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Abstract. In this paper, we present the sufficient conditions ensuring the instability of
the zero solution of an impulsive state dependent delay differential system for different
conditions on the delay function. We assume the instability of the associated linear
impulsive system and apply the idea of dichotomies together with Schauder—Tychonoff
Theorem to establish the sufficient conditions for the unstable solution of the problem
at hand.
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1. Introduction

The linear nonautonomous delay systems and the state dependent delay equa-
tions are intensively investigated because of their theoretical importance to the
theory of functional differential equations and their applications [5-8]. While the
stability of the solution of the delay systems has received preeminent attention,
the problem of giving sufficient conditions in case the solutions are unstable has
not been studied enough [9, 12-13]. The notion of dichotomies is found to be
quite elegant in describing the unstable properties of the nonlinear differential
equations, see for example, [1-2, 15-20]. In relation to numerous applications
in science and technology such as biological phenomena involving thresholds,
bursting rhythm models in medicine and biology, optimal control models in eco-
nomics and frequency modulated systems, the theory of impulsive differential
equations has been developed intensively [4, 10, 11, 14].

In this paper, we study the instability of the nonautonomous impulsive dif-
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ferential system with state dependent delay by applying the idea of dichotomies
and Schauder—Tychonoff Theorem [3]. State dependent time delay often occurs
in engineering systems, medicine, hydro dynamics, laser physics, chemistry etc.
Since the existence of state dependent time delay usually causes the instability
to the systems, the study of state dependent time delay systems has received
considerable attentions in the recent years, especially in Internet congestion, con-
gestive heart failure in humans, traffic congestion in automated highway, mobile
networking, population growth, etc. In Sec. 2, we set the notations and termi-
nology relative to the impulsive differential system with state dependent delay.
Section 3 addresses the instability of the zero solution of the impulsive state
dependent delay system subject to non-delay dependent conditions. In Sec. 4,
we enhance the scope of the instability results developed in Sec. 3 by allowing
the delay function to behave like a time lag function. In fact, we study the effect
of delay on the instability of the impulsive differential system.

2. Preliminary Notes

Let tg < t1 < tg < ... < t; < ..., limjt; = oo be a given sequence of
real numbers. We define J = [tg, 00), Jr = [tg — 7,00) for a constant 7 > 0
and PC([—1,0], R") = {¢ : [-7,0] — R™, ¢(t) is continuous everywhere except
at finite number of points ¢ at which ¢(f + 0) and ¢(f — 0) exist, and ¢(f +
0) = ¢(£)}. We equip the linear space PC([—7, 0], R") with the norm defined by
|¢|r = max(_,q |¢| for ¢ € PC([-7,0],R") and u; € PC([-7,0], R") denotes
the function u.(s) = u(t +s), t € J, s € [-7,0].
Consider the impulsive differential system with state dependent delay

u'(t) = A@®)u(t) + Bt)u(t — r(t,u(t))), t#t;,
Uty = o, (1)

where the matrices A, B : [tg — 7,00) — R™ ™ are piecewise continuous with
points of discontinuity of the first kind at ¢ = ¢;, the impulse matrices C; are
constant and nonsingular, and 7 (¢, (t)) is a nonnegative bounded delay function.
The underlying vector space V' is R™ and |.| denotes a fixed norm in V. For a
matrix A € R™*", | A| will denote the corresponding matrix norm. By a solution
of (1), we mean a piecewise uniformly continuous function u(t, tg, ¢) on [to, 00)
which is left continuous on each interval J; = (¢;,t;11] and is defined by

(ba tO_T g
uO(tath (b)a tO <t <
uy(t, tq, , h1<t<
u(t,t0,¢) _ 1( 1 ¢1) 1 X

wi(t, ti, ¢s),  ti <t <tiga,
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where u; (¢, t;, ;) is the solution of the following delay differential equation
u'(t) = A(t)u(t) + B(t)u(t — r(t, u(t))),

u(tl + 0) = (b’ia 1= 15 25 S

with ¢; as the initial function on (¢;, ¢t;11]. Let h, k denote the positive continuous
functions having bounded growth with h=1(t) = 1/h(t). For a bounded function
I let [f]° = sup{|f(@t)| : t € J}, Ch(Jr) = {f : Jr = V : h71f is uniformly
continuous on all intervals J;}; for f € Ci(J,), let |f|n = |h™1f|> and there
exists o > 0 such that B,[0,0] = {f € Cn(J;) : |f|n < o}. Moreover, L*(J)
will denote the space of absolutely integrable functions defined on J, and |f|! =
/, tf)o | f(s)|ds. For the forthcoming analysis, for t € [t; + 0,¢;41], the fundamental
matrix ®(t) of

{ u'(t) = A@®)u(t), t#t, 5

admits the representation
Q) = V()T (t; +0)CiW(t) U (tim1 + 0)Ci1...C1 ¥ (t1) U (o),

where ¥(t) is the fundamental matrix of the equation u'(t) = A(t)u(t). The
matrix ®(¢) is continuously differentiable for ¢ # ¢; with points of discontinuity
of the first kind at ¢ = ¢;, that is, ®(t; + 0) = C;®(¢;). The matrix ®(t) is
invertible if and only if the impulse matrices C;, © = 1, 2, ... are nonsingular.

We will use the notion of (h, k)-dichotomies [1, 2, 16] to discuss the unstable
properties of (3).

Definition 1. We say that (3) has an (h, k)-dichotomy on the interval J; if and
only if there exists a constant L and a projection matriz P (P? = P) such that

|®(t) PO (s)| < Lh(t)h ™ (s), to — T < s < t,

|®(t)(I — P)® ' (s)| < Lk(t)k~'(s), to—T <t <s, (4)

where I is an identity matriz. Moreover, there exists a positive constant M such
that
h(t)h™ (s) < ME(t)k™(s), t>s, s,t € (5)

Remark 1. In case h = k, we will say that (3) possesses an h-dichotomy. If (3)
has an (h, k)-dichotomy, then (5) implies that (3) has both an h-dichotomy and
a k-dichotomy, each one with the same projection matrix P and constant M L.

Definition 2. We say that the function h : J; — (0,00) is of class G n if and
only if h(s)h™*(t) < N, s € [t —7,t+ 7], t > to for a positive constant N.

In passing, it is worth remarking that the constants M, N are greater than
or equal to 1.
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Definition 3. The zero solution of (1) is said to be h-stable on the interval
J if and only if for every € > 0, there exists a 6 > 0 (6 = d(to,€)) such that
if ¢ € C([—7,0]) and |¢|: < 6, then the solution u(t,ty, ¢) exists on all J and
h=L(t)|u(t, to, ¢)| < € for all t > to. Moreover, if |p|, < § implies

lim A=Y (t)u(t, to, ¢) = 0, (6)

t—o0o

then the zero solution of (1) is called h-asymptotically stable.

Definition 4. The zero solution of (1) is said to be h-unstable on J if and only
if there exists an € > 0 such that for every § > 0 there exists an initial value
function ¢s5 € C([—7,0]), |pslr < d and a 75 > to such that |u(7s, to, ds5)| > €.

3. Non-delay Dependent Conditions

We assume that (3) possesses the dichotomy (4)—(5). For t # t;, we define the
dichotomic operator U associated with (1) as

Ulu](t) :/ O(t)PO(s)B(s)u(s — r(s,u(s)))ds

to

- /too ®(t)(I — P)® 1 (s)B(s)u(s — r(s,u(s)))ds,

and for t = t;,

Ulul(t; +0) = /°° x(t; +0,8)B(s)u(s — r(s,u(s)))ds

to

= /too Cix(ti, s)B(s)u(s — r(s,u(s)))ds = C;U[u](t;),

0

where
[ ®()PDT(s), to —
X“)‘{¢@U—Pw1@,m—

Since the function Ulu] is not defined on [tg — 7, t], we complete its definition
on this interval as

Ulu](to), to—7 <t <to,
atulo) - {
Ulu](®), t>to.
Let the delay function r(¢,u) be defined on the set
Cr(oo) = {(t, h(t)u) : t € [to,0), |u| < gg, o9 > 0},

where 0 < 0 < 0g and r(t,u) is is assumed to be bounded, that is, there exists
a constant 7 such that

0 < r(t, h(t)u) < 7, for all (¢, h(t)u) € Cr(op). (7)
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Lemma 1. For h € G, n, let (3) have the dichotomy (4)—(5), the condition (7)
is satisfied and
LMN? B! < 1. (8)

Then, for every o (0 < o < 0gg), we have Q : B,[0,0] — Bp[0, o].
Proof. For t # t; with t > g, we have the estimate
t

I GIITIGIES L/ h=H($)[B(s)|Ju(s — (s, h(s)h™" (s)u(s)))|ds

to

+ L/too hil(t)k(t)kfl(s)|B(s)||u(s — (s, h(s)hil(s)u(s))ﬂds
< LMN/t:o | B(s)|ds|uln.
On the same pattern, for ¢ = t;, we have
()9 (t)] < LMN|C| /Oo IB($)\dsluli, Vi.
For t € [to — 7, o], we may have
A ORL0)] = [0 Ot (o)) 0)] < LN [ B(s)dsluls

to

The conclusion of the lemma follows from these estimates. ]
Let us define the subspaces of initial conditions for (3) as

V={€eV :®t)§ e Cr}, Vio={£€Vi: tlirglo k(t)il(t)q)(t)f =0}.

Now, we state a known result which is needed to prove that the zero solution of
(1) is h—unstable. For the proof of this theorem, see [19].

Theorem 1. If (3) possesses an (h, k)-dichotomy with projection P, then (3)
allows an h-dichotomy with projection Q if and only if Vi, 0 C Q[V] C V.

Theorem 2. Assume that the hypotheses of Lemma 1 hold and Vi, # V. Then
the zero solution of (1) is h-unstable.

Proof. For the sake of contradiction, we assume that the zero solution of
(1) is h-stable. Then for 0 < € < min(o,0p), there exists a 6 > 0 such
that [h=L(t*)u(t*, to, d)| < o for t* > to (to € R4 is given) with ¢; < t* <
tiv1 and |h= (t)u(t, to, ¢)| > o for to < t < t; for some i if ||, < 6. Also,
|h=1(t; + 0)u(t; + 0,t0, )| = |h=1(t;)Ciults, to, d)| > €. Hence, we can find a t°
satisfying ¢; < t° < ¢* such that € < |h=1(t%)u(t°, to, )| < 0. Define

2(t%) = u(t®, to, ¢) — Q[u](.;t0, 9)(t°), to — 7 <1°,
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where the initial value function ¢ satisfies

0# 9lr <8, |hi,'¢lr = [h7 (t0)$(0)], P$(0) = 0. (9)

Notice that Vj, # V implies that P # I, by Theorem 1. From Lemma 1, it
follows that the function z € Cp(J;) and it can readily be verified that z is a
solution of (3) for to < t°. Hence 2(ty) € Vi and by Theorem 1, we may assume
that z(tg) € P[V]. Further

z(to) = ¢(0) + (I — P) /Oo = (s)B(s)u(s — (s, u(s)))ds,

to

which, in view of P¢(0) = 0, implies that z(tg) = 0 and hence z(t°) = 0 for all
to < t°. However, if u(.;tg, ¢) satisfies the integral equation

u(toa th (b) = Q[’LL](, th (b)(to)a tO < toa
then, by virtue of the first estimate obtained in Lemma 1,we obtain

sup  |hH(E)u(t®, to, #)| < LMN?|B|*u(.; to, §)|n, N > 1.

t0€[to,00)
But the choice of ¢ (condition (9)) implies that
|u(5t0, @)|n < LMN?|B|![u(.; to, §)|n-
Since LM N?|B|! < 1, therefore we get
u(t’ to, ¢) =0, to—7 < t°,

which contradicts that u(t%,tg, ¢) = ¢(0) # 0. This completes the proof of the
theorem. n

Remark 2. If (3) has the (h,k)-dichotomy (4)-(5), k& € G, n, the conditions
LMN?B|' <1 and

0 < r(t,k(t)u) <7, forall (¢, k(t)u) € Cx(oo), (10)

are satisfied, then the zero solution of (1) is k—unstable if Vj, # V. This result
follows from Theorem 2.

In order to cope with the situation when V;, # V in Remark 2 (Vi # V in
Theorem 3) is not satisfied, we present the following theorem to deal with the
problem of instability.

Theorem 3. If (3) has the (h,k)-dichotomy (4)-(5), h € G, n, LMN?|B|! <
1 and (7) holds, then the zero solution of (1) is not asymptotically h-stable if
Vho # Vi (if k € Gr N, Vio # Vi and (10) is valid, then the zero solution of
(1) is not asymptotically k-stable).
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Proof. In view of Remark 1, it follows by Theorem 1 that it is reasonable to
assume that the projection P defining the h-dichotomy satisfies

Jim h=Ht)®(t)P = 0. (11)
Let us suppose that the zero solution of (1) is asymptotically h-stable. Then
for 0 < € < min(o,0p), there exists a § > 0 such that |¢|, < § implies that
|[R=L(t*)u(t*, to, @) < o for t* > to with t; < t* < t;41 and |h = (t)u(t, to, )| > o
for tg < t < t; for some i if |¢|, < 0. Also, |h= (t; + O)u(t; + 0,0, )| =
|h=L(t;)Ciu(ti, to, ¢)| > €. Hence, we can find a t° satisfying ¢; < t° < t* such
that e < |h=1(t%)u(t’, to, ¢)| < 0. Let o1 < min{1, 0} be a positive number such
that
o1)hiy|r < 9, (12)

and there exists a positive number § such that

6+LMN2/ |B(s)|dso1 < oy. (13)

to

We fix a vector zg € Vi, \ Vi, o satistying |®,,|n < 8 and introduce the operator
A given by
Afu)(t°) = (%) 2z + Qu] (%), t° >ty — 7. (14)

From the choice of 3 and by Lemma 1, it follows that A : B[0,01] — By[0, o1].

Let {u,} be a sequence of functions in By[0, 1] and uniformly converging
to a function u on any compact interval [to — 7,t{], t{ > to. For a chosen value
of € > 0, we can have a sufficiently large number 3 (> ?) such that

LMN2/ |B(s)|ds < €, Vt° > 9.
$0

Now, we define a function «(e) : [tg — 7,00) — V by

0 to— 71 <0 <19,

a(e)(t®) = ,
() { — [io @(°)(I — P)®(s)B(s)un(s — r(s,un(s)))ds, t°> 3.

In view of the last estimate, we have |h(t%)a(e)(t?)| < e. Thus
Afun](t?) = ®(t%) 2 + h(tV)a(e)

—|—/ Ot PO (s)B(s)un (s — (s, un(s)))ds

to

- /t ’ fIJ(tO)(I - P)fI)fl(s)B(s)un(s —7r(s,un(s)))ds.

0

From here, it follows that Afu,](t°) converges uniformly to Afu](t°) on [to, t}].
Hence the operator A is continuous in the sense required in Schauder—Tychonoff
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Theorem [3]. Now, for a piecewise uniformly continuous function u on
[to — 7, 00), we notice that

Afu) (1) = A" A[u] (1) + BA")u(t® — r(t, u(t®)))ds, t° > to.

Therefore, the family of functions A[B}[0, o1]] is equicontinuous at any t° > t,.
Moreover, this family of functions is also equicontinuous on [ty — 7, o] since
Alu](t%) = ®(t%)20 + Qu](to), to — 7 < t° < to. So, by Schauder-Tychonoff
Theorem [3], this operator has a fixed point in Bj[0, o1]. Let u be one of these
fixed points which in fact is a solution of (1) on [tg, oo]. Hence from (11) and the
dominated convergence theorem, it follows that

u(t’) = (t%)z0 + o(h)(t"), (15)

where o(h) satisfies limyo_,o, R 1(t%)0o(h)(t°) = 0. On the other hand, as u =
Alu]; for ¢ € [tg — 7, 0], we have

[u(t?)] < (1@ ]n + [Qu] 1) A(t°) < (B + LMN? /too | B(s)|dso)h(t°),

which together with (12) and (13) yields
|u(t0)| < 0’1|ht0|7- < 5, 0 S [to -7, to].

Therefore, |u, |, < & which implies u(t°) = o(h)(t%). But limyo_, o, A= (t%)® (%) 2
# 0, which contradicts (15). This completes the proof. n

4. Effect of Delay on the Instability

The results obtained in Sec. 3 are limited in the sense that the condition (8)
does not involve the the time lag function r(¢, u). For example, Theorems 2 and 3
cannot be applied to study the instability of equation u'(t) =
u(t — e tu(t)?), 0 < B < 1. In this section, we will study delay dependent
instability. We do not assume that B € L' and rewrite (1) as

u'(t) = (A@t) + B(t))u(t) + B(t)(ut — rt, u(t))) — u(t), t#ti,

Uty = ¢5
Moreover, the notation ® now represents the fundamental matrix of the system

{ 2(t) = (A@) + BO)A(t), t £t .

and the subspaces V},, Vj, now refer to (16) and the dichotomic operator is defined
by

Wlu](t) = / O(t) PO (s)B(s)(u(s — r(s,u(s))) —u(s))ds

to

- / T B(1)(I - P)& () B(s) (u(s — 15, uls))) — u(s))ds, ¢ £ 1,
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and for t = t;,

Wlu](t; +0) = /°° x(t; +0,8)B(s)(u(s — r(s,u(s))) — u(s))ds

= /too Cix(ti, s)B(s)(u(s — r(s,u(s))) — u(s))ds = C;W{ul(t;).
We set () = { Wlu](to), to—7 <t <tp,
IE N W), >t

The delay function r(¢,u) is assumed to be satisfying
r(t, h(t)(w) <ri(t) + ra(t)P(|ul) <7 V(E A(t)(uw) € Chloo),  (17)

where 71, ro are assumed to be continuous functions and v is monotone increasing
with ¢ (0) = 0. Notice that the condition (17) implies

r(t,u(t)) = r(t, R O)u(t)) < r1(t) +ratp(o), Yu € Byl0, ool

Motivated by [5, 13], we introduce the set Bj [0, o] which consists of those func-
tions of Bp[0, o] which satisty

WA (#)ut) — u(t')] < Na(t)(t - ), (18)
where tg — 7 <t' <t, t' >tg, h € G,y and
a(t) = max{L, [(A+ B)|.}, t > to.

Further, it follows from the standard arguments [5,13] that B;[0, o] is a closed
set in B[0, o].

Lemma 2. Assume that (16) has the dichotomy (4)—(5) and satisfies the condi-
tion (17). Further, we require that

2LM N?*{|arB|' + |ar B|*} < 1, (19)

and the function areB is bounded and integrable, then for every o1 (0 < o1 < 0),
we have T : Bj[0,01] — B0, 01].

Proof. For every o > 0, t > tg, t # t;, u € B;[0,0], using the definition of the
operator T, we have

[P O T[u)(t)] < LM /too h=H(s)B(s)l[u(s — (s, u(s))) — u(s)|ds

< LMN /too a(s)r(s,u(s))|B(s)|ds o.
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In a similar fashion, one can obtain

In- 1)) < LM/ 9)luls — (s, u(s))) — u(s)|ds

< LMN|C1-|/ a(s)r(s,u(s))|B(s)|ds o.
to

Ift e [to -7, to], then
() Y] ()] = [h™H (#)h(to) ™ (to) Ylul(to)]
< LMNQ/ a(s)r(s,u(s))|B(s)|ds o.
to
From these estimates together with (17), we get
|1 ()Y [u](t)] < LMN?*{|arB|* + |ar:B| (o) }o.

Since (o) — 0 as o — 0, so from (19), we obtain |Y[u]|;, < ¢ provided o is
sufficiently small. In order to prove (18), we proceed as follows:

Y[u)(t) — Yu](t') = Sy (t) + So(t) + S5 (t) — Su(t), to—7 <t/ < t, t' > to, t #t,,

where
Si(t) = /t /t O(t) PO~ (5)B(s) (u(s — r(s,u(s))) — u(s))ds
Sa(t) = / [®(t) — D(t')] PO ()B(s)(u(s — r(s, u(s))) — u(s))ds
Ss(t) = /t /t O(t')(I — P)®(s)B(s)(u(s — r(s, u(s))) — u(s))ds
Sa(t) = /too [@(t) — @(t)](I = P)®™ ' (5)B(s)(u(s — r(s,u(s))) — u(s))ds.

31 |<LN/ s)|r(s,u(s))ds o
< LNt >/t/ ()| B(s) (s, u(s))ds o

< LNa(t) /t/ a(s)|B(s)|(r1(t) + reyp(o))ds o
< LNa(t){|ar1B|* + |araB|>®¢(0)}(t — t') 0. (20)
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In view of the following estimate

(®(t) - B(1)P /A+B (v)dvPE1(s)|

s)| =
< Lo )/t/ h(v)h=Y(s)dv
< LNa(t)h(t)h ™ (s)(t —t'),

t'<s<t, t—t' <7, t#1;), we obtain

|h71(t)§2(t)| < LN?af(t) /00 a(s)|B(s)|r(s,u(s))ds(t — t')o

to
< LN?*a(t){|ariB|"' + |areBl* (o) }(t — )0

Furthermore, we have

|h71(t)§3(t)| < LMN[/t/ Z((tt/;a(sﬂB(s)h(s,u(s))ds] o

< LM N?a(t){|ar1B|* + |areB|*®¢(0)}(t — ') o

Following the procedure used in obtaining (21), we have

|h =1 (£)S4(t)] < LMN?a(t) /too a(s)|B(s)|r(s,u(s))ds(t —t')o
< LM N?a(t){|ar1B|* + |arsB|* (o)} (t — t')o.

From (20) and (22)—(24), it follows that

L[] (t) = Y[u] ()] < 2LM N?*a(t){|ar1B|* + |ar1 B|™®

+ (|areB|! + |arsB|®)h (o)}t — t')o.
(25a)

Repeating the above procedure for ¢t = t;, we have

L) | C[u) (t;) — Y[u](t)] < 2LM N?|Ci|e(t:){|ar1 B|* + |ari B|*

+ (JareB|* 4 |areB|>®)(0) }(t; — t)o.
(25b)

295

(23)

(24)

Taking into account 111% (o) = 0, the proof of the lemma follows from (19) and

(25) for small values of o.

Lemma 3. If h € G,y and zy € Vi, then ®zy € B0, o].



296 Bashir Ahmad

Proof. I tg — 7 <t < t,t > tg with ¢ # t;, then
()| ®(t)z0 — (1) 20| = |h71(t)/ (A+ B)(§)P(£)z0d¢]

t

h=(t) /t (A + B)(&)[n(E)|h™ () (€)z0|dE
< Na(t)(t —t)o.

N

Also, we have h™1(t;)|®(t;)z0 — ®(t')20] < N|Cy|a(t;)(ti — t')o. This completes
the proof of the lemma. n

Theorem 4. Assume that (16) possesses the dichotomy (4)—(5). Let h,k € G n
and (19) is satisfied. Moreover, we require that

r(t, h(t)(u) < ri(t) + ra(@)(lul) <7, V(E h(t)(w) € Chloo),  (26)

r(t, k() (w) < rit) +ra(O)y(lul) <7, V(L E()(u)) € Crloo).  (27)

If the function aryB is bounded and integrable and Vi, # Vi, then the zero
solution of (1) is not h-stable.

Proof. Let us assume that the zero solution of (1) is h-stable. Then for o > 0
and 0 < € < min(o, o), there exists a 6 > 0 such that |u(t*,to, ¢)| < o for
t* > to with ti < t* § ti+1 and |u(t,t0,¢)| Z o for to § t § ti for some i
provided |¢|, < d. Also, |u(t; + 0,t0, 9)| = |Ciu(ts, to, p)| > €. Hence, we can
find a 9 satisfying t; < t® < t* such that € < |u(t°, to, )| < o. For a sufficiently
small number o7 (01 < ), we have

2LMN2{|047"1B|1 + |arzB|11/)(al)}al < o1 <o, orlk | <.

For a small 3 > 0, we fix an initial condition zg € V}\ V4 such that |2(t°, ¢, 20)|x <
(B, where (3 satisfies

B+ 2LMN?*{|ar1B|" + |aryB|*(01)}o1 < 071, (28)

and z(t°, to, zo) represents the solution of (16) satisfying z(to, to, 20) = 20. Now
we consider the integral equation v = ©u], where © is defined by

Ou)(t°) = (120 + T[u)(t°), 1 >ty — .

Using k instead of h in Lemma 2 and Lemma 3 together with the choice of
B, it follows that © : B}[0, 01] — B;[0, 01].

Employing the procedure used in the proof of Theorem 3, it can be shown
that the operator © satisfies Schauder—Tychonoff Theorem. Letting u to be a
fixed point of the operator ©, it is straightforward to show that u is a solution
of (1). Moreover, to — 7 < t° < tg and (28) imply that

u(t?)] < (1220l + | T[u] k(") < o1lkee|7 <6,
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which evidently shows that u is an A—bounded function. From the hypothesis
of the theorem, it follows that Y : B} [0, o] — B;:[0, o]. Thus, Y[u| is h-bounded.
Since u(tY) = 2(t%, to, 20) + Y[u](t°), therefore, 2(tY, o, 29) is h—bounded. This
contradicts the choice of zj. ]

Example. As an application of Theorem 4, we study the instability of the zero
solution of the equation

() = ult — e u)?), t £ 4, 0<B <L,

whose corresponding first order system has an associated equation (16), which
has an (1, e*)-dichotomy with V; # V.:. In this case, h~! and k~! are bounded.
The conditions (26) and (27) are satisfied with o9 =1, 7 =1, r1(t) =0, r2(t) =
eB=Dt 4(0) = o®. Moreover, we emphasize that r(t, h(t)(u)) and r(t, k(t)(u))
are respectively bounded on the sets Cp(1) and Cy(1) by the constant 7 = 1.
Condition (19) is satisfied in view of 71 (¢) = 0 and using the notations of Theorem
4, aroB = eP~Vt is bounded and integrable. Thus, by Theorem 4, it follows
that the zero solution of this equation will be Liapunov unstable.

Acknowledgment. The author thanks the reviewer for his/her valuable comments and
suggestions.
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