
every fp: Z, — Z, (p € P is prime) is a Z-endomorphism, therefore, there are
Im(f™) = Im(f"™) and Ker (f*) = Ker (f**%) for any positive integer n and
i. It is easy to prove that M is neither Noetherian nor Artinian. [

Thus Noetherian and Artinian modules are properly contained in generalized
Noetherian and generalized modules respectively. It is also obvious that rR is
generalized Artinian if and only if there exists n > 1 such that Rr™ = Rr"™*!
for any r € R and rR is generalized Noetherian if and only if there exists n > 1
such that fr(r") = {z € Rlzr™ = 0} = {z € Rlzr"™! = 0} = (r(r"*!) for
any 7 € R. A ring R is called left m-regular if there are n > 1 and s € R such
that r™ = sr"*! for any r € R. By [10], R is left 7-regular if and only if R is
right m-regular. It is well known that if pR is Artinian then it is Noetherian, the
following extends this result to generalized Artinian and generalized Noetherian.

Theorem 2.1. Let R be a ring, if rR is generalized Artinian then rR is
generalized Noetherian.

Proof. Let f : R — R be any R-endomorphism and r € R satisfy r = f(1), then
there exists a positive integer n such that Rr® = S(f") = Im(f*+%) = Rrt
for i = 1,2,---. It is clear that R is left m-regular, so R is right m-regular by
[10], which means that there are m > 1 and s € R such that r™ = r™ls,
Let k& = max{n,m}, then we have that Rr* = Rr**! and r¥ = rk+1¢, where
t = r¥=ms. Since Ker (f*) = {z € R|zr* = 0} = (r(r*), we only have to show
(R(rk) = Lr(r¥*+1). Tt is obvious that £r (r*) C Lr(r*T1). Let x € £g(r*T1), then
ork = 2(r*t) = (arf Tt = 0, so x € Lr(r¥), thus we get Lr(r¥t1) C Lr(r*).
|

It is proved in [11, Prop.1.14] that Noetherian (resp. Artinian) modules are
Hopfian (resp. Co-Hopfian). In fact, the results can be extended to the following,

and the proof is the same, so we omit it.

Theorem 2.2. Let M be a left R-module.
(1) If M is generalized Noetherian then M is Hopfian,
(2) If M is generalized Artinian then M is Co-Hopfian.

Question 2.1 Is any Hopfian module M generalized Noetherian?
Question 2.2. Is any Co-Hopfian module M generalized Artinian?

We have not an answer to Question 2.1, but we have a negative answer to
2.2 by the following example.
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Example 2.2. Let the ring

R (Z/2Z Z/2Z> |

O Z(Q)

where Z() is 2-localization of Z, namely Zy = {%[(n,2) = 1}. Then R is
Co-Hopfian as R-module and not generalized Artinian.

Proof. From [2, Ex.1.5], gR is Co-Hopfian. It is easy to check that

n n+1
a 3 a 3
R(o 2b> DR(O 2b>
for any positive integer n. [

Recall that an element a of a ring R is called a left (resp. right) unit if there
exists b € R such that ba = 1 (ab = 1). We call ¢ € R left (resp. right) regular if
lr(c) ={r € Rlrc=0} =0 (resp. vr(c) = {r € Rler =0} = 0). It is clear that
rR is Co-Hopfian if and only if there exists a € R such that ac = 1 for any left
regular element c of R, rR is weakly Co-Hopfian if and only if there is Rc <, rR
for any left regular element ¢ € R, rR is Hopfian if and only if £g(a) = 0 for
any left unit @ € R. Varadarajan [2] proved that if pR is Co-Hopfian then pR
is Hopfian. We weaken the condition of this result as follow.

Theorem 2.3. Let R be a ring, if rR is weakly Co-Hopfian then r R is Hopfian.

Proof. Suppose that rpR is not Hopfian, then there is a left unit a € R such
that 0 # ¢r(a) < gR. By the condition of the weak Co-Hopficity of rR,
we have Rc <. pR, where ¢ € R satisfies ca = 1, so Rc(){¢r(a) # 0. For
any * € Rc(){r(a), we have that x = rc for some element r € R, therefore
r =r(ca) = (rc)a = za = 0 and x = 0, this contradicts Re()¢r(a) # 0. Thus
the result is proved. ]

It is well known that Hopfian modules are generalized Hopfian, but the con-
verse is not true. So we easily get the following result.

Corollary 2.1. If rR is weakly Co-Hopfian then rR is generalized Hopfian.

Let {Sx}xrea be a family of rings indexed by a set A, [[, Sy = S be the
Cartesian product of {S\}xea. A ring R is called the subdirect product of the
rings {S)}aea, if there exists an injective ring homomorphism ¢ : B — S =
[1, Sx such that 7y¢ is an surjective ring homomorphism for any A € A, where
each 7y : S = [[, Sx — Sh is the projection onto the Ath components[14]. It is
easy to show that R is the subdirect product of a family rings if and only if there
exists a family of ideals of {Iy}xea of R such that R is the subdirect product of
{R/I\}ren, where {I\}xca satisfy (N, In = 0.

Proposition 2.1. Let a ring R be the subdirect product of a family of rings
{Sx}xen, if each Sy is Hopfian as an Sx-module then grR is Hopfian.
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Proof. Let {Ix}rca be a family of ideals of R such that R is the subdirect
product of {R/IA})\GA, where {I)}aen satisfy (), In = 0. For any surjective
R-homomorphism f : R — R, define f; : R/I; — R/I;,r + I; — rf(1) + I,.
If r —Te € Il', then fi(rl + Il) - fi(TQ + Il) = Tlf(l) - TQf(l) + Il = (Tl —
ro)f(1) + I; = 0, thus each f; is well defined. Clearly, each f; is a surjective
R/I;-homomorphism, also each f; is a surjective R-homomorphism, therefore
Ker(fi) =0 since R/I;,i € A are Hopfian, we get that {r € R|f(r) € I,} = I,
thus Ker(f) C Ii,i € A. So Ker(f) € (\ieali = 0. It follows that f is an
injective R-homomorphism. [

Recall that M* = Hompg(M, R) is said to be the R-dual of pM, also M™** is
called the double dual of g M. If the evaluation map o : M — M™** defined by
[oa(m)](a) = a(m) is injective, where m € M and o € M*, then M is called
torsionless. M is torsionless if and only if Rej(M, R) = m Ker(f) =

f€Homp (M,R)
0. It is shown in [15, Prop.3.1] that if the R-dual M* is weakly Co-Hopfian
and M is torsionless, then M is generalized Hopfian. Similarly, we have the
following.

Proposition 2.2. Let the R-dual M™* of rRM be Co-Hopfian, if M is torsionless,
then M is Hopfian.

Proof. Let ¢ : M — M be any surjective R-homomorphism, then ¢ : M* —
M* defined by ¢(f) = f¢ for any f € M* is an injective R-homomorphism.
Since M* is Co-Hopfian, we get that 3(¢) = M*, which means that there exists
f € M* such that g = f¢ for every g € M*, by g(Ker (¢)) = fo(Ker (¢)) =0

and Rj(M, R) = 0, we have that Ker (¢) = 0. [

Corollary 2.2. Let gMg be a bimodule, E = Homg(M, M), if the right S-
module E is Co-Hopfian, then the left R-module M is Hopfian.

Proof. By Proposition 2.2, it is clear since Rej(M, M) = 0. n

Corollary 2.3. Let pMg be a bimodule, S = Endr(M), rM is quasi-injective.
If ¢S is Hopfian, then the left R-module M 1is Co-Hopfian.

Proof. Let ¢ : M — M be an injective R-homomorphism, then we have
that ¢ : S — M defined by ¢(f) = f¢ for any f € S is a surjective S-
homomorphism. Since rpM is quasi-injective, there is f : M — M such that
fo = 1p, 50 ¢fp = ¢, ie., ¢p(df — 1) = 0, by the Hopficity of S, we get
that ¢ is an injective S-homomorphism, so ¢f = 17, which implies that ¢ is a
surjective R-homomorphism. n

3. The Co-Hopficity of M[z]/(z"+1)

Let =z be a commuting indeterminate over R, M be a left R-module. Set
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M[a:]/(a:"+1) = {Z?:O mizt + (2" |m; € M,i = 0,1,...n.}, R[a:]/(a:"*l) =
> griat + (@) € Ryi = 0,1,...,n.}. The addition in R[z]/(z"*!) and
M(z]/(z"*1) are given componently, and the R[z]/(z"*!)-module structure is
defined by

n

(Zrm + (2™ Zmﬂj]—!— nH) Zm;xt—k "),

1=0 1=0

where each my =37, ., rim; for any r; € R and m; € M.

The left R[z1, 2, .. k]/(ar:’f“Ll e ) module Mz, 2o, . . ., zy)/
(@ e :cZ’“Ll) is defined similarly.

Lemma 3.1. Let x be a commuting indeterminate over R, o € End

Rlz]/ (@ +1)
(M[z]/(z"T1)), where n is a positive integer. If a(f(x)) # 0 for some element
fx) =3 igmia? + (2" € Mla]/ ("), then O(f(x)) < O(a(f(2))), where
A(f(z)) denotes the smallest index number of x of the polynomial f(x). In
particular, we have that O(f(x)) = 0(a(f(z))) when « is injective.

Proof. We denote = + (") by u. So M[z]/(z"™) = M + Mu+ ---+ Mu",
where u is a commuting indeterminate over R and u™*! = 0(the following is the

same). We have that a(m) = Y7 myu/ for any element m € M, there-
fore a(mu®) = uk(Z?ZO mju’) = Z;l;: mjuitk since «a is injective, where

0 < k < n. Obviously, 8(2?:0 mju’) < 8(04(2?:0 mj;u’)), that is 9(f(z)) <
d(a(f(x))). When a is injective, suppose a(mu®) = 377, mju/, then we
get that a(mu”) = a(u" *(mu¥)) = w370, mju/ =0, thus m = 0. So

A(f(x)) = 0(a(f(x)))- n

Theorem 3.1. Letx be a commuting indeterminate over R, M a left R-module
and n a positive integer. Then the left R-module M is Co-Hopfian if and only
if the left R[z]/(z"*")-module M[xz]/(z"*") is Co-Hopfian.

Proof. (=)Let o : M[u] — M [u] be any injective R[u]-module homomorphism.
Define the R-module homomorphisms 7 : M — M]Ju] via 7(m) = m for any
m € M and p; : M[u] — M via pi(zyzomjuj) = my,i = 0,1,...,n for
any >0 _gmju’ € Mlu], then 7 is injective and each p; is surjective. Since
for some element m € M satisfying poar(m) = 0, we obtain that poa(m) =
po(X_j—gmju’) = mo = 0, by Lemma 3.1, m = 0. Hence, poat : M — M is
an injective R-homomorphism, so pga7 is an isomorphism by the Co-Hopficity
of M.

For any Z _omyu?! € Mlu], there is m{; € M such that poar(my) = my.
Assume a(mg) = mo + ag ut -t aPun e Mlu], if my # ago), then there is
m) € M such that poar(m}) =m; — ag ), where a(m}) = (my — a( )) +aju+

-+ apu™ € Mu]. Thus we have that a(mj + miju) = a(my) + va(m]) =
mo + miu + a( 2 4t ag)u". If mo # agl), continue the above process
at most n 4 1 times, we will obtain that f(u) = Y_7_ymfu’/ € M[u] satisfies
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a(f(u)) = Y5 gmju/. So a is surjective and the left Rlu]-module M[u] is
Co-Hopfian.

(<) Let ¢ : M — M be any injective R-homomorphism. Define « :
Mlu] — Mlu], Y7 gmju’ — 370 g(m;)u/, it is easy to prove that a is
an injective R[u]-homomorphism. Therefore o is an isomorphism by the Co-
Hopficity of the left R[u]-module Mu]. So there exists Z?:o mju’ € Mu] such
that O‘(Z?:o mju’) = m for any m € M, i.e., g(mg) = m, now we obtain that
g is surjective. [ |

Theorem 3.2. Let M be a left R-module, x1,x2,...,x; k commuting inde-
terminates over R, then the left R-module M is Co-Hopfian if and only if the left
R[zq, zo, . .. ,xk]/(x?ﬁl, x32+1, e ,xZ’“Jrl)—module Mlzq, o, . .. ,xk]/(x?ﬁl,
x§2+1, e ,xZ’“Jrl) is Co-Hopfian for any positive integers ni,no, ... ,n.

Proof. Notice that the left (R[z1, ..., zx—1]/(z7 Y, o af M) ] /(ape -

module isomorphism (M[zy,. .., x5 1]/ (P, ... ,xZi’llJrl))[xk]/(xZ"H)
Mlzy,... o) /(27 2 ™Y) and ring isomorphism (R[z1,...,7k—1]/
(it ,xZi}l+l))[xk]/(xZ"+l) ~ Rlzxy,... ,xk]/(x?ﬁl, e ,xZHl). By in-
duction, it is easy to prove. n
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