
Vietnam Journal of Mathematics 35:4(2007) 415–427

�
�

9 LHWQDP�-RXUQDO�
RI � �

0$7+(0$7,&6 �
�������9$67������
�

��
�
�
�
�
�
�
�
�

A Gagliardo–Nirenberg Inequality for Orlicz
and Lorentz Spaces on Rn

+
∗

Ha Huy Bang1 and Mai Thi Thu2

1Hanoi Institute of Mathematics, 18 Hoang Quoc Viet Road, Hanoi, Vietnam
2Depart. of Mathematics, Industrial University, Ho Chi Minh City, Vietnam

Dedicated to Professor Hoang Tuy on the occasion of his 80th-birthday

Received October 5, 2007

Abstract. In this paper, essentially developing the method of [1 – 4, 15], we give an

extension of the Gagliardo-Nirenberg inequality to Orlicz and Lorentz spaces defined

on Rn
+.
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Let ` ≥ 2 and b ≥ 0. Denote by Rn
+,b = {x ∈ Rn : xj > b, j = 1, ..., n},

Rn
+,0 = Rn

+ and W `,∞(Rn
+,b) the set of all measurable on Rn

+,b functions f such
that f and its generalized derivatives Dβf , 0 < |β| 6 `, belong to L∞(Rn

+,b).
The following Gagliardo–Nirenberg theorem is well-known [10]: Let b ≥ 0. For
fixed α, 0 < |α| < `, there is the best constant C+

α,` not depending on b such that
for any f ∈ W `,∞(Rn

+,b),

‖Dαf‖∞,b 6 C+
α,`‖f‖

1− |α|
`

∞,b

( ∑

|β|=`

‖Dβf‖∞,b

) |α|
`

,

where ‖ · ‖∞,b is the norm of L∞(Rn
+,b). By developing the methods of

[1 - 4, 15], we extend the above Gagliardo–Nirenberg inequality to Orlicz spaces
LΦ(Rn

+) and Lorentz spaces NΨ(Rn
+). The Gagliardo–Nirenberg inequality [7, 10]
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has applications to Partial differential equations and Interpolation theory. Note
that the inequality was already proved in [4, 15] for the case Rn, but it is more
difficult for the case Rn

+.

1. A Gagliardo–Nirenberg Inequality for Orlicz Space LΦ(Rn
+)

Let G be a domain in Rn, Φ : [0,+∞) → [0,+∞] an arbitrary Young function
(see [8, 11, 12]), i.e., Φ(0) = 0,Φ(t) ≥ 0,Φ(t) 6≡ 0, and assume that Φ is convex.
Denote by

Φ(t) = sup
s≥0

{
ts − Φ(s)

}

the Young function conjugate to Φ, and by LΦ(G) the space of measurable
functions u such that

| 〈u, v〉 |=|
∫

G

u(x)v(x)dx |<∞

for all v with ρ(v,Φ, G) < ∞, where

ρ(v,Φ, G) =
∫

G

Φ(| v(x) |)dx.

Then LΦ(G) is a Banach space with respect to the Orlicz norm

‖ u ‖Φ,G= sup
ρ(v,Φ,G)61

|
∫

G

u(x)v(x)dx | ,

which is equivalent to the Luxemburg norm

||f ||(Φ,G) = inf{λ > 0 :
∫

G

Φ(|f(x)|/λ)dx 6 1} < ∞.

Recall that || · ||(Φ,G) = || · ||Lp(G) where Φ(t) = tp with 1 6 p < ∞, and
|| · ||(Φ,G) = || · ||L∞(G) when Φ(t) = 0 for 0 6 t 6 1 and Φ(t) = ∞ for t > 1. We
have the following results (cf. [11,12]):

Lemma 1. Let u ∈ LΦ(G) and v ∈ LΦ(G). Then
∫

G

|u(x)v(x)|dx 6 ‖u‖Φ,G‖v‖(Φ,G) .

Lemma 2. Let u ∈ LΦ(Rn) and v ∈ L1(Rn). Then

‖u ∗ v‖Φ,Rn 6 ‖u‖Φ,Rn‖v‖1.

We have the following theorem.

Theorem 3. Let ` ≥ 2 and let Φ be an arbitrary Young function, f and its
generalized derivatives Dβf , |β| = `, be in LΦ(Rn

+). Then Dαf ∈ LΦ(Rn
+) for
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all α, 0 < |α| < ` and

‖Dαf‖Φ,Rn
+

6 C+
α,`‖f‖

1− |α|
`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
`

, (1)

where the constant C+
α,` is defined as in the Gagliardo–Nirenberg inequality.

Proof. Step 1. We begin to prove (1) with the assumption that Dαf ∈ LΦ(Rn
+)

for all 0 ≤ |α| ≤ `. Fix α, 0 < |α| < `. Let ε > 0 be given. We choose a function
vε ∈ LΦ(Rn

+), ρ(vε,Φ,Rn
+) 6 1 such that

∣∣∣
∫

Rn
+

Dαf(x)vε(x)dx
∣∣∣ ≥ ‖Dαf‖Φ,Rn

+
− ε. (2)

Put
Fε(x) =

∫

Rn
+

f(x + y)vε(y)dy. (3)

Then Fε(x) ∈ L∞(Rn
+) by virtue of Lemma 1, and it is easy to verify that

DβFε(x) =
∫

Rn
+

Dβf(x + y)vε(y)dy, 0 6 |β| 6 `,

in the distribution sense D′(Rn
+). Since ρ(vε,Φ,Rn

+) 6 1, ‖vε‖(Φ,Rn
+) 6 1. So, for

all x ∈ Rn
+ and 0 6 |β| 6 `, clearly,

|DβFε(x)| 6 ‖Dβf(x + ·)‖Φ,Rn
+
‖vε‖(Φ,Rn

+) 6 ‖Dβf‖Φ,Rn
+
. (4)

Now we prove the continuity of DβFε(x). We show this for β = 0 by con-
tradiction: Assume that for some δ > 0, a point x0 ∈ Rn

+ and a sequence
{tm} ⊂ Rn : tm → 0

∣∣∣
∫

Rn
+

[f(x0 + tm + y) − f(x0 + y)]vε(y)dy
∣∣∣ ≥ δ , m ≥ 1. (5)

Since f ∈ LΦ(Rn
+) we easily get f ∈ L1,loc(Rn

+). Then for any j = 1, 2, . . . ,
f(tm + ·) → f(·) in L1([1/j, j]n). Therefore, there exists a subsequence, denoted
again by {tm}, such that f(tm + y) → f(y) a.e. in [1/j, j]n. So, there exists a
subsequence (for simplicity of notation we assume that it coincides with {tm})
such that f(x0 + tm + y) → f(x0 + y) a.e. in Rn

+. For simplicity of notations
we consider only the case x0 = 0. Because inequality (1) holds for f if and only
if it holds for f/C, where C is an arbitrary positive number, without loss of
generality we may assume that ρ(2f,Φ,Rn

+) < ∞. As in [4], we have

|f(tm + y) − f(y)||vε(y)| 6 1
2
Φ(2|f(tm + y)|) +

1
2
Φ(2|f(y)|) + Φ(|vε(y)|). (6)

Since Φ(2|f |), Φ(|vε|) ∈ L1(Rn
+) and tm → 0, there are positive numbers M and

h such that for all m ≥ 1

∫

{|y|>M}∩Rn
+

(
Φ
(
2|f(y)|

)
+ Φ

(
2|f(tm + y)|

)
+ Φ

(
|vε(y)|

))
dy <

δ

2
(7)
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and ∫

G

Φ
(
2|f(y)|

)
dy <

δ

6

∫

G

Φ
(
2|f(tm + y)|

)
dy

<
δ

6

∫

G

Φ
(
|vε(y)|

)
dy <

δ

6

(8)

if G ⊂ Rn
+, mes(G) < h. On the other hand, by Egorov theorem, there is a set

A ⊂ B+(0,M ), with mes(A) < h, such that f(tm + y)vε(y) uniformly converges
to f(y)vε(y) on B+(0,M ) \ A, where B+(0,M ) is the intersection of the ball of
radius M centered at zero with Rn

+. Therefore, applying (6) and (8), we have as
in [4]

lim
m→∞

∫

{|y|6M}∩Rn
+

∣∣f(tm + y) − f(y)
∣∣|vε(y)|dy 6 δ

12
+

δ

12
+
δ

6
=
δ

3
· (9)

Combining (7), (9) and using (6), we get for sufficiently large m
∫

Rn
+

∣∣(f(tm + y) − f(y)
)
vε(y)

∣∣dy < δ,

which contradicts (5). The cases 1 6 |β| 6 ` are proved similarly. The continuity
of DαFε, 0 6 |β| 6 ` has been proved. The functions DβFε, 0 6 |β| 6 `
are continuous and bounded on Rn

+. Therefore, it follows from the Gagliardo–
Nirenberg inequality and (2)–(3) that

(
‖Dαf ||Φ,Rn

+
− ε
)
≤ |DαFε(0)| ≤ ‖DαFε‖∞,0

≤ C+
α,`‖Fε‖

1− |α|
`

∞,0

( ∑

|β|=`

‖DβFε‖∞,0

) |α|
`

,

which together with (4) implies

||Dαf ||Φ,Rn
+
− ε 6 C+

α,`‖f‖
1− |α|

`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
`

.

By letting ε→ 0 we have (1).

Step 2. To complete the proof, it remains to show that Dαf ∈ LΦ(Rn
+), ∀α :

0 < |α| < ` if f,Dβf ∈ LΦ(Rn
+), |β| = `. Since f, Dβf ∈ L1,loc(Rn

+), |β| = `, we
get Dαf ∈ L1,loc(Rn

+), 0 < |α| < ` (see [9, p. 7]). We define for 0 6 |α| 6 `,

f(α)(x) =
{
Dαf(x), x ∈ Rn

+

0, x ∈ Rn \ Rn
+.

Let ψ(x) ∈ C∞
0 (Rn), ψ(x) ≥ 0, suppψ ⊂ {x ∈ Rn : 0 6 xj 6 1, j = 1, 2, . . . , n}

and
∫

Rn ψ(x)dx = 1. We put ψλ(x) =
1
λn
ψ
(x
λ

)
, λ > 0 and fλ = f(0) ∗ ψλ. Fix
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b > 0. Then for all ϕ ∈ C∞
0 (Rn

+,b) we have for 0 < λ < b, 0 6 |α| 6 ` :

< Dαfλ, ϕ >= (−1)|α| < fλ, D
αϕ >

= (−1)|α|
∫

Rn
+

(∫

Rn
+

f(0)(x− y)ψλ(y)dy

)
Dαϕ(x)dx

= (−1)|α|
∫

B+(0,λ)

(∫

Rn
+,b

f(0)(x− y)Dαϕ(x)dx

)
ψλ(y)dy

=
∫

B+(0,λ)

(∫

Rn
+,b

Dαf(x − y)ϕ(x)dx

)
ψλ(y)dy

=
∫

Rn
+,b

(∫

B+(0,λ)

Dαf(x − y)ψλ(y)dy

)
ϕ(x)dx

=
∫

Rn
+,b

(
f(α) ∗ ψλ

)
(x)ϕ(x)dx

= 〈f(α) ∗ ψλ, ϕ〉.

So, we have proved for 0 < λ < b and 0 6 |α| 6 `

Dαfλ = f(α) ∗ ψλ (10)

in the D′(Rn
+,b) sense. Therefore, for 0 < λ < b and α = 0 or |α| = ` we have

‖Dα
(
f(0) ∗ ψλ

)
‖Φ,Rn

+,b
= ‖f(α) ∗ ψλ‖Φ,Rn

+,b

6 ‖f(α) ∗ ψλ‖Φ,Rn

6 ‖f(α)‖Φ,Rn

= ‖f(α)‖Φ,Rn
+

= ‖Dαf‖Φ,Rn
+
. (11)

On the other hand, by usingDα
(
f(0)∗ψλ

)
= f(0)∗Dαψλ ∈ LΦ(Rn), ∀ 0 6 |α| 6 `

and the inequality proved in Step 1 for functions on Rn
+,b, we get for 0 < |α| < `,

||Dαfλ||Φ,Rn
+,b

6 C+
α,`‖fλ‖

1− |α|
`

Φ,Rn
+,b

( ∑

|β|=`

‖Dβfλ‖Φ,Rn
+,b

) |α|
`

.

Hence, by combining (10), (11) we obtain for all 0 < λ < b, 0 < |α| < `,

||Dαfλ||Φ,Rn
+,b

6 C+
α,`‖fλ‖

1− |α|
`

Φ,Rn
+,b

( ∑

|β|=`

‖Dβfλ‖Φ,Rn
+,b

) |α|
`

6 C+
α,`‖fλ‖

1− |α|
`

Φ,Rn

( ∑

|β|=`

‖Dβfλ‖Φ,Rn

) |α|
`

6 C+
α,`‖f‖

1− |α|
`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
`

. (12)
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Fix α (0 < |α| < `). For j = 1, since Dαf ∈ L1,loc(Rn
+), there is a sequence of

positive numbers {λ1
m}, λ1

m → 0 such that

lim
m→∞

Dαfλ1
m

(x) = Dαf(x) a.e. in Rn
+,1.

For j = 2, since λ1
m → 0, there exists a subsequence {λ2

m} of {λ1
m} such that

lim
m→∞

Dαfλ2
m

(x) = Dαf(x) a.e. in Rn
+,1/2.

By repeating this argument for j = 3, 4, . . . and by the diagonal process, we get
a sequence of positive numbers {λ∗m} : λ∗m → 0 such that

lim
m→∞

Dαfλ∗
m

(x) = Dαf(x) a.e. in Rn
+.

Hence,

lim
m→∞

f(α) ∗ ψλ∗
m

(x) = f(α)(x) = Dαf(x) a.e. in Rn
+. (13)

For each function v ∈ LΦ(Rn
+), ρ(v,Φ,Rn

+) 6 1 and m ≥ 1, by (12) - (13) and
the definition of the Orlicz norm we get∫

Rn
+

∣∣(Dαfλ∗
m

)(x)v(x)
∣∣dx 6 C+

α,`‖f‖
1− |α|

`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
` . (14)

Therefore, by using Fatou’s lemma, (13) and (14), we obtain

∣∣∣∣∣

∫

Rn
+

Dαf(x)v(x)dx

∣∣∣∣∣ 6
∫

Rn
+

lim inf
m→∞

∣∣ Dαfλ∗
m

(x)v(x)
∣∣dx

6 lim inf
m→∞

∫

Rn
+

∣∣(Dαfλ∗
m

)(x)v(x)
∣∣dx

6 C+
α,`‖f‖

1− |α|
`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
`

. (15)

Because (15) is true for all v ∈ LΦ,(R
n
+), ρ(v,Φ,Rn

+) 6 1, by definition of the
Orlicz norm we have

||Dαf ||Φ,Rn
+

6 C+
α,`‖f‖

1− |α|
`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) |α|
`

< ∞, 0 < |α| < `.

The proof is complete. �

By Theorem 3, we have

Theorem 4. Let Φ be an arbitrary Young function, ` ≥ 2, f and its generalized
derivatives Dβf be in LΦ(Rn

+), |β| = `. Then Dαf ∈ LΦ(Rn
+) for all α, 0 <

|α| = r < ` and

∑

|α|=r

‖Dαf‖Φ,Rn
+

6 Cr,`‖f‖
1− r

`

Φ,Rn
+

( ∑

|β|=`

‖Dβf‖Φ,Rn
+

) r
`

.
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Corollary 5. Let Φ be an arbitrary Young function, ` ≥ 2, f and its generalized
derivatives Dβf be in LΦ(Rn

+), |β| = `. Then Dαf ∈ LΦ(Rn
+) for all α, 0 <

|α| = r < ` and
∑

|α|=r

‖Dαf‖Φ,Rn
+

6 Ch−
r

`−r ‖f‖Φ,Rn
+

+ Ch
∑

|β|=`

‖Dβf‖Φ,Rn
+
,

for all h > 0 and C does not depend on f .

Remark 1. By the representation [12, 11]

‖ u ‖(Φ,Rn
+)= sup

‖v‖Φ 61

∣∣∣
∫

Rn
+

u(x)v(x)dx
∣∣∣,

it is easy to see that Theorems 3, 4 still hold for any Luxemburg norm.

Remark 2. By the same method, it is easier to obtain similar results for LΦ(G),
where G is a product domain

−∞ < xs < ∞, bj < xj <∞, bj ∈ R1, s = 1, . . . , k, j = k + 1, . . . , n.

2. A Gagliardo–Nirenberg Inequality for Lorentz Space NΨ(Rn
+)

Let Ψ : [0,∞) → [0,∞) be a non-zero concave function which is non-decreasing
and Ψ(0+) = Ψ(0) = 0. We put Ψ(∞) = limt→∞ Ψ(t). For an arbitrary
measurable function f we define

‖f‖NΨ(G) =
∫ ∞

0

Ψ
(
λf (y)

)
dy,

where λf (y) = mes{x ∈ G : |f(x)| > y} , y ≥ 0. If the space NΨ(G) consists of
measurable functions f such that ‖f‖NΨ(G) < ∞ then NΨ(G) is a Banach space.
Denote by MΨ(G) the space of measurable functions g such that

‖g‖MΨ(G) = sup
{ 1

Ψ(mes ∆)

∫

∆

|g(x)|dx : ∆ ⊂ G, 0 < mes ∆ < ∞
}
< ∞.

Then MΨ(G) is a Banach space, too [12–14].

We have the following results [13, 14]:

Lemma 6. If f ∈ NΨ(G), g ∈ MΨ(G) then fg ∈ L1(G) and∫

G

|f(x)g(x)|dx ≤ ‖f‖NΨ(G)‖g‖MΨ(G).

Lemma 7. If f ∈ NΨ(G) then

‖f‖NΨ(G) = sup
‖g‖MΨ(G)≤1

∣∣∣
∫

G

f(x)g(x)dx
∣∣∣.
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We have the following theorem.

Theorem 8. Let ` ≥ 2 f and its generalized derivatives Dβf , |β| = ` be in
NΨ(Rn

+). Then Dαf ∈ NΨ(Rn
+) for all α, 0 < |α| < ` and

‖Dαf‖NΨ(Rn
+) ≤ C+

α,`‖f‖
1− |α|

`

NΨ(Rn
+)(
∑

|β|=`

‖Dβf‖NΨ(Rn
+))

|α|
` . (16)

Proof. Step 1. We begin to prove (16) with the assumption that Dαf ∈
NΨ(Rn

+), 0 ≤ |α| ≤ `. Fix 0 < |α| < ` and let ε > 0. By Lemma 7 we
have a function vε ∈MΨ(Rn

+) such that ‖vε‖MΨ(Rn
+) = 1 and

∣∣
∫

Rn
+

f(x)vε(x)dx
∣∣ ≥ ‖f‖NΨ(Rn

+) − ε/2.

By Lemma 7, there is H := [0,H]n such that
∣∣
∫

Rn
+

f(x)v(x)dx
∣∣ ≥ ‖f‖NΨ(Rn

+) − ε, (17)

where v = v(H, ε) := χHvε and χH is the characteristic function of H. Put

Fε(x) =
∫

Rn
+

f(x + y)v(y)dy.

Then Fε ∈ L∞(Rn
+) by virtue of Lemma 6, and it is easy to check that

DβFε(x) =
∫

Rn
+

Dβf(x + y)v(y)dy, 0 ≤ |β| ≤ ` (18)

in the distribution sense.
For all x ∈ Rn

+, clearly,

|DβFε(x)| ≤ ‖Dβf(x + ·)‖NΨ(Rn
+)‖v‖MΨ(Rn

+) ≤ ‖Dβf‖NΨ(Rn
+). (19)

Now we prove the continuity of DβFε on Rn
+ (0 ≤ |β| ≤ `). We show this for

β = 0. Clearly, it suffices to prove that for any x ∈ Rn
+,

lim
t→0

‖χH(·)
(
f(x + t+ ·) − f(x + ·)

)
‖NΨ(Rn

+) = 0.

Assume the contrary that for some δ > 0, point x0 and sequence tm → 0,

‖χH(·)
(
f(x0 + tm + ·) − f(x0 + ·)

)
‖NΨ(Rn

+) ≥ δ, m ≥ 1. (20)

For simplicity of notation we suppose x0 = 0. Since f ∈ NΨ(Rn
+), f ∈ L1,`oc(Rn

+).
It is known that ∫

H
|f(x + tm) − f(x)|dx→ 0 as m → ∞.

Therefore, there exists a subsequence {tmj}, we still denote by {tm}, such that
f(· + tm) → f a.e. on H. Define

gn(x) = inf
m≥n

|f(x+ tm)|, x ∈ H,
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then {gn} is a non-decreasing sequence and gn → |f | a.e. on H. It is easy to see
that

λχHgn (t) → λχH|f|(t) as n→ ∞, for every t > 0.

We have

Ψ(λχH|f|(t)) = lim
m→∞

Ψ(λχH|gm |(t)) ≤ lim
m→∞

Ψ(λχH|f(·+tm)|(t)), t > 0. (21)

It follows from the definition of Ψ that Ψ(a + b) ≤ Ψ(a) + Ψ(b) for a, b ≥ 0.
Observe that, for any f, g ∈ NΨ(Rn

+) and t > 0, so we have λχH(f+g)(2t) ≤
λχHf (t) + λχHg(t), then for all m ≥ 1,

Ψ(λχH|f(·+tm)−f|(2t)) ≤ Ψ(λχH|f(·+tm)|(t)) + Ψ(λχH|f|(t)).

Hence

0 ≤ Ψ(λχH|f(·+tm)|(t)) + Ψ(λχH|f|(t)) − Ψ(λχH|f(·+tm)−f|(2t)), ∀t > 0.

It is easy to check that (see [5])

lim
m→∞

‖χHf(· + tm)‖NΨ(Rn
+) = ‖χHf‖NΨ(Rn

+), ∀m ≥ 1.

Applying Fatou’s lemma to the sequence

{Ψ(λχH |f(·+tm)|(t)) + Ψ(λχH |f|(t)) − Ψ(λχH|f(·+tm)−f|(2t))},

we obtain
∫ ∞

0

lim
m→∞

[
Ψ(λχH|f(·+tm)|(t)) + Ψ(λχH|f|(t)) − Ψ(λχH|f(·+tm)−f|(2t))

]
dt

≤ lim
m→∞

∫ ∞

0

[
Ψ(λχH|f(·+tm)|(t)) + Ψ(λχH|f|(t)) − Ψ(λχH|f(·+tm)−f|(2t)

]
dt

= 2
∫ ∞

0

Ψ(λχH |f|(t))dt−
1
2

lim
m→∞

∫ ∞

0

Ψ(λχH |f(·+tm)−f|(t))dt. (22)

On the other hand,

λχH|f(·+tm)−f|(t) = mes{x ∈ H : |f(x+ tm) − f(x)| > t}.

Therefore, taking account of f(· + tm) → f a.e. on H, we have

lim
m→∞

λχH|f(·+tm)−f|(t) = 0

and then

lim
m→∞

Ψ(λχH|f(·+tm)−f|(t)) = 0.
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So, by (21) we get for any t > 0

2Ψ(λχH|f|(t)) = lim
m→∞

Ψ(λχH|gm |(t)) + Ψ(λχH|f|(t)) − lim
m→∞

Ψ(λχH|f(·+tm)−f|(2t))

≤ lim
m→∞

[
Ψ(λχH|f(·+tm)|(t)) + Ψ(λχH|f|(t)) − Ψ(λχH|f(·+tm)−f|(2t))

]
.

(23)

From (22) and (23), we have

2
∫ ∞

0

Ψ(λχH |f|(t))dt ≤ 2
∫ ∞

0

Ψ(λχH|f|(t))dt−
1
2

lim
m→∞

∫ ∞

0

Ψ(λχH|f(·+tm)−f|(t))dt.

Hence ∫ ∞

0

Ψ(λχH|f(·+tm)−f|(t))dt → 0 as m → ∞,

i.e.,
lim

m→∞
‖χH

(
f(· + tm) − f

)
‖NΨ(Rn

+) = 0,

which contradicts (20).
The cases 1 ≤ |β| ≤ ` are proved similarly. The continuity of DαFε, 0 ≤

|β| ≤ ` has been proved.
The functions DβFε, 0 ≤ |β| ≤ ` are continuous and bounded on Rn

+. There-
fore, it follows from the Gagliardo-Nirenberg inequality and (17)–(18) that

(
‖Dαf ||NΨ(Rn

+) − ε
)
≤ |DαFε(0)| ≤ ‖DαFε‖∞ ≤

≤ C+
α,`‖Fε‖

1− |α|
`∞
( ∑

|β|=`

‖DβFε‖∞
) |α|

` ,

which together with (19) implies

||Dαf ||NΨ(Rn
+) − ε ≤ C+

α,`‖f‖
1− |α|

`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ(Rn
+)

) |α|
` .

By letting ε→ 0 we have (16).

Step 2. To complete the proof, it remains to show that Dαf ∈ NΨ(Rn
+), ∀α :

0 < |α| < ` if f,Dαf ∈ NΨ(Rn
+), |α| = `. Fix b > 0. With notations as in the

proof of Theorem 3, we have for 0 < λ < b, 0 6 |α| 6 ` :

Dαfλ = f(α) ∗ ψλ (24)

in the D′(Rn
+,b) sense.

Taking Lemma 6 into account, we get easilyDβfλ = f∗Dβψλ ∈ NΨ(Rn), 0 ≤
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|β| ≤ ` and

‖fλ‖NΨ(Rn) = ‖f(0) ∗ ψλ‖NΨ(Rn) ≤ ‖f(0)‖NΨ(Rn)‖ψλ(x− ·)‖1

= ‖f(0)‖NΨ(Rn), (25)
‖Dαfλ‖NΨ(Rn) = ‖f(α) ∗ ψλ‖NΨ(Rn) ≤ ‖f(α)‖NΨ(Rn)‖ψλ(x− ·)‖1

= ‖f(α)‖NΨ(Rn). (26)

Therefore, for 0 < λ < b and α = 0 or |α| = ` we have

‖Dα
(
f(0) ∗ ψλ

)
‖NΨ(Rn

+,b
) = ‖f(α) ∗ ψλ‖NΨ(Rn

+,b
)

6 ‖f(α) ∗ ψλ‖NΨ(Rn)

6 ‖f(α)‖NΨ(Rn)

= ‖f(α)‖NΦ(Rn
+)

= ‖Dαf‖NΦ(Rn
+). (27)

On the other hand, using Dα
(
f(0) ∗ψλ

)
= f(0) ∗Dαψλ ∈ NΨ(Rn), ∀ 0 6 |α| 6 `,

(25)–(27) and the inequality proved in Step 1 for functions on Rn
+,b, we get for

all 0 < λ < b, 0 < |α| < `,

||Dαfλ||NΨ(Rn
+,b

) 6 C+
α,`‖fλ‖

1− |α|
`

NΨ(Rn
+,b

)

( ∑

|β|=`

‖Dβfλ‖NΨ(Rn
+,b

)

) |α|
`

6 C+
α,`‖fλ‖

1− |α|
`

NΨ(Rn)

( ∑

|β|=`

‖Dβfλ‖NΨ(Rn)

) |α|
`

6 C+
α,`‖f‖

1− |α|
`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ(Rn
+)

) |α|
`

. (28)

Fix α (0 < |α| < `). Repeating the arguments used in the proof of Theorem 3 ,
we get a sequence of positive numbers {λ∗m} : λ∗m → 0 such that

lim
m→∞

Dαfλ∗
m

(x) = Dαf(x) a.e. in Rn
+.

Hence,
lim

m→∞
f(α) ∗ ψλ∗

m
(x) = f(α)(x) = Dαf(x) a.e. in Rn

+. (29)

For each function v ∈ MΨ(Rn
+), ‖v‖MΨ((Rn

+) 6 1 and m ≥ 1, by (18) - (19) and
the definition of the Lorentz norm we get

∫

Rn
+

∣∣(Dαfλ∗
m

)(x)v(x)
∣∣dx 6 C+

α,`‖f‖
1− |α|

`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ(Rn
+)

) |α|
` . (30)
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Therefore, by using Fatou’s lemma, (29) and (30), we obtain

∣∣∣∣∣

∫

Rn
+

Dαf(x)v(x)dx

∣∣∣∣∣ 6
∫

Rn
+

lim inf
m→∞

∣∣ Dαfλ∗
m

(x)v(x)
∣∣dx

6 lim inf
m→∞

∫

Rn
+

∣∣(Dαfλ∗
m

)(x)v(x)
∣∣dx

6 C+
α,`‖f‖

1− |α|
`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ(Rn
+)

) |α|
`

. (31)

Because (31) is true for all v ∈ MΨ(Rn
+), ‖v‖MΨ((Rn

+) 6 1, by definition of the
Lorentz norm we have

||Dαf ||NΨ(Rn
+) 6 C+

α,`‖f‖
1− |α|

`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ(Rn
+)

) |α|
`

<∞, 0 < |α| < `.

The proof is complete. �

By Theorem 8, we have

Theorem 9. Let ` ≥ 2, f and its generalized derivatives Dβf, |β| = ` be in
NΨ(Rn

+) . Then Dαf ∈ NΨ(Rn
+) for all α, 0 < |α| = r < ` and

∑

|α|=r

‖Dαf‖NΨ(Rn
+) ≤ Cr,`‖f‖

1− r
`

NΨ(Rn
+)

( ∑

|β|=`

‖Dβf‖NΨ (Rn
+)

) r
` .

Corollary 10. Let ` ≥ 2, f and its generalized derivatives Dβf, |β| = ` be in
NΨ(Rn

+). Then Dαf ∈ NΨ(Rn
+) for all α, 0 < |α| = r < ` and

∑

|α|=r

‖Dαf‖NΨ(Rn
+) ≤ Ch−

r
`−r ‖f‖NΨ(Rn

+) + Ch
∑

|β|=`

‖Dβf‖NΨ (Rn
+),

for all h > 0 and C does not depend on f .

Remark 3. Note that the techniques applied in the proof of Theorem 3 for Orlicz
spaces LΨ(Rn

+) cannot be used for Lorentz spaces NΨ(Rn
+).
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