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Abstract. The Lempert function for a set of poles in a domain of C™ at a point
2 is obtained by taking a certain infimum over all analytic disks going through the
poles and the point 2z, and majorizes the corresponding multi-pole pluricomplex Green
function. We investigate the precise behavior of the Lempert function as a set of three
poles in C2 coalesces to the origin.
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1. Introduction
Let € be a domain in C", and a; € €2, j =0, ..., N. Coman’s Lempert function

is defined by [2, 5]:

N

U2) 1= bag can (2) 1= 0f { 310151 0(0) = 2, (1.1)
7=0

©(¢j) =a;,j=0,...,N for some ¢ € O(D, Q)},

where D is the unit disc in C.

For most of this paper, we will consider Q = D? |z| := max(|z1], |22]),
ap = (0,0), a1 = (£1,0), and as = (0,e2), where ¢; € D, j = 1,2. We will
write /. (z) for the Lempert function with respect to the three poles ag, a1, as
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evaluated at the point z = (21,22) € D. It is clear that the Lempert function
approaches —oo near each of its poles a;. When €; — 0, all poles concentrate
at the origin of C2?, and the Lempert function may converge to some limit with
its singularities concentrated at the origin.

Our goal is to understand in detail the aspect of this singularity. A first
remark is that the Lempert function is always related to the corresponding Green
function for the same poles,

g(z) :=sup{u € PSH(Q,R_) : u(z) <loglz—a;|+C;,j=0,...,N},

where PSH (2, R_) stands for the set of all negative plurisubharmonic functions
in Q. The inequality g(z) < ¢(z) always holds, and it is known that it can be
strict [1, 6, 7]. If £ ever turns out to be plurisubharmonic itself, then it must be
equal to g [2]. There are some simple cases where limits of sequences of Lempert
functions can be identified as Lempert functions with multiplicities [8].

In the special case that we are studying, the Green function (denoted by g.)
is not known either, nor do we know whether it always admits a limit as €; — 0,
but it can be compared to the Green functions for the three following systems
of points:

Sy :={ao, a1}, S2:={ao,a2}, S3:={ao,a1,az,(e1,¢2)}.

Those are all product sets, so their Green functions are explicitly known [3] as
well as their limits when €; — 0, which are respectively

91(2) == max(2log|z1],log|z|), g2(2) := max(log|z1], 2log|22]),
93(z) := max(2log|z1],21og|z]|).

Nguyen Van Trao remarked that it follows from the definition of the Green
function that

gss < ge < min(gSUgSz) (12)

throughout the bidisk, and therefore when |z2| < |21]?, limg.(2) = g3(2) =
g1(2) = 2log|z1|, and when |21| < |22]?, limg.(2) = g3(2) = g2(2) = 2log|z2].
Also, for any z in the bidisk,

liminf ¢.(z) > limg.(z) > g3(2) = 21og |z|.

51,52*>0

We first give our result in a special case where the picture is more complete.

Theorem 1.1. Suppose €1 = e =¢. Then
(1) If 1 =0 or 22 =0 or z1 + 22 = 0, there exists a constant C > 0 such that

limsup 4. (z) < 2log|z| + C.

£1,62—0
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(2) For any co > 0, there exists a constant C = C(co) > 0 such that for any

g cal, and co < ’1—|— j—;’, then

Z2

z = (21, 22) verifying co <
liminfl.(z) > =log|z| = C
e—0 2

and

3

limsup . (z) < = log|z| + C.
e—0 2

Corollary 1.2. If g is some cluster point of the family {g-}, then for any

z € D?,

3
and g(z1,—z1) = 2log|z|.

This is an improvement over the inequalities (1.2) when |z2|? < |z1| <
|22|'/2. Other estimates, to appear in an upcoming paper with Jon Magnusson
and Ragnar Sigurdsson, show that these new bounds for the limits of the Green
functions are actually sharp.

Proof. The function g must be plurisubharmonic, so subharmonic on any com-
plex line going through the origin. It is also negative everywhere. The inequal-
ity that its restriction on a complex line satisfies near the origin implies that
it is bounded above by the corresponding one-variable Green function, which
gives us the required upper bound. The equality in the special case follows
from (1.2). n

Theorem 1.1 will follow from the more detailed result below.

Theorem 1.3.
(1) If 21 =0 or 2o =0 orif z1 # 0,22 # 0 and lim., ., 0 2t = — 2L, there
exists a constant C' > 0 such that

limsup 4. (z) < 2log|z| + C.

51752*>0

(2) For any co > 0, there exists a constant C = C(co) > 0 such that for any

< 051, with the (e1,€2) involved in the limes

z = (21, 22) verifying co < ’;—;

(inferior and superior) below always verifying

2zl el o (1.3)
|z1] 22 le1| e2
then 5
liminf ¢.(z) > = log|z| — C. (1.4)
€1,62—0 2
If, furthermore,
2 2
lim L= lim 2=,

€1,e2—0 €9 €1,e2—0 €1
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then 5
limsup . (z) < = log|z| + C. (1.5)
51752*>0 2

2. Upper Estimates

To prove the upper estimates in the above theorem, we shall need to construct
appropriate maps ¢ from the disk to the bidisk. It will be useful to relax a
little the condition that ¢(D) C D?. A more general form of this lemma will
appear in [8].

Lemma 2.1. Suppose that a;(e) € D?, j =0,..., N depend on some parameter
e € C™, with lim. ,9a;(c) = a; € Q, j = 0,...,N, and that there exists a
function ~(g) such that lim._o~(e) =0 and A € R with the following property:
for anye >0, z € D?\ {ai,...,an}, there exists a holomorphic map ¢ : D —
D(0,1+~(¢))? and (o, - . .,{n such that

N
0(0) = 2,0(¢) = a;(2),j =0,....N, and > _log|¢;| < A (2.1)
j=0

Then lim sup,_,q &10(5) ,,,,, aN(s)(Z> <A

Proof. First note that by applying an automorphism ¢ of the bidisk exchanging
z and (0,0), we have a map ¢ := ¢ o p such that

@(O) = (050)5</)(CJ> = (b(&j(f)),j = Oa "'aNa and @ :D— D(Oa 1 +7(5))25

for another function v with the same property as the original one.

Likewise, to estimate €4, (c), .. an(e)(2) it is equivalent to look for maps 1
and points ¢, . .., (} such that (D) C D?, and

N

$(0) = (0.0).(¢}) = 6(ay(2)).3 = 0,-.. Nyand limsupy log G <\
E—> JZO

Applying the usual Schwarz lemma to each coordinate of @, we see that @(D(0, (1+
v(g))™!) € D?, and therefore

S /
= g(————— dd:=(1 ;
will satisfy our requirements. [ ]
Notation: we always write ¢4(() := 1":(% for the involutive automorphism

of the unit disk exchanging a and 0. Applying an automorphism of D ex-
changing ¢, and 0, the original problem of construction of maps as in (2.1) is
equivalent to finding a holomorphic map ¢ : D — D(0,1 + 7(¢))? and new
points (g, . .., (N such that
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N
(0) = (0,0),0(¢) = aj(e),j = 1,.s N, and [Gol+Y  log g, (G)] < A (2.2)

j=1

Proof of Theorem 1.3, part (1).
Assume zo = 0. The case z; = 0 would be treated in the same way.

By the formulation (2.2) of our problem, we need to construct a map ¢,
with an appropriate control of the image of D, such that

©(0)  =1(0,0)
= 5 0
e(C1) (¢1,0) (2.3)
¢(<2) = (Oa 52)
©(C) = (21,0)
First we choose (3 := €1, {p := 21, and (2 close to 1, to be specified later.

An approximate solution of this interpolation problem, will be given by the
following map from D to D?:

#() = (696 (€):¢

62, (C) ¢-,()
6e: (1) @1(1)52)'

The errors with respect to the requirements in (2.3) are now given by

¢%(e1) — (€1,0) (51(¢<2( 1) —1),0) =: (E1,0) (2.4)
<PO(<2) —(0,e2) =(0,e2(¢2 q;:(ff)) q;:zll((%) — 1)) =: (0, E2) '
¢ (21) = (21,0) = (21(¢¢e(21) — 1),0) =: (E3,0)
A computation shows that
(1-G)+¢(1 =) (1+|C|>
Q) —1] = . < 1- G,
6 (6) - 1 = [ 1L e - gl
so that for |z1] < %, g1 < %|z1|, which we may assume,
5
|E1|<§|1—42||€1|,|E3|<3|1—<2||21|- (2.5)

In the same way, one sees that under the above assumption, |Fs| < |1 — (ollea]-
To get a map satisfying (2.3), we subtract from ¢ a correcting term ¢! (¢) =
(p1(€), 93(€)) obtained by Lagrange interpolation. More precisely, we choose

1 C ¢€1(<) ¢21(<)
20 = (@) b (Ca)
and @1 (¢) = Cd¢, (C)h(C), where h must satisfy
_ by —. 1) = By —. g
M) = o TP M =g T

We can then set
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hQ) = BT gyt

€1 — 21 2’1—51

It is easy to see that |¢3(¢)| =< |Ea| < |e| for (2 close enough to 1. It follows
from (2.5) that |Ef|, |ES] < |1 — (o, therefore |1 (Q)] = 11 = Callz1] 7t < g for
(2 close enough to 1. So the map ¢ — ¢! satisfies the hypotheses of Lemma
2.1 and since we have

2
1ol + D108 |66, ()] < log 21| + og |, (e1)] < log |z1] + log(|z1] + [ea ),
j=1

we may take A = 2log|z1| + n, for any n > 0, which implies the conclusion of

Theorem 1.3, part (1), with C' = 0. ]
Proof of Theorem 1.3, part (2), (1.5).

We will need a few notations. We set u := 20/21, 0 := e2/¢;. Exchanging
coordinates if needed, we may assume || < 1, and therefore |z| = |z1]. The

hypothesis in the theorem is that

g
iy o)
g

~1
e ()7l
i o
so the complex number o/u lies outside of certain plane sector containing —1,
and in particular |1+ (o/p)| > co. We choose a complex number v such that
= (1+ (¢/p))”"; this remains bounded.
We choose a complex number (p such that (3 = z;. This means that
z = (€2, uC2). We also choose, for each &1, an &} such that ¢;* = £,. Now we
set

A €2 —1/2 1/2 - €2 €2 —1/2
Cl.—l/El— 1+5 <2 _ﬁcl__l—/Q 14— . (26)

We will follow the pattern of the previous proof. In order to apply Lemma 2.1,
we need to produce a map satisfying

©(0)  =(0,0)

e(C1) = (e1,0)

P(G) = (0,e2) 27
©(Co) = (21, 22)

We choose (o, (1, (2 as above and set

. ST
P = (< —G 1)

We remark that our ¢; have been chosen so that
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GG = G) =e1,1C(i — G) = e2, and |G| = |V |u] ezl < el

Elementary computations yield

¢’(0) = (0,0) = (0,0) )
<p0(<l) —(e1,0) = (51 . 512172 , 0) =: (F1,0)
B GG ) (2.8)
P@ -0 = (02792 ) 0.5
0(e) — » _ Gl — (G Cg&-@) .
©°(Co) = (Co -l : 1Go 1l ) (E3, Ey)
We construct a correcting term ! by Lagrange interpolation:
T ¢(¢ = ¢)(¢ —¢o) CC—=¢)(€—¢)
w10 = GG =) (G = o) " Co(Co = €1)(Co = )’
P1(C) = By ¢(¢ = ¢)(¢ — <o) L E CC—=C)(€—¢)

GG -G -G oG- - &)

The map ¢° — ! will assume the correct values, now we need to see that it
sends I to a neighborhood of the bidisk by estimating the size of ¢?.

First note that for |¢| small enough, | Es| < 3|21|/2|Ca| < 3¢y */ 2|21 /2 |e1| 1/
|lea|, and |E4| < 3|21]Y?|¢1] < 3051/2|zl|1/2|51|1/2, therefore, using the last hy-
pothesis of the theorem, for |e| small enough (depending on |z]), the second
terms in o1 (¢) and p3(¢) can be made arbitrarily small.

On the other hand, for |e| small enough,

By

G —2
GG —¢)| ’1 -Gl < 20" [ezl,
E | w6 3
G(G—-a)| ’1 - (12 S 267le2l.

So the first terms in ¢1(¢) and @3(¢) are bounded above by 2¢g %|eal|21]| /2,
which once again can be made arbitrarily small for |¢| small enough.
Finally, the relevant sum

log |Co| + 1og | ¢, (C1)| + log | de, (C2)| < log | Co| + log(|Co| + |¢i]) + log(| ol + [¢2l),

so that A = 3log|(o| +n = 2 log|z1| +n < 2log|z| + n may be used to apply
Lemma 2.1, for any n > 0. n

3. Lower Estimates

Proof of Theorem (1.3), part (2), (1.4).
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We will assume that the conclusion fails, i.e. that for any Cy > 0 there
exist arbitrarily small values of € = (g1, e2) such that

() < glog|z| — CH, (3.1)

which means (we change the value of the constant slightly while keeping the
same notation) that there exists a holomorphic map ¢ from D to D? and points
¢; € D satisfying the conditions in (2.7) with

3
log [Co| + log [¢¢, (C1)] + log [¢¢, (C2)] < 3 log |z| — CH. (3.2)

The interpolation conditions in (2.7) are equivalent to the existence of two
holomorphic functions hy, hy from D to itself such that

P(¢) = (Co¢, (€)h1(C), €, (C)h2(C))

such that furthermore

hi(G1) <1¢):(<1) = wi, (3.3)
hi(Go) = gty = e, (34)
ha(C2) = C2¢:12(C2) o (3.5)
ha(Co) = m = w3. (3.6)

For convenience, we will use the invariant (pseudohyperbolic) distance between
points of the unit disk given by

da(a,b) := [¢a(b)| = |Pp(a)].

By the invariant Schwarz Lemma, the existence of a holomorphic function hy
mapping D to itself and satisfying (3.3) and (3.4) is equivalent to

lwi| <1, we| <1, and dg (w1, w2) < de (C1,Co) = |d¢, (Go)[- (3.7)
In the same way, the existence of hy is equivalent to
|U}3| <1, |U}4| <1, and d¢g (’LUg,’LU4) <dg (<2a CO) = |¢C2(<0)| (38)

The proof will proceed as follows: one main elementary tool is the fact that if
the invariant distance of two points in the unit disk is small with respect to one
of their moduli, then the difference of their arguments (or rather, the distance
between their projections to the unit circle) must be small (Lemma 3.1).
Then, using (3.1) and the fact that |ws| and |ws| are in the unit disk, we
will show that |¢¢, (Co)| and |p¢,(Co)| must both be relatively small. This will
imply that |ws| and |ws| are also relatively big, and because of (3.7), (3.8), so
will be |w1| and |wa|, and because ¢ is small, this will force |¢¢,(¢1)] to be small
too, and therefore |arg(¢i/¢2)|. This will allow us to show that arg(w;/w4)
is close to arg(—e1/e2), because ¢¢,((1) is almost opposite to ¢¢, (¢2). On the
other hand, use of the triangle inequality on the unit circle will show that
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arg(wy /wy) = arg[(w1 /ws)(we/ws)(ws/w4)] is close to arg(z1/22). Hypothesis
(1.3) will lead to a contradiction when Cy is big enough.

Lemma 3.1. Suppose that a,b € D, and that dg(a,b) =6 < |a|, § < 3. Then
ar (E)’ < arcsin M < ﬁ
Y al(1=22)) = Tal’

Note that in this result, and the computations that follow, we implicitly

only consider arguments in the range [-7F, Z].

Proof. The set of all points b € D such that dg(a,b) < ¢ is a disk of center
— (-5 o0—lal) [4, Chap. I, Sec. 1, p. 3]. Elementary

— 1-—]al?52 1—a|?52
geometry shows that the absolute value of the sine of the angle between a and

b is bounded by p/|v]|. [

and of radius p :=

Our starting remark is that (3.2) can be rewritten as

Co®¢, (Co)

1
22

Code, (G2)

—log |wa| — log |ws| = log + log ZD
1

3
< 10g|<0|—|—§10g|z|—10g|z1|—10g|zQ|—CH (3.9)
1
< log |¢o] — 3 log|z| —logeco — Cp.
Since both terms on the left hand side of the first inequality sign are positive by

(3.7), (3.8), they are each bounded by the right hand side, and as a consequence,
writing C; := exp(Cr),

|6¢,(Go)| < 217 (3.10)
' [211Cy ~ coCl”
|z|3/2 |Z|1/2
——— < . 3.11
|¢C2(<0)| < |22|C}{ COC}{ ( )
Furthermore, since the right hand side must also be positive, we have
[Gol > coClyl2|"? = (coCy)? max(|de, (Go)l ez (Co)I)- (3.12)
Low(er bo)unds for Jwa| and |wsl, and |w1| and |wa4].
By (3.11),
|21 coCy|2['/?
|wa| = , (3.13)
[Sol[ @ (o) [Gol

and since dg (w2, w1) < |¢¢ (Co)l|, classical facts about the invariant distance
[4, Lemma 1.4, p. 4] imply

wal = e (@)l o eoChlel”? 12 coCiyle] 2
1 — |wal|d¢, (Co)| — |Col cCy —  2[¢l

|wi] > (3.14)
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when Cy is big enough (depending on ¢p). The same computations go through
for w3 and wy respectively.

Upper bound for da(Cr, G2) = |¢,(C)l-
By definition of w1, we have ¢¢,((1) = €1/(Ciw1). We estimate the modulus of

|¢1] from below by noting that ¢; is close to {p, by (3.10) and using (3.12):

Gl I6,(@)
61> T2 aio 2 719 219

when Cp is big enough (depending on ¢y). So by (3.14)
6, (C)l < 4

le1]

SR e 3.16
NeAERE (3.16)

Since |e| will tend to 0 as z remains fixed, this estimate is much stronger than
the previous (3.10) and (3.11). From this, (3.15) and Lemma 3.1, we deduce

C1 le1]
e (c)’ S U (3.17)

Argument estimates for wy/wy.
First compute

wr _ 5_19¢C1(<2) €1¢1— 52<1

wi e2Gde(G) G l-GG
We need to bound arg(1 — (3¢;). We use the fact that ¢; and ¢y are close to

each other:
1= &G = (1- 1GP) ( (G |<<|12> <1>

and we know that W = O(dg(a,b)), so that (3.16) implies that

- leal
|larg(1 — ¢261)| < CIW,

where ¢; is some absolute constant. To avoid problems of definition of argu-
ments, use the notation w* := w/|w| for any nonzero complex number. We

have proved that
wy )" a)”
() -(2) <
w4 [30)

where ¢; is some absolute constant (not the same as above).

le1]
coChlz|’

(3.18)

Argument estimates for wa/ws.
First note that

w2 A1 ¢C1 (CO) 1 ¢C1 (CO) ¢C0 (Cl) ¢C0 (CQ)

w3 22 ¢, (C0) 22 Deo(C1) Do (C2) Dy (Co)

Since ¢¢, is an automorphism of the unit disk, it preserves the invariant dis-
tances, s0 dg (¢, (C1), ¢¢o(C2)) = da(Ci, ¢2). To apply Lemma 3.1, we now need
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a lower bound for |¢¢,(¢1)], say. But the fact that |ws| < 1 (see (3.8)) already
implies that |¢¢,(¢1)] > [22] > ¢g'|2|. Finally, using the Lemma with (3.16),

Q%(Cl))’ |1
arg <12———7", (3.19)
((bco(éz) Chlzl?/?
provided that || is small enough.

Now computations as in the previous paragraph yield

96 (o) e (G2) _ 1— CiOCl 1- CizCo
D¢ (C1) b, (o) 1—=Cido1—Coa

(1= GoC1)(1 = Cao) = (1= o)X — (G 4 G2 — ¢1)¢o)
PN PR (Ch Sy )
“i-gar (1+ 52850

we can estimate arg (m@) by a constant multiple of dg((1,(2), and

Since

1-C1¢o 1—CoC2
as in the previous paragraph,
s (l000100)) el
¢C0 (Cl) ¢C2 (CO) COch |Z| /
changing the value of ¢; as needed.
Using this and (3.19), the final result of this paragraph is then that
wy\ " 21\ le1]
— | —| = < +12 <
’ (w) () N Ol T Oyl
Triangle inequality, and contradiction.
The conditions about invariant distances in (3.7) and (3.8) express the fact

that w; is close to we, and that wy is close to ws. In fact, applying Lemma 3.1
and the estimates (3.13) and (3.10), we obtain

2172 (4 (eoCp)lz]

ar e < arcsin 00 I < 3

Bz )| S 0CplA (1 _ L] = (eoCp)?
[Col (coCpy)?

le1] . le1]
2 coCly| 2372

(3.20)

provided that C; is large enough (depending on ¢p). As before, the same
reasoning applies to wy and ws, and we finally have

wi\" o 3w\ . 3
Wa = (coCly)?’ Wy = (coCly)?
Now we combine this with (3.20) (and the fact that rotations are isometries)
to obtain
) -GG () G -(2)
Wy 29 2 Wy w3 z2
<J) ) ) - ()
wo Wy w3 z2
< 0 C 1]
(G ol
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Combining this with (3.18), we see that, for || small enough (depending on

121),
() -(2) s
22 €2
However, our hypothesis (1.3) precisely says that the left hand side of this must
be greater than co. Taking C}; large enough (depending on ¢ only), we may

Co

assume ozryr C, 7z < ', so that by taking le| small enough (depending on |z|),

6 . lal . le
1 2 )
(coC%)? Coc}{|z|1/2 Coc}{|z|3/2

we obtain a contradlctlon. ™

The Remaining Case
Proof of Theorem 1.3, part (1), when lim,, ., o £ = —Z.

We shall reuse the notation y = 21/292, and reduce ourselves to the case
|| < 1. The hypothesis implies that €2 = —(u — v)e1, where v = () tends
to 0 as € tends to 0.

This time, instead of constructing an explicit map satisfying an approximate
version of our interpolation problem, we will provide values of (y, (; and (s
such that the conditions (3.7) and (3.8) are satisfied. From now on we take

Co=1/2,0 =+ G=C +¢, where

£E=Cizy 5/:5_1C_071—|C1|2

216G 1 -G &

and Cl = 40.
Standing assumptions.
Throughout, we will assume that |z;| is small enough so that €| < 1/4, so

that 1/4 < Re(; < |¢1] < 3/4. This implies that 1/2 < |1 — (p¢1| < 1, and
therefore

€l

€' < 4l 1|| |§| (4.1)

for € small enough (depending on z;). Also note that [¢'| < |ey|/10. The
estimate (4.1) implies that € +¢&'| > 1[¢], and also that

_ 1 _
<1 =G <1, Z'l -G <1

Now we compute the invariant distances between the (;’s. We have

e (@) = T bl = o (42)
b6 = T dal@) =

This implies in particular that

1
(96 Q)] = [€] = Crlanl, lée, (Go)] = [€'] = S Il = Sl (4.3)
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Then

log [¢o| +log |¢, (¢1)| + log ¢, (C2)]
= —log2 +log 2|¢| + log 4| 4+ &'| < 2log|z1| + C = 2log|z| + C.

To prove that the above choice of ¢;’s allows for a map passing through the
required points, we will show that, for small enough ||, the conditions (3.7)

and (3.8) are satisfied. To see this, we need to compute the quantities w;, using
(4.2)

€1 e1l—GG 21 l1-GG1-G0G

e <1¢C2(<1) - a 5/ - a 1— |<1|2 é- 5 (44)
= “1 _al- CoCa

e Cope,(Co)  Co €+ € (4.5)
= “2 _ Zl 1— (G

e Cobe (Go) Feo 7 e (4.6)

wy = <2 _(p=ryal- 18} n

G, (G) G &
=(u— )Zl G1—GG1-00
GGl-|al2 ¢

We need to see that all those w; lie in the unit disk. It follows from the standing
assumptions above that

21 1 5 1

] < |2 —— < 2=, 4.8
fur| T=1aPG S G 8 (48)
z1| 2 4 1

< S22 <=== 4.9
S I T 49
z1] 1 2 1

wl < |3 = <& =5 (4.10)
2 20 1

Z1
i-laPe Sa

where the last inequality holds when we assume € small enough so that |y] < 1
It also follows from the above estimates that |1—wiws| > 1/2, |1—wsws| > 1/2,
so that dg(wi,w2) < 2|w; — wsz| and dg(ws, wa) < 2|ws — w4|. We proceed to
the computation of those Euclidean distances, which we will compare to the
estimates (4.3).

lwal < (4.11)

wp —wn = - [( CoCz)(§+§/ - %)
é((l —CoG2) — (1= ¢oCr)) + 50& (1 B 11: Ejﬁ)}

Each term is estimated by
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e d- el <an
LR CEE+ )| T Gl
|(1 = CoC2) — (1 = Goa)| = 1€¢o] < 2en|Ch,

1— iy 1§'¢l ;

1— = < 2/¢| < 8le1|Ch,

’ TolG)| T Tojop S TS sala

SO |’LU2 —’LU1| § 40|€1|Cl/|21|.
Similarly,

211 — (oG [ G Cl( 1-(152)]

wy —wy = p A0S |y SL L SL (2T 6162

P G TG\ 1-laP

+,YZ_1Q1—C1CT2 1 -GG
GGl—|G* ¢

Using the fact that |1 — g—;| < 8¢'|, we find
lws — wa| < 96|er] + 12|7y]/Ch.

It is then easy to see, using (4.3), that (3.7) and (3.8) can be verified whenever
we choose €1 small enough (and therefore || small enough), depending on |z].
]
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