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Abstract. In this paper, we prove the sharp inequality for the multilinear commu-
tator related to the Marcinkiewicz operator. By using the sharp inequality, we obtain
the weighted LP-norm inequality for the multilinear commutator.
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1. Introduction

Let T be the Calderén—Zygmund singular integral operator, we know that the
commutator [b, T](f) = T(bf) — bT(f) (where b € BMO(R"™)) is bounded on
LP(R™) for 1 < p < oo (see [2]). In [8], the sharp estimates for some multilinear
commutators of the Calderén-Zygmund singular integral operators are obtained.
The main purpose of this paper is to prove a sharp inequality for some multi-
linear commutator related to the Marcinkiewicz operator. By using the sharp
inequality, we obtain the weighted LP-norm inequality for the multilinear com-
mutator.

2. Notations and Results

First let us introduce some notations(see [3,8,9]). In this paper, @ will de-
note a cube of R™ with sides parallel to the axes, and for a cube @ let fo =
Q™" [, f(2)dz and the sharp function of f is defined by
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# = Su .
f7( ng |Q|/ |f(y) — foldy

It is well-known that(see [3])

# u 1m — C .
() = sup i f|Q|/Q|f(y) dy

Q>x c€C

We say that b belongs to BMO(R") if b belongs to L>° (R"™) and define ||b|| saro =
||[67|| L. It has been known that(see [8])

|6 — bargllBro < CKkl|b]| Baro-
Let M be the Hardy-Littlewood maximal operator, that is

M(f)te) = sup QI / F@)ldy:

we write that M,(f) = (M(|f[P))'/? for 0 < p < co. For b; € BMO (j =
1,...,m), set

m
1bllsro = [T IIbsllBro-
j=1

Given a positive integer m and 1 < j < m, we denote by C}" the family of all
finite subsets o = {o(1),...,0(j)} of {1,...,m} of j different elements. For o €

Cm, set 0¢ = {1,...,m} \ 0. Forb = (by,... ,by) and o = {o(1),...,0(j)} €

O, set by = (bo(1)s - - »bo(4)), bo = bo(1) -+ bo(j) and [|bs | Bro = by llBMO - -
b0l BrMO-
We denote the Muckenhoupt weights by A (see [3]), that is

A ={w: M(w)(z) < Cw(x), a.e.z € R"}.

In this paper, we will study some multilinear commutators as follows.

Definition. Let 0 < v < 1 and Q be homogeneous of degree zero on R™ such
that [g.—, Qa")do(z') = 0. Assume that Q € Lip,(S™~"), that is there exists a
constant M > 0 such that for any z,y € S"', |Q(z) — Q(y)| < M|z —y|?. The
Marcinkiewicz multilinear commutator is defined by

W () (@) = ( I |F§<f><x>|2@)l/2,
where

Fi(f)(z) = /| =) T (by) — by ) | Sy

z—y|<t |.I - y|n71

Set
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we also define that

o)) = ([ 1Fd >|2dt) ,

which is the Marcinkiewicz operator (see [10]).
Let H be the space H = { IRl = (S35 |k 2dt/t3)1/2 } Then, it is
clear that

p(f)(@) = IF,(f)()] and pb(f)(x) = |EL(H) ()]

Note that when by = - - - = by, T} is just the m order commutator. It is well
known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1,4-8,10]). Our main purpose is to
establish the sharp inequality for the multilinear commutator.

Now we state our main results as follows.

Theorem 1. Let b; € BMO for j =1,...,m. Then for any 1 < r < oo, there
exists a constant C > 0 such that for any f € C§°(R"™) and any x € R™,

(e (F)* (2) < C [ Bl paroMe(f +Z > WollBaio M, (ks ())()

j=1 UGC’"

Theorem 2. Let bj € BMO forj =1,...,m. Then /L?z is bounded on LP(w)
forw € Ay and 1 < p < o0.

3. Proofs of Theorems
To prove the theorem, we need the following lemmas.
Lemma 1.(see [10]) Let w € Ay and 1 < p < oco. Then pg is bounded on LP(w).

Lemma 2. Let1 <r < o0, b; € BMO forj=1,....,k and k € N. Then, we
have

1 k
@/lejle(y) Joldy < cHnb o

and
1/r

k
|Q|/ H|J balrdy | < T Ibillswo.
j=1

Proof. For o € C}', where k < m and m € N, we have

|Q|/ 1(b(y) — (5,)0)oldy < Cllbollzaro
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1/r
(|Q|/| 1) |dy) < Cliballsnro.

We just need to choose p; > 1 and g¢; > 1, where 1 < j < k, such that
1/p1+---+1/pp=1and 1/g1 +---+1/qx = 1/r. After that,using the Holder’s
inequality with exponent 1/p; +--- 4+ 1/ppy =l and 1/g1+ -+ 1/qx = 1/r
respectively, we may get the conclusions.

and

Proof of Theorem 1. It suffices to prove for f € C§°(R™) and some constant Cy,
the following inequality holds:

Iz — Coldz ) < C | |[o]] Mr(f)($)+m M, (5 (@) | -
(i o o) < B+ 3 3 o)

Fix a cube Q = Q(zo,d) and & € Q. We first consider the case m = 1. We
write, for fi = fx2q and f2 = fxRrr\2q:

F(f) (@) = (bi(2)—=(b1)2@) Fi(f) ()= Fy (01— (b1)20) 1) (2) = Fi (b1 —(b1)20) f2) (x),
then
1y (F)(@) = pa((b1)2q — br) f2) (o)
= [1F* (N) @) = [ F(((b1)2g — b1) fa) (o) |
)

<EP (F)(@) = Fe(((b1)2q — b1) f2) (o) |

< (Br(2) = (b1)2@) Fr(f) (@)]| + |[Fe((b1 = (br)2¢) 1) ()]
+ [1F((01 = (b1)20) f2) (%) = Fi((b1 = (br)2¢) f2) (o) |

= A(z) + B(z) + C(x).

For A(x), by Holder’s inequality with exponent 1/r+ 1/ =1, we get

|Q|/A dx - |Q|/ 1b1(z) — (b1)20]|pa(f)(z)|dz

1/r
< (g1 ) = il t2) " (g [ pnthorr)
< C||by||Brro M, (pa(f)) ().

For B(z), choose p such that 1 < p < r, by the boundedness of ug on LP(R™)(see

Lemma 1) and Holder’s inequality with exponent 1/(r/(r — p)) + 1/(r/p) = 1,
we have

L Bayde) = = [ (ol = (b1)20) f1)(@)]de
1Ql Jo 1Ql Jg
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< (i (b1 - (b1>2Q>foQ><x>]pdx)” v

|@| e
1/p
C(rg [ @) = @aal Pxaqle) )
)/TP 1/r
<C b — (b)ao| P/ Pz ) /
|2Q|/ b= el aa) " (g [ stwras)

< Ol|b1|| Brro M (f)(7).

For C(z), note that |xzg — y| = |x — y| for y € Q°, we have

C(x) = [|[Fi(b1 — (b1)20) 2) (@) = Fy((b1 = (b1)2) f2) (o)

N / ’/lm y|<t |$_y|7{2§>(b1(y>_(b1)2Q)dy
/m » Q(zo —y) fo(y >(b1( ) — (b1)20) dy’2dt)1/2

|zg — |1
1z —y)llf(v) 2 dt\ 1/2
bi(y) — (b dy| =
/0 ‘/|on|<t7|moy|>t |z —y|1 [(b1(y) = (br)20)] y] t3)
- (20 — )| |f2(»)] 2t 1/2
+ b dy| —
(/0 [/Iry|>t,|moy|<t |$0— ! [(1(y) = (a)zc)| y} t3)

Q@—y)| |90

&=y oo -

o0
(1
0 iyt lmo-yi<

2 dt\ 1/2
= (b))l 2w)ldy] %5)
=51+ S+ S5,

0—
Yyl 1’| (b1(y

thus, by Minkowski’s inequality and Holder’s inequality with exponent 1/7 +
1/r=1,

F@)l dty 172
ss<c 1) - o) >|—/ 9N gy
' e PN = |"*1( |m yl<t<|zo—y| ts)
) 1
e bi(y) — (b - dy
oy |(18) ~ (P20l |" 1 |x—y|2 prerd
<cf It  (r)g) LWLl —al2
= Jeg)y |z =yt |z —y[3/2
> QY| £(y)]
<c / (b1 (y) — (br)eq) | oW,
DY L T

<O 2RO [ () (b)) £ 0)d)
k=1

2k+1Q
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< Cz2fk/2(|2k+lQ|fl/ |(b1(y) _ (b1>2Q)|r/dy>l/r/(|2k+1Q|71

pa 2641Q

<[

< Cz 2752 |by || Bpro Mo (f) (7)
k=1

< Cbr|| BMo M, (f)(Z);

similarly, we have So < C||b1]|ppo M, (f)(Z).
We now estimate Ss. By the following inequality (see [10]):
| Qz—y)  Azo—y) |<(I$—$o| |z — @o|” )

o —y["1 Jzg —y[n? lzo —y|™  |wo —y|m 1Y

we gain

S5 < C |b1(y)_(bl)2Q|w(‘/| dt)1/2dy

3
(2Q)° |zo — y|" wo—yl<t Je—y|<t

+C |b1(y) — (b1)2Q|M(/| dt)l/Qdy

—1 13
(2Q)° lzo — Y"1 N g —yi<t|o—yl<t t

> QM |Q[/™
< C / b Y) — b + f y dy
kzzl 2k+lQ\2kQ | 1( ) ( 1)2Q|(|$O_y|n+l |$0—y|"+’7’)| ( )|

<02(27k+27k'y)|2k+1Q|71/

k+1
k=1 2k+

o [b1(y) — (b1)20l]f(y)|dy

< CZ(T'C + 27" |b1|| Baro Mo (f) (%)
k=1

< OllballByro M (f)(2)-

This completes the proof of the case m = 1. ~
Now, we consider the case m > 2. We write, for b = (b1, ...,bn),

= /| e [ ((bj(z) = (bj)2q) — (bj(y) — (bj)QQ))}f(y)Q(x — Y|z — y|' " dy

< j:1

x/| 0 = Ol e — e =l
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= (b1(2) = (b1)2@) - - (b () = (bm)20) Fi(f)(x)
+ (D" F((b1 = (01)2¢) - - (b = (bm)2¢) f) (%)

+30 S () b() — (0)2)e FY () (@),

j=1 oeC™

thus

&()(@) = (b = (b1)2) -+ - (b = (bm)2q) f2)(0)]
<IFP(D @) = ()™ Ful(br = (1)20) -+ (b — (bm)20) f2) (o)
<|I(b1($) (01)2Q) - - - (bm () = (bm)2@) Fr (f)(2)]]

+Z S 1G@) = B)aq)e Fr () ()]

j=1 UGC;”
+ [F((b1 = (b1)2@) - - - (bm — (bm)2q)
F[EF((br = (b1)2q) - - (b — (bm)20) f2) (%)

= Fi((br = (b1)2Q) - - - (bm = (bm )2) f2) (o) |
=L (z) + L(x) + Is(x) + I4(x).

For I(z), by Holder’s inequality with exponent 1/7' + 1/r = 1 and Lemma 2
we get

|Q|/I1 d$<C|Q|/ |H i)20)||na(f)(z)|dx

§C||b||BMoMr(HQ(f))( )-

For Iz(z), by Holder’s inequality with exponent 1/r' +1/r =1, we get

rjﬂ/w) z = |Q|/ Y e 20)e I (f)(@)||dz

j=1 oecm

<S5 o 0 - Onolelil 1w

j=1 oecm

C;U;:m(w/ It "“) |@|/'“ﬂ D)

<5 IBallmolts 6 (1)@

j=1 oeCy®

/N
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For I5(x), we choose 1 < p < r, by the boundedness of pug on LP(R™) and
Holder’s inequality, we get

r612| / Is(x)dx

|@/“Ell b)) f1) (@)
1 /
(@ R» [ H (b)20) fx20)(x )|pd3:)1 P
j=1
1 p 1/p
(|Q| Rr H 7)2Q ’ |fX2Q|pd{E)
j=1
m (r—p)/rp 1 1r
_ rp/(r—p) " 1 A
c|2Q|/2 IH1 o)™ Pd) (|2Q|/2Q|f()|d)

< OBl aro M (f)(%).

For I4(z), similar to the proof of C'(z) in the case m =1, we get

Is(x) = || Fy((br — (b1)2q) - - - (bm — (bm)2¢) f2) (%)
= F((br bl)zQ) < (bm — (bm)2q) f2) (o) |

= (
= m}

_ M[H )20) }dy|2£)1/2

oyl [T —y" Tt Ly

h O 2ty 1/2
() 1/ #!H )] )

0 Weyl<tzo—y>t [T =Yl ¢

= Q - th 1/2
* (/ [/ | i |7|zf21 | ’ H ’dy} —3)

0 |z—y|>t,|ro—y|<t |$O - | t
(L1

0 lz—y|<t,|zo—y|<t

12z —y)| [z —y HH

2=y " Jao— g
2dt\1/2

— (0)20)|| o)ldy] %)
=J1+ Jo + Js,
thus

. /()] di1/2
e | ORI = dy
(2Q)° JI;[l ’ |z —yl 1( le—yl<t<lao—y| t* )
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M 1f() I e
C bi(y) — (b; — dy
(2Q)° jl;ll( s8) = (a)aa) lz —y I" ! Iﬂf—yl2 lzo — y|?
. [fW)|  |wo — [/
<C (0 (y) — (b5)2q) - dy
(20)° Jl;[l J 7)2Q |x_y|n 1 |x—y|3/2
- I QI ™| f(y)
$OS [ LT - 00 L1
2 oo H< o |n+1/2

<Oy Mg / L)~ G0l wlay

k=1 2R 55

< Cz Z*k/2(|2k+lQ|fl/ ’ H(b;(y) _ (bj)2Q)’T dy)l/r/

p 2641Q

J
(e [ rwra)”

<Oy 27" 21T bl Bmo M. (f)(F)

k=1 j=1
< O|bllBaro M, (£)(7);

similarly, we have Jo < C||bl|paro M, (f)(E).
We now estimate Js. By the following inequality that we use in the case
m=1:

’Q(x—y) -~ Q(xo—y)’<(|x—x0| |z — xo|” )
lz =yt fxo —y[mt lzo —y|™  |wo —y[n )7
we gain
- - iy 1/2
T1; ’If y)|lz nxol (/ _3) iy
@) i |20 =yl jeo—yl<tlo—yl<t b
ﬁ 120) M( / LA
(2Q) " j=1 |0 =yl |zo—y|<t, |z —y[<t t?
3 Q" Q"
<0 / TT0: ) - G0 ( + )£ (w)ldy
172" IQ\2%Q H lzo —y["+t  |wo — y|m T

<Ot gr / T ~ @015l
k=1 2MQ T 5

<0y @+ 27" I IbsllsmoM. (f) (@)
Jj=1

k=1
< C|b]l Baro My (£)().

This completes the proof of Theorem 1. n
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Proof of Theorem 2. We choose 1 < r < p in Theorem 1 and by using Lemma

1, we may get the conclusion of Theorem 2. This finishes the proof. [
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