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Abstract. A ring R is called semicommutative, if ab = 0 implies aRb = 0 for all

a, b ∈ R. It is well-known that the n by n upper triangular matrix ring over any ring

with identity is not semicommutative when n ≥ 2. In the paper, a special semicom-

mutative subring of upper triangular matrix ring over a reduced ring is obtained.
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1. Introduction

Throughout this paper, all rings are associative with identity 1( 6= 0). For a ring
R, the notations γR(−) and ιR(−) are used for the right and left, respectively,
annihilators over R. A ring R is called semicommutative, if ab = 0 implies aRb =
0 for all a, b ∈ R. According to Shin [1, Lemma 1.2], a ring R is semicommutative
if and only if, for any a, b ∈ R, ab = 0 implies aRb = 0, if and only if any right
annihilator over R is an ideal of R, if and only if any left annihilator over R is
an ideal of R. Properties, examples and counterexamples of semicommutative
rings are given in [2 - 4].

We fix some notations. Let R be a ring. We write Mn(R) and Tn(R) for the
n × n matrix ring and n × n upper triangular matrix ring over R, respectively.
The n×n identity matrix is denoted by In. For any A ∈ Mn(R), let RA = {rA :
r ∈ R}. For n ≥ 2, let {Ei,j : 1 ≤ i, j ≤ n} be the set of the matrix units.

Define a subring Rn of the n × n matrix ring Mn(R) over R as follows:
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Rn =








a a12 a13 · · · a1n

0 a a23 · · · a2n

0 0 a · · · a3n
...

...
...

. . .
...

0 0 0 · · · a




: a, aij ∈ R





It was proved in [2, Proposition 1.2 and Example 1.3] that if R is reduced,
then the ring R3 is semicommutative but Rn is not semicommutative for n ≥ 4.
In the paper we continue the study of semicommutative rings and try to find
some bigger semicommutative subrings of Tn(R) for n ≥ 2 when R is a reduced
ring. Our method will also be used to give some Armendariz subrings of Tn(R)
for n ≥ 2 when R is a reduced ring. For this purpose, we introduce the following
notation.

For an positive integer n ≥ 2, we let

Un(R) =
k∑

i=1

n∑

j=k+1

REi,j +
n∑

j=k+2

REk+1,j + RIn,

where k = [n/2], i.e., k satisfies n = 2k when n is an even integer, and n = 2k+1
when n is an odd integer.

For example,

U4(R) =








a 0 b c
0 a d e
0 0 a f
0 0 0 a


 : a, b, c, d, e, f ∈ R





,

U5(R) =








a 0 a b c
0 a d e f
0 0 a g h
0 0 0 a 0
0 0 0 0 a


 : a, b, c, d, e, f, g, h ∈ R





.

Note that if n = 3, then the ring U3(R) = R3 is semicommutative [2, Proposition
1.2 and Example 1.3] when the ring R is reduced.

2. Semicommutative and Reduced Rings

Theorem 2.1. Let R be a reduced ring. Then the following hold.
(1) Un(R) is a semicommutative ring for every n = 2k + 1 ≥ 3;
(2) Un(R) is a semicommutative ring for every n = 2k ≥ 2.

Proof.
(1) Let
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α =




a 0 · · · 0 a1,k+1 a1,k+2 · · · a1,2k+1

a · · · 0 a2,k+1 a2,k+2 · · · a2,2k+1

. . . 0
...

...
...

...
a ak,k+1 ak,k+2 · · · ak,2k+1

a ak+1,k+2 · · · ak+1,2k+1

a · · · 0
a 0

a




and

β =




b 0 · · · 0 b1,k+1 b1,k+2 · · · b1,2k+1

b · · · 0 b2,k+1 b2,k+2 · · · b2,2k+1

. . . 0
...

...
...

...
b ak,k+1 bk,k+2 · · · bk,2k+1

b bk+1,k+2 · · · bk+1,2k+1

b · · · 0
b 0

b




in Un(R) for n = 2k + 1 ≥ 3 satisfy αβ = (cp,q) = 0. Then for any p, q ∈
{1, 2, · · · , k} we have the following:

cp,p = ab = 0 (1)
cp,k+1 = abp,k+1 + ap,k+1b = 0 (2)
cp,k+1+q = abp,k+1+q + ap,k+1bk+1,k+1+q + ap,k+1+qb = 0 (3)
ck+1,k+1+q = abk+1,k+1+q + ak+1,k+1+qb = 0 (4)

From (1), we have that ba = 0 since R is reduced. If we multiply (2) by b
on the left side, then babp,k+1 + bap,k+1b = 0 for p = 1, 2, · · · , k. Thus we get
that bap,k+1b = 0 and hence ap,k+1b = 0 for p = 1, 2, · · · , k. So abp,k+1 = 0
for p = 1, 2, · · · , k. From (4), continuing in the same manner, we can show
that abk+1,k+1+q = ak+1,k+1+qb = 0 for q = 1, 2, · · · , k. If we multiply (3) on
the left side by b, then we obtain that 0 = babp,k+1+q + bap,k+1bk+1,k+1+q +
bap,k+1+qb = bap,k+1+qb for any p, q ∈ {1, 2, · · · , k}, thus ap,k+1+qb = 0 for any
p, q ∈ {1, 2, · · · , k}. Thus

abp,k+1+q + ap,k+1bk+1,k+1+q =0 for any p, q ∈ {1, 2, · · · , k} (∗)

Multiplying (∗) on the right side by a, we obtain 0 = abp,k+1+qa+ap,k+1bk+1,k+1+q

a = abp,k+1+qa for any p, q ∈ {1, 2, · · · , k}. Thus abp,k+1+q = 0 for any
p, q ∈ {1, 2, · · · , k}. It also follows from (∗) that ap,k+1bk+1,k+1+q = 0 for any
p, q ∈ {1, 2, · · · , k}. Now each
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γ =




c 0 · · · 0 c1,k+1 c1,k+2 · · · c1,2k+1

c · · · 0 c2,k+1 c2,k+2 · · · c2,2k+1

. . . 0
...

...
...

...
c ak,k+1 ck,k+2 · · · ck,2k+1

c ck+1,k+2 · · · ck+1,2k+1

c · · · 0
c 0

c




∈ Un(R).

We need only to prove (αβγ)ij = dij = 0 for each (i, j) ∈ N × N , where
N = {1, 2, · · · , n}. Since R is reduced, it is semicommutative. So for any
x, y ∈ R, xy = 0 implies that xRy = 0. Thus acb = 0, dp,k+1 = (ac)bp,k+1 +
(acp,k+1 + ap,k+1c)b = 0 for p = 1, 2, · · · , k and dk+1,k+1+q = (ac)bk+1,k+1+q +
(ack+1,k+1+q+ak+1,k+1+qc)b = 0 for q = 1, 2, · · · , k. For any p, q ∈ {1, 2, · · · , k},
we have

dp,k+1+q =(ac)bp,k+1+q + (acp,k+1 + ap,k+1c)bk+1,k+1+q

+ (acp,k+1+q + ap,k+1ck+1,k+1+q + ap,k+1+qc)b
=0.

By the above proof, we get that (αγβ)ij = dij = 0 for each (i, j) ∈ N × N .
Therefore αγβ = 0. Hence Un(R) is semicommutative for n = 2k + 1 ≥ 3.
(2) It is similar to (1). �

According to [5], a ring R is called an Armendariz ring if whenever polynomials
f(x) = a0 + a1x + · · · + amxm, g(x) = b0 + b1x + · · · + bnxn ∈ R[x] satisfy
f(x)g(x) = 0, then aibj = 0 for each i, j. The name ”Armendariz” was chosen
because E. Armendariz [6, Lemma 1] had noted that a reduced ring satisfies this
condition. Properties, examples and counterexamples of Armendariz rings are
given in [3, 5 - 9].

Note that R3 is Armendariz when R is reduced, but Rn is not for any ring
R when n ≥ 4 [7, Proposition 2 and Example 3]. By analogy with the proof of
Theorem 2.1 we have the following result on Armendariz rings.

Corollary 2.2. Let R be a reduced ring. Then the following hold.
(1) Un(R) is an Armendariz ring for every n = 2k + 1 ≥ 3;
(2) Un(R) is an Armendariz ring for every n = 2k ≥ 2.

Proof.
(1) Let f(x) =

∑s
i=0 Aix

i, g(x) =
∑t

j=0 Bjx
j ∈ Un(R)[x] be such that f(x)g(x) =

0. Suppose that
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Ai=




a(i) 0 · · · 0 a
(i)
1,k+1 a

(i)
1,k+2 · · · a

(i)
1,2k+1

a(i) · · · 0 a
(i)
2,k+1 a

(i)
2,k+2 · · · a

(i)
2,2k+1

. . . 0
...

...
...

...
a(i) a

(i)
k,k+1 a

(i)
k,k+2 · · · a

(i)
k,2k+1

a(i) a
(i)
k+1,k+2 · · · a

(i)
k+1,2k+1

a(i) · · · 0
a(i) 0

a(i)




, i = 0, 1, · · · , s,

and

Bj=




b(j) 0 · · · 0 b
(j)
1,k+1 b

(j)
1,k+2 · · · b

(j)
1,2k+1

b(j) · · · 0 b
(j)
2,k+1 b

(j)
2,k+2 · · · b

(j)
2,2k+1

. . . 0
...

...
...

...
b(j) a

(j)
k,k+1 b

(j)
k,k+2 · · · b

(j)
k,2k+1

b(j) b
(j)
k+1,k+2 · · · b

(j)
k+1,2k+1

b(j) · · · 0
b(j) 0

b(j)




, j = 0, 1, · · · , t.

Denote

f =
s∑

i=0

a(i)xi,

f1,k+1 =
s∑

i=0

a
(i)
1,k+1x

i, · · · , f1,2k+1 =
s∑

i=0

a
(i)
1,2k+1x

i,

· · ·

fk,k+1 =
s∑

i=0

a
(i)
k,k+1x

i, · · · , fk,2k+1 =
s∑

i=0

a
(i)
k,2k+1x

i,

fk+1,k+2 =
s∑

i=0

a
(i)
k,k+2x

i, · · · , fk+1,2k+1 =
s∑

i=0

a
(i)
k+1,2k+1x

i,

and
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g =
t∑

j=0

b(j)xj,

g1,k+1 =
t∑

j=0

b
(j)
1,k+1x

j, · · · , g1,2k+1 =
t∑

j=0

b
(j)
1,2k+1x

j,

· · ·

gk,k+1 =
t∑

j=0

b
(j)
k,k+1x

j , · · · , gk,2k+1 =
t∑

j=0

b
(j)
k,2k+1x

j,

gk+1,k+2 =
t∑

j=0

b
(j)
k,k+2x

j , · · · , gk+1,2k+1 =
t∑

j=0

b
(j)
k+1,2k+1x

j.

Note that R[x] is reduced when R is reduced. So as in the proof of Theo-
rem 2.1, we obtain that fg = 0, fgp,k+1 = 0, fp,k+1g = 0, fgp,k+1+q = 0,
fp,k+1gk+1,k+1+q = 0, fp,k+1+qg = 0, fk+1,k+1+qg = 0, and fgk+1,k+1+q = 0 for
each p, q ∈ {1, 2, · · · , k}. Since reduced rings are Armendariz, it follows easily
that each coefficient of f annihilators every coefficient of g, each coefficient of
f annihilators every coefficient of gp,k+1 for p = 1, 2, · · · , n, each coefficient of
fp,k+1 annihilators every coefficient of g, p = 1, 2, · · · , n, etc. Now it is easy to
prove that AiBj = 0 for any i = 0, 1, · · · , s and j = 0, 1, · · · , t. Thus Un(R) is
an Armendariz ring for every n = 2k + 1 ≥ 3.
(2) It is similar to (1). �

Corollary 2.3. ([2], Proposition 1.2) Let R be a reduced ring. Then

R3 =








a b c
0 a d
0 0 a


 : a, b, c, d ∈ R





is a semicommutative (and an Armendariz) ring.

Given a ring R and a bimodule RMR, the trivial extension of R by M is the
ring T (R, M ) = R

⊕
M with the usual addition and the following multiplication:

(r1, m1)(r2, m2) = (r1r2, r1m2 + m1r2).

This is isomorphic to the ring of all matrices
(

r m
0 r

)
,

where r ∈ R and m ∈ M and the usual matrix operations are used.

Corollary 2.4. Let R be a reduced ring. Then T (R, R) is a semicommutative
(and an Armendariz) ring.
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