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Abstract. In this paper, the weighted inequalities for the commutators of some singu-
lar integral operators on the Morrey spaces LP'¢(w) are obtained. As an application, it
is proved that, for the nondivergence elliptic equations szzl aijug,a, =1, if f belongs
to LP#(w), then us,. €L™¥(w), where u is the W*?-solution of the equations.
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1. Introduction and Notations

Throughout this paper, ¢ will denote a positive, increasing function on R and
there exists a constant D > 0 such that

o(2t) < Dp(t), forall t>0;

Let w be a non-negative weight function on R™ and 2 be an open set in R™ or
Q) = R™. Suppose that f is a locally integrable function on R", we define, for
1<p<oo,
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where B(x,r) = {y € R" : |z —y| < r}. The weighted generalized Morrey spaces
is defined by

LP9(Q,w) = {f € Lho(R") ¢ |f]| o) < 00);

If p(r) = 1% & >0, LP¥ = LP it is the classical Morrey spaces (see [1]).

The purpose of this paper is twofold: first, we establish the weighted in-
equalities of the commutators of some singular integral operators on general-
ized Morrey spaces, and second, we study the interior estimates in general-
ized Morrey spaces for the solutions of some nondivergence elliptic equations
szzl AijlUg,e, = f, we prove if f € LP?, then uy,,, € LP?, where u is the
W?2P_solution of the equation. The results extend the ones in [2, 4, 5].

First, let us introduce some notations. For a ball B and a locally integrable
function f, let f(B) = [ f(z)dz and fg = |B|™' [5 f(z)dx. Let M(f) be the
Hardy-Littlewood maximal operator, we define, for 1 < p < oo,

AMﬁ:WMW”mdﬁ@:sw-L/V@—mw
B: zeB |B| B

Let €2 be an open set in R™ or 2 = R", we define
1
koo =suw o [ 17() = faldy
B |Bl /g

and

1
5(r) = sup ———
( ) BCQ |B($,T>| B(z,r)

The BMO and VMO spaces are defined by (see [6])
BMO(Q) = {f € Ly, (R") : || fll Bao < o0}

[f(y) — fBldy.

and
VMO(Q) = {f € Lio(R") : lim (r) = o} .

The A, weight is defined by (see [6])(1 < p < o)

Ap= {o <wE Ljoe(R") : sup (ﬁ/E w(x)dx) (ﬁ /B w(x),l/(p,l)dx)pfl <OO}

and
Ay ={0<we L. (R"): M(w)(x) < Cw(x),a.e.}.

Now, we define the singular integral operator and its commutator.

Definition. Let T be a linear operator mapping the functions on R™ into ones
on R™, and

(1) T is bounded on L*(R");

(2) There exists a function K on R™ x R"\ {(z,z) : x € R"} such that

/ |K(z,y)|dy < oo, x¢&2B
B
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and for f € L®(R™) with suppf C B = B(z',r), the following holds:
T(f)(e) = [ K.o) iy
R’n.

moreover, when r > 0, we have

/ 1/p
([, 1K) = K pphay) ™ < ol —a'rlB o,
rlr—y|<2r

where 1 < pg < 00, 1/po+ 1/py =1 and 6 is an increasing function on R and
fol O(t)t~tdt < co. Then T is called the generalized singular integral operator.
When 6(t) =%, 0 < § < 1, T is non-convolution Calderon-Zygmund opera-
tor (see [6]). It has been proved that (see [8, 9]) T is weak type (1,1) and strong
type (p, p) about weight w € A, for 1 < p < oco.
Let T be the generalized singular integral operator and b be a locally inte-
grable function, the commutator is defined by

[0, T)(f) = bT'(f) = T(bf).
2. Weighted Inequalities of Commutator

First, we prove the weighted inequalities of the generalized singular integral
operators and maximal operator on Morrey spaces.

Theorem 1. Let 1 < p < o0, 0 < D < 2", w € Ay, suppose that T and M
are the generalized singular integral operator and maximal operator, respectively.
Then, for f € LP¥(R™ w),

(@) |T()l|zre(rnw) < CllflLeernw);

(B) IM(H)llzee(rmw) < Cllf|Lre(rr w)-

Proof. (a) Let f € LP¥(R", w), for a ball B = B(z,r) C R™, since M (wxp) €
A1 (see [3]) and by the (p, p)-boundedness of T' (see [8, 9]), we have

/ |T(f)(y)|pw(y)dy</ TN (Y)I” M(wxr)(y)dy
B(z,r) n

<C . |f(y) [P M (wxs)(y)dy

=c[ [, s e+ >

[ twretar+ Y [P g
B k=072

k+1B\2k B

/ F@)IP M (wxs)(w)dy
2k+1B\2k B
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w(y)
;D d d
/|f )Pw(y) y+§ /QHIB an Yy

g C| |f| |;2p,<p(Rn7w) Z 2ink</)(2k+l7ﬁ>
k=0

< O oy D27 D) (1)
k=0
g C||f||;zp,<p(Rn7w)<P(T)a

thus,
T () Lre(rrw)y < CNfllLrerrw)-

The proof of (b) is similar to that of (a), we omit the details.
Now, we prove one of the main results in this paper.

Theorem 2. Let 1 <p<oo,0< D <2" we A, b€ BMO(R"™), suppose
that T is the generalized singular integral operator, then, for f € LP¥(R™ w),

116, TY () oo (B w) < ClIblBMOI ] Lr0 (7 0)-

Proof. First, we prove that, for 1 < t,s < oo,

([b, TN < ClblBro(M(Tf) + Mi(f)), ace..
In fact, choose a ball B = B(zg,r) C R", we write

[0, TI(f) = [b= b5, TI(f) = (b= bB)T(f) = T((b—bp)fx28) — T((b—bB)fX(2B))
=I+I11+1I1.

By Holder’s inequality, we have

/s
e < (7 [ i) =vslar) ™ (- [ T @)a)
) (@ (i@

< C|bl|BroMs(Tf).

By the Li-boundedness of T' (see [8],[9]) for 1 < ¢ < oo, taking k € (1, 00) such
that gk = t, we have

|B|/|H|d‘r\ |B|/|T fXQB)(‘T)'qu)l/q
<el ] -

/ 1/4k" /1 1/qk
C—/ b(x) — bp|?* dx —/fqudx
(17 ], 1) b5l ) (137 ], [f@)1kaz)
< Obl|BmoMi(f);
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For 111, taking [ > 1 such that pgl = t, we get
I T((b = bB)fX(2B)e)(x) = T((b— bB) X (2B))(20)|

< / K () — K(z0,9)|[b(y) — bs|| f(y)|dy
(2B)

-3 / K (2,9) — K (20, 9)|b(y) — bs| | £()ldy

b1 J28+1B\2~B

oo 1/106
<3 ( / K (2, ) — K (a0, y>|pody>
i \J2rtiB\2rB

1/?0
X (/ 1b(y) — bBlp“If(y)|p°dy>
2k+1

o0 l/p[)l/
<CY B k)i m ( [ 1bta) — b dy)
2k+1B

o 1 , 1/pol’
<0y oeh (|— Ib(y) — by P! dy)

3 ]y

1 1/pol

< (e [, Uwray)
<COl[bllBrroM:(f);

by the equivalence of 7, 6(27%) and fol 6(t)t~1dt. Thus

1
E/B |[IIT —T((b—0bB)fX@2B))(wo)|dx < C||b]| BaroM:(f),
so that, we have

([b, T)(f))* < Clbl|Baro(Ms(Tf) + M(f)).-
Now, by the following inequality (see [6]): for w € A,

[ @y <c [ it @i,
n R’n.
similarly by to the proof of Theorem 1, we get

||Mf||LP’*F(R",w) < C||f#||LPﬁF(R"7w)-
Next, taking 1 < s, t < p, by the boundedness of T and M on LP**(R"™ w) for
1 <p < o0, we gain
o, TYN N zre(rm ) < ClM([b, T fl] r oo (R )

<O, TV |l (7m0

<0l Brol|Ms(Tf) + My(f)|| Lo (rr w)

<Ol Bro(IT fl|Lo-e(rrw) + ([ Me( )l Lo (Rr w))

<C|bl|Baroll fllLee(rr w)-
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This completes the proof of Theorem 2. n

Corollary. Let T be the generalized singular integral operator, if 1 < p < oo,
w € Ay, b € VMO(R"™) and 0 < D < 2™. Then, for any € > 0, there exists
ro > 0, such that for any ball B = B(x,r) in R™, when 0 < r < 19 and
f € LP?(B,w), the following holds:

[0, T)f|| oo (Bw) < Cell fllLove(B,w)-

Proof. Choose rg such that d(rg) < ¢, then the conclusion follows from Theorem
2.

3. Interior Estimate of Elliptic Equation

In this section, we will use Theorem 2 and Corollary in Sec. 2 to study the
interior estimate of some elliptic equation.
Suppose n > 2 and €2 is an open set in R", let

n
L= a(z)(0%/0x0x;),
ij=1
where a;; = aj; for i,5 = 1,2,---,n, a.e. in (), and assume there exists C > 0
such that, for y = (y1,- - ,yn) € R,
n
C7Hy?| < Z ai;(z)yiy; < Cly]?, a.e. for z € Q;

ij=1
denoting by (A;j)nxn the inverse of the matrix (a;;)nxn, for z € Q and y € R™,
let

1-n/2
K(z.) = [(n— 2)Cudet(ay @)1 | 3 Ay@my,
ij=1
and
Kiey) = L K(ey),  Kyloy) = —o—K(a,y)
i\T, Y _8y1 xr,Y), i\ Ty Y _8561856] xr,Y)-

From [2, 5], we have the interior representation formula, if u € W02 P (see [7]),

n

Uz, (2) =P.V. /B Kij(z,w—y) | Y (ar(®) = ari(y))e,e (y) + Lu(y) | dy
k=1

+ Lu(x) K;(x,y)y;do,, a.e. forxze B CQ,
lyl=1

where B is a ball in 2. We also set
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M= max max |[[0°K;j(x,y)/0y"||re < 0.
=1 n |al<2n
Theorem 3. Let Q be an open set in R™, w € A1, 1 <p<oo,0< D < 2™
a;; € VMOQ), i,j =1,2,---,n. Then there exists a positive constant C' such
that for all balls B C  and u € W02’p, we have Uy,.; € LP¥(B,w) and

||umimj ||LPx*F(B,w) g C| |Lu| |LP"F(B,u))-

Proof. 1t is easy to verify that K;; satisfy the condition of Corollary by the
representation of u,,; and the conditions of Kj;, thus, from Corollary, we have,
for any € > 0,

| |umimj | |LPx<F(B,u)) < CE| |umimj | |LP’*F(B,u)) + C| |Lu| |LP"F(B,w);
choosing € small enough (e.g. Ce < 1), we get
|tz | Lre(Bw) < (C/(1 = Ce)|Lul|Lre(B,w)-
This finishes the proof of Theorem 3.
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