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Abstract. After a brief review of available results the main focus of the paper is
on the transient behaviour of positive systems and their stability radii with respect to
highly structured perturbations. Simple upper bounds for the transient gain of positive
systems are obtained by means of linear Lyapunov functions on the positive orthant.
The minimization of these bounds is discussed and algorithms for computing optimal
Lyapunov vectors are presented. By means of linear Lyapunov functions we get new
formulae for the stability radii of positive linear systems with respect to structured
and time-varying perturbations of Gershgorin-Brualdi type. With every time-invariant
linear system we associate a corresponding positive system and this correspondence
allows to transfer some of the results to non-positive linear systems.
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1. Introduction
Stability and stabilization are fundamental concepts in linear systems theory and
in most design problems, exponential stability is the minimal requirement that

has to be met. However, it is often not enough to achieve this property. Suppose
that the stabilized feedback system is described by a time-invariant linear model

#(t) = Az(t), teR, 1)
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where A € K"*" K = R or K = C. This model will in general not yield an
accurate description of the behaviour of the regulated real plant. The system
parameters may be uncertain so that the real system is better described by a
family of perturbed systems #(t) = A(A)z(t), where the perturbation parameter
A is bounded by a given uncertainty level ||A]| < 4. Or the model (1) is obtained
by linearization of a nonlinear system around a given operating point so that a
more realistic model would be &(t) = Az (t) + N(x(t)) where N : K* — K" is a
nonlinear perturbation. In both cases it will not be sufficient that the nominal
system (1) be exponentially stable but this property must be guaranteed for the
whole set of perturbed systems where the perturbations are bounded by some
realistic uncertainty level. In this case the system (1) is said to be robustly
stable (for the given perturbation class and perturbation bound).

There is another reason why exponential stability may not be sufficient. By
definition, exponential stability requires that there exist two constants 5 < 0,
v > 0 such that ||z(t)|| < ~ve?!||z(0)|| for all solutions of (1). Thus exponential
stability guarantees that initial deviations from the equilibrium z = 0 die away
exponentially in the long run. But it does not guarantee a satisfactory transient
behaviour (if 7 is large). Trajectories of an exponentially stable linear system
may temporarily move a long way from the origin before approaching it as ¢t —
oo. From a practical point of view, if the “state excursions” are very large, the
stable system actually behaves like an unstable one. Moreover, if the system
is obtained by linearization of a nonlinear system around an equilibrium point
the large transients of the linear part may incite the nonlinearities to drive the
system permanently far away from the equilibrium. In such cases the practical
instability of the equilibrium point is reflected by an extreme thinness of its
domain of attraction. The interaction between large transient motions of the
linearization and existing nonlinearities in the system has been put forward as
an explanation for the stark contrast between some experimental results and
theoretical predictions in fluid dynamics, see for example [21].

The aim of this paper is to study these two intimately related problems,
robust stability and transient behaviour, for positive exponentially stable systems
of the form (1). By definition, a system (1) is called positive if it leaves the
positive orthant R’} invariant, i.e., et is a nonnegative matrix for all £ > 0.

Robust stability and robust stabilization have been dominant themes in sys-
tems and control theory over the past three decades. Different approaches have
been developed and a large number of papers and books are available on this
subject, we only mention H°-optimal control theory [22], the parametric ap-
proach based on Kharitonov’s result on interval polynomials [3], the theory of
stability radii and p-analysis [7]. For positive systems, robustness issues have
been discussed to a much lesser extent, but there are a number of satisfac-
tory results available on stability radii of positive systems with respect to “full
block” and “block-diagonal” perturbations, see [9,20]. In this paper we con-
sider Gershgorin-Brualdi perturbations of positive systems where the matrix
entries at an arbitrarily prescribed set of positions are independently perturbed.
Recent results in [12] are extended from diagonal to general positive nominal
systems. We also determine stability radii with respect to time-varying parame-
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ter perturbations. This is in general a difficult problem, but for positive systems
computable formulae can be obtained. Up till now similar results have only been
obtained for diagonal systems, see [8].

The transient gain of linear systems has recently attracted some attention,
mainly in the stability analysis of fluid dynamics [21] and in numerical analysis
[5]. In control theory, the transient behaviour should play an important role since
it is related to such classical criteria as “overshoot” of systems responses and to
problems of state constraints and saturation effects. Nevertheless, the study of
the transient behaviour of linear systems has just only begun in the context of
control theory [7] and we do not know of any paper on the transient behaviour of
positive linear systems. In this paper we present a number of estimates for the
transient gain of positive systems and show how upper bounds for the transient
behaviour of an arbitrary linear system can be obtained from bounds for the
corresponding Metzler system.

The paper is organized as follows. In the next section we present some aux-
iliary results on the properties of Metzler matrices. Most of these results are
well known and follow from the Perron-Frobenius theory of nonnegative ma-
trices, but some of them are not found in the literature and those results will
be proved. In Sec. 3 we briefly review available results about stability radii for
full block perturbations and point out the dramatic simplification of the results
if positive systems are considered. In Sec. 4, Sec. 5 and Sec. 6 new results are
presented concerning the transient behaviour of positive systems and their sta-
bility radii with respect to structured perturbations. In Sec. 4 the concepts of
Lyapunov norm and Lyapunov vector are introduced and it is shown how they
can be used to derive upper bounds for the transient gain of positive systems.
The problem of minimizing these upper bounds is discussed and two algorithms
for optimizing the estimates are presented. In Sec. 5 we determine stability radii
and transient bounds for positive systems with respect to Gershgorin—Brualdi
perturbations. As a preparation for the study of time-varying linear or nonlinear
perturbations we derive necessary and sufficient criteria for the existence of joint
linear Lyapunov functions for sets of positive linear systems. Finally we study
positive differential inclusions and determine the stability radius of positive sys-
tems with respect to time-varying Gershgorin-Brualdi perturbations.

2. Preliminaries

A matrix P € R™*" is said to be nonnegative (P > 0) if all its entries are
nonnegative. The set of all nonnegative m x n-matrices is denoted by R"™™.
For A,B € R™*"™ we write A > B if A — B > 0. Similar notations will be
used for vectors in R™. So inequalities between real matrices (resp. vectors) will
be understood componentwise. If x = (z;) € C" and A = (a;;) € C™*" then
|z| € R and |A| € R}7™™ are defined by |z| = (|z;]), |A| = (Jai;j|). Clearly,

|A+ B| < |A| +|B|, A,BeC™" and |AB| < |A||B|, A€ C™ ", B¢ Cr=r,

For any matrix A € C"*" the spectral radius (resp. spectral abscissa) of A are
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defined by
o(A) = max{|\; € 0(4)} (resp. a(A) = max{Re\; A € 0(A)}),

where o(A) C C is the spectrum of A. The spectral radius has the following
monoticity property [10, Subsec. 8.1],

VAECY" BERY™: |A|<B = o(A) < o(|A]) < o(B). (2)

The linear system #(t) = Az(t), A € R™*" is said to be positive if the positive
orthant R is invariant for the corresponding flow, i.e., et >0 forallt > 0. In
this case, the matrix A is called a Metzler matriz. A € R™*™ is a Metzler matrix
if and only if all the off-diagonal entries of A are nonnegative, i.e., tI + A4 > 0
for some ¢t > 0. As a consequence, the spectral abscissa of a Metzler matrix has
analogous properties to the spectral radius of a nonnegative matrix. The convex
cone of n x n Metzler matrices is denoted by Ry[". The following results follow
from the Perron—Frobenius theory of nonnegative matrices, see [10, Ch. 8], [2],
[20].

Theorem 1. Suppose that A € RY[*" is a Metzler matriz. Then

(1) a(A) is an eigenvalue of A and there exists a nonnegative eigenvector T >
0, x # 0 (called Perron vector of A) such that Az = a(A)z. If A >0 then
a(A) = o(A) > 0. If A is irreducible then there exists © > 0 such that
Az = a(A)zx.

(ii) If A # a(A) is any other eigenvalue of A then Reh < a(A).

(iii) Given B8 € R, there exists a nonzero vector x > 0 such that Az > Bx if and
only if a(A) > 5.
(iv) (tI — A)~ emists and is nonnegative if and only if t > a(A). Moreover,
a(A) <ty <ty = 0L (tol —A) P (0T — A
If A is irreducible then (tI — A)~™1 > 0 for all t > a(A).

With every matrix A = (a;;) € C"*" we associate the Metzler matrix
M(A) =ReD(A) + |A—D(A)| (3)
called the Metzler part of A where D(A) = diag(ai1,-..,ann). An elementary

proof shows the following

Lemma 1. Let A € C"*™, then
(i) The function r — o(A + rl,) — r is monotonically decreasing on Ry and

a(A) = lim (o(A+ rl,) — 7). (4)

r—00

(ii) The map r — M,(A) :=|A+rI,|—rI, is componentwise decreasing on R
and

M(A) :rhlgo |A+rL,| —rl,. (5)
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Proof. (i) For every A € C we have
0§T1 §T2 = |)\+T2| —To = |)\+T1+(T2—T1)| — T2 § |)\+T1| — T, (6)
and since (1+1)'/2 < 1+1t/2 for t € R,|t| < 1 we get for r > 0 sufficiently large

2ReX  [A|? Rel  |A]?
A+r|—r=r(4/1+ + -1 <r|—+55 ),
r r2 r 272

lim (|]A+ 7| —r) =ReA, AeC. (7)

whence

Now o(A+7I,)—r = max{|A+r|—r; A € 0(A)} and so the monoticity property
of r — (A + rl,) — r follows directly from (6), whilst (4) follows from (7).

(ii) Applying (6) to the diagonal entries of M, (A) we see that these entries
decrease monotonically with increasing » > 0 towards the limits Re a;; whereas
the off-diagonal entries |a;;| of M,(A) remain constant. This proves (ii) by
definition of M (A) in (3). ]

As a consequence we obtain the following monoticity property which is a
counterpart to (2) for the spectral abscissa,

VAEC™™ BeRMX™: M(A) <B = a(A) < a(M(A) <a(B). (8)

In fact, we have by (2), Theorem 1 (i), the previous lemma and the continuity
of the spectral abscissa that

a(A) = lim g(A+rl,) —r < lim o(|A+rL,|) —r

r—00

= lim o(|A +rl,| —rl,) = a(M(A))

which proves the first inequality in the conclusion of (8). The second inequality
follows directly from (2) since by Theorem 1 (i) we have for any Metzler matrix
M e R&X"

aM)=a(M+rl,)—r=0oM+rl,)—r, re{t>0;M+tl, >0}
A norm || - || on K" is said to be monotone if it satisfies
lz| <yl = Nzl <llyll, =yeCm

For instance, every p-norm || - ||, on C”, 1 < p < oo is monotone. Unfortunately,
the operator norm || - || associated with a pair of monotone vector norms need
not be monotone. However, we have the following properties, see [20].

Lemma 2. Suppose that C™,C" are provided with monotone norms and || - ||
denotes the corresponding operator norm on C™*™. Then
(i) For every P € R'™"™ there exists u € R, |Julcn =1 such that ||Puljcm =
1Pl
(i) If P'e ©™*", Q € R™™ and |P| < Q, then | P < [[|P]] < QI
(iii) If P € C™*™ is of rank one then ||P|| = |[|P] ||
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3. Robust Stability of Positive Systems

In this section we give a brief survey of available results concerning robust sta-
bility of positive systems. The results illustrate the dramatic simplification of
robustness analysis obtained by positivity assumptions.

A linear system & = Az, A € C™"*" is exponentially stable if and only if
the system matrix A is Hurwitz stable, i.e., 0(4) C C_ = {s € C;Res < 0}
or, equivalently, a(A) < 0. There are various ways to verify this property of
A in the general case. One consists in computing the eigenvalues of A and
checking whether they all belong to C_. Another one is to solve the Lyapunov
equation A*X + XA = —1I, and to check that the solution X is positively
definite. Still another possibility is to determine the characteristic polynomial of
A and apply the classical algebraic stability criteria (Hermite, Routh or Hurwitz
tests) to this polynomial. All these methods are computationally demanding
and may pose serious numerical problems. Under the condition of positivity
much simpler stability criteria are available. The next theorem collects some
well known stability criteria for positive systems of the form (1). They follow
easily from the results in the previous section, see also [14].

Theorem 2. For a Metzler matrizc A € RY[™ the following conditions are
equivalent:
(i) o(A) Cc C_.
(ii) A is invertible and —A~ > 0.
(iii) For every b € R there exists & € RY such that AT 4+ b= 0.
(iv) There exists a vector b € R'} with strictly positive coordinates and & € R’}
such that AZ+b=0.

The last stability test is particularly simple. It shows that there exists a
nonnegative equilibrium point Z(b) of the positive system & = Az + b for some
(any) b > 0 if and only if A is Hurwitz stable. So if the equilibrium point
Z(b) = —A~1b corresponding to b > 0 exists and is nonnegative then the system
is automatically exponentially stable.

To state the next lemma for later use we employ the following notation. If
A = (a;5) € C"™ and I, J are two non-empty subsets of n := {1,...,n} we
denote by A(I, J) the submatrix of A consisting of the entries a;; withi € I,j €
J,ie., A(I,J) = (aij)icr jes. If J C nis any nonempty index set we write A(J)
for the principal submatrix A(J, J) and denote by |J| the number of elements of
J, by J’' the complementary index set J' =n \ J.

Lemma 3. Suppose that the Metzler matriz A € RY*" is Hurwitz stable. Then
its principal submatrices A(J) where J C n, 0 < |J| < n, and their Schur
complements in A, A(J') — A(J', J)A(J) L A(J, '), are Hurwitz stable Metzler
matrices, too. The principal submatrices of —A~1 > 0 are in bijective correspon-
dence with the negative inverses of these Schur complements via the formula

[—A™] (J)) = = [A(J") = A(J, DAY AT, T, 0< ] <n.
9)
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Proof. That the principal submatrices of A are Hurwitz stable Metzler matrices
follows from the corresponding result for M-matrices, see [11, §2.5]. To prove
the second statement we may assume without restriction of generality that the
principal submatrix sits in the upper left corner of A. Then A can be partitioned
A An
A1 Az
consideration and both A;; and Asy € ]Rl(\jf —k)x(n=k) ;e Hurwitz stable and
hence regular. An easy calculation shows that A can be factorized as follows.

g [An O[T 0 A 0 —I Ap]|[An 0
Tl 0 —I||Ay —T|| 0 Apy—AnAAL|| 0 —-I|[ 0 -—I|
(10)
Since A is invertible, so is the Schur complement A = Agy — A21AI11A12 of
A in A. Now —Aﬁl > 0 by Theorem 2, hence —AglAfllAlg > 0 and so
Ae R&lik)x(n*k). Let Z be a Perron vector of the Metzler matrix A. Then we

-1 ~
have z := [_AHEAHZ] > 0, and by (10),

=[S A2

But this implies a(A) < 0 , since otherwise Az > 0 and this would imply
a(A) > 0 by Theorem 1 (iii). Therefore A is a Hurwitz stable Metzler matrix.
Finally, —A~! > 0 follows by Theorem 2 and the formula (9) can be found in
[10, §0.7.3]. |

into A = [ where A1 € Rﬁfk is the principal submatrix under

We will now assume that the positive system & = Ax is exponentially stable
and investigate the robustness of its stability with respect to perturbations of
the output feedback type

A~ A+ BAC, AcK™X (11)

where B € R and C € RT*™ are arbitrary given nonnegative matrices and
A is an unknown disturbance matrix in K*4, either real (K = R) or complex
(K = C). This is the so-called full block case where A is varying in the whole
matrix space K9, In Sec. 5 we will consider more structured perturbations
where A is constrained to some linear subspace A C K/¥9.

In the following we assume that the size of A is measured by its operator
norm || A|| with respect to a given pair of monotone norms on K¢, K'. According
to whether complex or real disturbances are considered, two distinct stability
radii of (1) with respect to perturbations of the form (11) are introduced:

rg = rx(4; B,C) = inf{[|Al; A € leq, a(A+ BAC) =0}, K=R,C. (12)

We call a perturbation A destabilizing if a(A+BAC) > 0. In case there does not
exist a destabilizing (complex or real) disturbance, the corresponding stability



436 D. Hinrichsen and E. Plischke
radius is defined to be co.! Otherwise, by continuity of the spectrum, there
exists a minimum norm destabilizing disturbance in C*? or R**4, respectively.
Clearly, we always have

0 <rc(4;B,0) < rr(4; B, C).

In the general case where A € R"*" ¢(A) C C_, B € R**! and C € R¥*" the
quotient rg/r¢ may be arbitrarily large. The complex stability radius can be
expressed via the transfer matrix G(s) associated with the triplet (A, B, C)

re(4:B.C) = [max|Gl| . GO =Clet- B (3

A formula for the real stability radius exists only for the special case where
R! and R? are provided with their Euclidean norms and accordingly ||All is the
spectral norm. The formula for rg available in this case is considerably more
complicated than (13) and requires the solution of a maxmin problem with two
parameters, see [7]. The situation is completely different if the nominal system
(1) and the structure matrices B, C' are nonnegative. In this case the real and
the complex stability radii coincide and can be expressed by a simple computable
formula which does not require any optimization [20].

Theorem 3. Suppose that A € R™* ™ is a Hurwitz stable Metzler matrix,
(B,C) € R’}er X Rixn are given nonnegative structure matrices and C', C4 are

provided with monotone norms. Then, with respect to the induced operator norms
|- on K9 and KI*¢,

re(4; B,C) = re(4; B,C) = [|CA™'B|| 7.

There is, in general, an important difference between the real and the com-
plex stability radius if time-varying and/or nonlinear perturbations are consid-
ered. We explain this for the case where K!, K9 are both provided with their
Euclidean norms and || - || denotes the corresponding operator norm on K!*4.
There are many examples where, e.g., time-varying real perturbations A(t) of
norm sup,sq ||A(t)|| < rr can destabilize a system whereas it is known that ex-
ponential stability will be preserved for all time-varying complex perturbations
of norm sup,~ ||A(t)|| < rc. This latter result is based on the fact that in this
case r¢ can be characterized by a parameterized algebraic Riccati equation of
the form

A*P + PA—p’C*C — PBB*P =0, (14)

where p > 0. It was shown in [6] that (14) admits a Hermitian solution P,
satisfying (A — BB*P,) C C_ if and only if p < r¢. If additionally the pair
(A, C) is observable, V(z) = —(z, P,x) yields a joint Lyapunov function for all

IThroughout the paper we set inf ) = co.
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perturbed systems & = (A + BAC)z where A € C*4, ||Al| < p. This Lyapunov
function works also for time-varying and nonlinear perturbations bounded by p.

To make this more precise, let (A, B, C') be as above and consider a perturbed
system of the form

#(t) = Az(t) + BN(Cxz(t),t), t>0, (15)

where the perturbation NV : K¢ x R, — K! is an unknown time-varying nonlin-
earity such that N (y,t) is continuous on K? x R and continuously differentiable
in y. We assume that N is of finite gain, i.e., there exists v > 0 such that

IN(y, Ol <Allyll, v €K, ¢>0.
The size of such a nonlinear perturbation N(-,-) is measured by the norm
[Nl = inf{y € Ry;Vy € K? ¥Vt € Ry : [N (y,1)]| < 7llyll}-

By ™ (-;t0, 20) we denote the solution of (15) on [tg, o) starting at z(to) =
2o € C™. Then the following result can be proved, see [20].

Corollary 1. Suppose that (A, B, C) is as in Theorem 3, C', C4 are provided with
their standard Euclidean norms and || - || denotes the induced operator mnorms.
If p < ||[CA™IB||7! then there exists a joint quadratic Lyapunov function for
all the systems (15) with ||N|| < p and the joint equilibrium T = 0 is globally
exponentially stable for all these systems.

Another way of accounting for parameter uncertainties in systems of the
form (1) is to view the system matrix as member of a matriz interval. Given
two arbitrary real matrices A, B € R™*™ such that A > B, then the matrix
interval

[[B, A]] i= {X € R™"; B< X < A}

is called Hurwitz stable if o(X) C C_ for each matrix X € [[B, A]]. The problem
then is to find a small set of test matrices in [[B, A]] whose Hurwitz stability
suffices to ensure the Hurwitz stability of the whole given matrix interval. A
famous theorem of Kharitonov [13] says that the Hurwitz stability of an inter-
val of monic polynomials can be verified by examining only four of its vertex
polynomials. It is well-known that there does not exist a counterpart of this
result for interval matrices. The stability of all corner matrices of the polytope
[[B, A]] do not imply stability of the whole interval. This changes dramatically
if the interval consists of Metzler matrices. Then it suffices to check just the
upper corner A of the interval. We conclude the section with this simple but
illustrative result.

Theorem 4. If A is a Hurwitz stable Metzler matriz then every matriz in the
set

A={X eR"™™: M(X) < A}
is Hurwitz stable. In particular if A, B € RY[" are arbitrary Metzler matrices
and A > B, then [[B, A]] is Hurwitz stable if and only if A is Hurwitz stable.
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Proof. By (8) we have a(M (X)) < a(A) < 0 for all X € A if A is Hurwitz
stable. -

4. Transient Behaviour of Positive Systems

As mentioned in the introduction, an exponentially stable linear system may
temporarily exhibit an unstable behaviour. In this section we will derive up-
per bounds to the transient behaviour of positive systems and we will see that
positivity not only greatly simplifies the analysis of robust stability (as shown
in the previous section) but also the analysis of transient behaviour. Lyapunov
functions and, in particular, Lyapunov norms provide a key tool for bounding
the transient behaviour of a system, see [7,16,17]. For positive systems simple
transient bounds can be obtained by means of linear Lyapunov functions.

4.1. (v, B)-Stability and Contractions

We begin by introducing a stability concept which imposes not only conditions
on the long-term behaviour, but also on the transient behaviour of the system.
Throughout this section we suppose that C™ is endowed with an arbitrary vector
norm || - || and the matriz space C"*™ is provided with the associated operator
norm which is also denoted by || - ||.

Definition 1. Let 8 < 0 and v > 1 be given. A linear system & = Az is said to
be (7, B)-stable with respect to the norm || - || if

le]] < 7e, ¢ >0. (16)

In contrast to exponential stability, where only the existence of some con-
stants 3 < 0, v > 1 satisfying (16) is required, the a priori prescription of both
~v and @ imposes not only conditions on the long-term behaviour, but also on
the transient behaviour of the system.

A lower bound for the exponent [ is given by «(A) and therefore the possible
values of 8 merely depend on the spectrum of A while, for a given value of j,
the values of v depend heavily on the used norm. As a result, the concept of
(v, B)-stability — unlike the concept of exponential stability — is norm-dependent.
If A is stable then the minimum value of 7 such that A is (v, 0)-stable is called
the transient gain of A,

At
7(4) = max||e™. (17)
The optimally achievable transient gain v = 1 is obtained if the system matrix
A of (1) generates a contraction semigroup, i.e., |[eA*|| < 1 holds for all ¢ > 0.

Definition 2. The initial growth rate? of A € C™™ with respect to |-| is defined

21(A) is also called logarithmic derivative, logarithmic norm or matriz measure in the literature.
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by
p(A) = gy (A) = min {p € R; vt > 0 [|le| < et} (18)

The name “initial growth rate” is due to the following characterization which
shows that p(A) only depends upon e for t € [0,¢], € > 0 arbitrarily small, see
[7. Prop.5.5.8]

d+

1
_ At 1
plA) = e |,y = lim 7 log e

=lmh ' (I +hA| - 1) = lim ||A+¢I|| —¢.
hl0 t—o0

AtH

The initial growth rate enjoys the following properties, see [7]. For all matrices
A, BeC™and alla>0,2z€C

1(A)] < Al p(ad) = ap(A),
A+ 2I) = p(A) + Rez, p(A+ B) < p(A) + u(B).

Definition 3. A norm || - || on C™ is called a (strict) Lyapunov norm for the
system (1) or the matriz A € C™*"™ if the initial growth rate of A with respect
to the norm || - || satisfies p(A) <0 (resp. u(A) <0).

The following characterization of the contraction property is easily proved.

Lemma 4. For every A € C"*" the following statements are equivalent:
(i) The matriz A generates a contraction semigroup with respect to || - ||.
(ii) For every x° € C™ and t > 0 : ||x(t; 20)|| < [|2°|| where z(t; 2°) = eAta®.
(iii) The unit ball B = {x € C"; ||z|| < 1} is forward invariant under the flow
of &t = Ax.

(iv) The norm || - || is a Lyapunov norm for & = Az.

Computable formulae for the initial growth rates associated with some stan-
dard norms are readily available. Given A = (a;;) € C™*" the initial growth

rates of A with respect to the norms [| - ||1, [| - ||2, [| - ||oc are given by [7, Lemma
5.5.11]
[Ll(A) = InJE_lX (Re Q54 + Z |aij|), ,UJoo(A) = InlaX (Re ai; + Z |aij|),
oy i

1
ua(A) = §max{)\; ANEa(A+ A"} =FalA+ AY).

We see that the initial growth rates with respect to the 1- or co-norms are
determined with particular ease, and for these norms the initial growth rates do
not change if the matrix A € C"*™ is replaced by its Metzler part M(A) (see
(3)):

i (A) = p(M(A)) = max (1) M(A));,
(19)
Hoo(A) = piec (M (A)) = max (M (A)1,);,

K3
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where 1,, = (1,...,1)" € R?. In particular, A € C"*" generates a contraction
semigroup with respect to || - |1 or || - [ if and only if M(A) generates a
contraction semigroup with respect to these norms, and this happens if and only
if 1) M(A) <0 or M(A)1, <0, respectively. Stable Metzler matrices A with
these properties are column or row diagonal dominant, respectively. The 1-norm
(resp. oo-norm) is a joint Lyapunov function for all the systems (1) with a
column (resp. row) diagonally dominant system matrix A.

We will now relate the transient gain of a matrix to the transient gain of its
Metzler part. Note that if A is a Metzler matrix then eAt >0 for all t > 0 and
so the operator norm of e with respect to the 1- or co-norms are given by (see
[10,5.6.4,5.6.5])

HeAtHl 1T At)

=max(1)e?); and [t o = max(e?'1,);.
J %

Thus, in order to determine a transient bound for a Metzler matrix A with
respect to the 1- or co-norms, it suffices to determine the solution of & = A’z
(resp. @ = Ax) starting at 20 = 1,,.

Theorem 5. (i) If A, B € R?" and A < B then e < P (componentwise).
(ii) For every A € C"*™ the following inequalities hold (componentwise),

|6At| < eM(A)tE = lLim e(|A+rl|7r[)if < e(|A+rl|frI)t, t> 0, r> 0. (20)

r—00

Proof. (i) Choose r > 0 such that 0 < A+ rI < B+rl. Then (i) follows from

o0

el = e(At+r) — Z A+TI B+TI =e"eb.
k=0 k=0
(ii) For all t > 0 and r € R we obtain
o0
[(A —|— TI
et |€At| _ (AJrrI)t Z e|A+rl|i§ )
k=0
The continuity of the matrix exponential and Lemma 1 yield
|eAt| < lim elArIl=rDt — MAE ¢ > 0,
~ r—oo ’ -
Moreover, as the map r — M, (A) := |A+rl,|—rl, is componentwise decreasing
on Ry by Lemma 1, it follows from (i) that e (At = lim,_,, e(lA+rII=rDt
elA+rII=rDt for every r > 0. ]

We conclude this subsection relating the (v, 5)-stability of an arbitrary com-
plex matrix A with that of M(A).

Corollary 2. Suppose || - || is a monotone vector norm on C*, A € C"*" and
M(A) is (v, 3)-stable with respect to || - ||, v > 1,8 < 0. Then A € C**»
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is (v, B)-stable and the associated initial growth rates and transient gains (with
respect to the norm || -||) satisfy

n(A) < p(M(A)) and A(A) < A(M(A)). (21)

Proof. Applying the corresponding operator norm || - || to the results of Theorem
5 and using Lemma 2 we get

e ) < [lle |l < M) < 7e™, ¢ >0, (22)

which shows that A is also (v, )-stable and y(A) < v(M(A)). To prove the first

inequality in (21) note that, by definition, ||eM ()| < er(M(ANE for all t > 0.

Hence (22) implies ||et|| < er#MA)E ¢ >0, and so u(A) < u(M(A)) by (18).
|

4.2. Weighted Norms and Eccentricity

If the system & = Ax does not generate a contraction semigroup with respect
to the given norm || - || then we may possibly introduce a suitable weighted
norm ||z||lw = |[Wz|| which provides a Lyapunov norm for the system under
investigation. By the equivalence of norms on C™, there exist constants which
relate the weighted norm to the original norm. Making use of these constants
one can derive estimates for the transient gain (17) of the system with respect
to the original norm.

Definition 4. Suppose v(-) and || - || are norms on C™. Then the eccentricity of
v(-) with respect to || - || is defined by
mameH:l I/(CE)

ecc(v) = ecc(v, || - ||) = min, = v(z)

Knowing the eccentricity of v(-) with respect to || - || and the initial growth
rate of a matrix A with respect to the norm v(-) one obtains an exponential
estimate for |leA?||, t > 0 by the following result.

Theorem 6. If v(-) is any norm on C", A € C"*", and u,(A) denotes the
initial growth rate of A with respect to the norm v(-), then

e < ece(v) et Mt ¢ >0.
In particular, if p,(A) < 0 then (1) is (ecc(v), py(A))-stable.

Proof. From (18) we obtain the exponential estimate v(eAt) < etv(A! where
v(eA?) denotes the operator norm of e with respect to the auxiliary norm v(-).
Moreover,

. Y
min v(z) <v|— ) < max v(z), e Cn, 0.
ll2=1 ) (||y||> llz=1 @, v v7
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This implies ||y|| miny.j—; v(2) < v(y) < ||yl max) ;= v(z) forally € C", y # 0
and hence for the associated operator norms of any T' € C"*"

1) = sup 1221 < Sup( v(T2) ) ( v(z) (z>>1 = eccv - (T).

w20 ||zl 7 azto \minyzy=1 v(2) ) \max) =1 v

Setting T' = e gives the desired result. n

In the following we consider the case that v is a weighted version of || - ||.
For any invertible matrix W € C"*™ the weighted vector norm ||z|w = |[Wx||
on C" induces the operator norm || Aljw = [|[WAW ~!|| on C"*™. From this fact
and the definitions we obtain

Lemma 5. Given W € Gli,(C), the eccentricity of the weighted norm v(zx) =
[[Wz|| on C™ with respect to the norm || - || equals the condition number of W
with respect to || - ||,

ecc(v, || - ) = w(W) = W] [W .

The initial growth rate of A € C™*™ with respect to the weighted norm v is given
by
g w (A) = g (A) = py (WAW ™).

In particular, if w € R}, w > 0 and W = diag(w;) is the corresponding
scaling matrix, the eccentricity of the scaled norm || - ||l := || - ||w with respect
to || - || is given by x(W) = 150, Note that the scaled norm || - [, on C" is
monotone if || - || is monotone.

In the following theorem we apply the above technique to positive systems
by introducing a scaled norm || - ||y where the diagonal of W = diag(w;) is a
positive Perron vector of A. For any w > 0 we call x(w) = (max; w;)/(min; w;)

the condition number of w.

Theorem 7. Suppose A € R™"*"™ js a Metzler matriz.
(i) If A has a strictly positive left Perron vector w > 0 then

ey < rm(w)e*™@! ¢ > 0.
(ii) If A has a strictly positive right Perron vector v > 0 then
e e < m(v)e ™, > 0.
(iii) If A has strictly positive left and right Perron vectors w > 0 and v > 0 then

1
letla < (n((2)0)) " @, >0,
Proof. (i) Suppose that w > 0 is a left Perron vector of 4, i.e., w'A = a(A)w'.
Setting W = diag(w;) gives 1] WAW ! = w AW ™! = a(A)w diag(w; ') =
a(A)1,, hence the initial growth rate of A with respect to the scaled norm
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lzlliw = [Wzl|1 is pr,w(A) = ur (WAW 1) = a(A) (by Lemma 5 and (19)).
Since the condition number of W is given by x(w), (i) follows from Theorem 7.

(ii) Analogously, if v > 0 is a right Perron vector of A then W = diag(v; ) gives
troow (A) = too(WAW 1) = a(A) with condition number &((v; );) = &(v).
(iii) For the spectral norm, suppose that w > 0 (resp. v > 0) are left (resp. right)
Perron vectors of A and set D = diag(“). Then DA + A™D — 2a(A)D is a
singular Hermitian Metzler matrix with eigenvector v > 0

(DA+ATD —2a(A)D)v = (a(A)] + AT —2a(A))Dv = (AT — a(A))w = 0.

It follows from [2, Cor. 2.1.12] that v is a Perron vector of DA+ A" D —2a(A)D
corresponding to the eigenvalue a(DA + AT D — 2a(A)D) = 0. Hence

DA+ ATD —2a(A)D <0,

where < denotes the order relation between Hermitian matrices (B < A if A— B
is symmetric and positive semidefinite). Applying [7, Prop.5.5.33] we obtain
(ii). -

Remark 1. The Metzler matrix A may have neither left nor right Perron vectors
which are strictly positive. However, if A is irreducible then A has strictly
positive left and right Perron vectors and these are uniquely determined modulo
multiplication by a positive number, see [2].

The choice of Perron vectors as weights provides exponential estimates with
optimal decay rate a(A4) but the estimates for the transient gain obtained in this
way may be far from optimal. Fortunately, the weights can be chosen from a
much larger set.

Definition 5. For a given Metzler matriz A € RY™ a strictly positive vector
w € R™ s called a left (or right) Lyapunov vector of A if w'A <0 or Aw <0,
respectively. If strict inequalities hold, w'A < 0 or Aw < 0, then the Lyapunov
vector w s called strict.

We have the following geometric interpretation. The vector w > 0 is a left
Lyapunov vector for & = Az if and only if the unit ball of || - |1, restricted
to the positive orthant, B} = {z € R% ; w'z < 1}, is invariant under the
flow of & = Axz. The vector w > 0 is a strict left Lyapunov vector, if for all
z € OB} = {z € RT ; w'z = 1} the direction # = Az at z points into the
interior of B (relative to R'}).

The next theorem shows that every left (resp. right) Lyapunov vector for A
defines a weighted Lyapunov norm for & = Azx.

Theorem 8. Let A € RY[™ be an arbitrary Metzler matriz. Then
(i) If A is exponentially stable then for every vector b € R (b > 0) there exists
a vector w € R} (resp. w > 0) such that Aw = —b.

(i1) If there exists a (strict) Lyapunov vector w > 0 of A then A is (exponen-
tially) stable.
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(iii) If w > 0 is a left Lyapunov vector of A then the scaled 1-norm ||x||1w =
> wilxs| is @ Lyapunov norm for @ = Ax. Its eccentricity with respect
to the 1-norm is given by k(w), the corresponding initial growth rate is

(w'A); I
1 ,w(A) = max; and we have the exponential estimate
wj T
Cwa);
ey < m(w) ™ Tt >0,

(iv) If w > 0 is a right Lyapunov vector of A and w™* = (w; '), then the
oy

scaled 0o-norm ||z || s -1 = max; — is a Lyapunov norm for & = Ax. Its
"

K2
eccentricity with respect to the co-norm is given by k(w), the corresponding

Aw) s
initial growth rate is o -1 (A) = max; (Aw),; and we have the exponential
J
estimate )
oWy
e < k(w)e i t>0.
[e]los < K(w) e™™ Lot>0

Proof. (i) Suppose that A is exponentially stable. Then —A~' € R}*"™ by
Theorem 2 (ii). Hence w = —A™'b € R}Y" and w = —A"1b > 0if b > 0.

(iv) Suppose that w > 0 and b = —Aw > 0. Setting W = diag(w; ') we obtain
WAW~11,, = WAw = —Wb < 0. Hence the initial growth rate of A with
respect to the weighted norm ||z 1 = max; |x;|/w; is by Lemma 5 and (19)

oo, (A) = oo w (A) = oo (WAW ™) = max(WAW'1,,); = max {2} < 0.
J J J

This concludes the proof of (iv) by Theorem 6.

Now, (iii) is obtained by applying (iv) to AT, and (ii) follows directly from
(iii), (iv). ]
Remark 2. Note that ||z||1,,(z) = w'z for z € R? and so 2 — w'z can be
viewed as a linear Lyapunov function for the positive system & = Az on the
positive orthant.

4.3. Optimizing Transient Bounds

In the previous subsection we have seen that there is a broad range of Lyapunov
norms available for positive systems. Theorem 8 (iii) (iv) shows how to obtain a
transient estimate for a given Lyapunov vector w. In order to obtain an optimal
estimate of the transient gain we minimize the condition number x(w) on the
convex cone of right Lyapunov vectors, W = {w € R};w > 0,Aw < 0}.
Throughout this subsection we assume that A € RY*" is a given exponentially
stable Metzler matrix. Consider the following minimax problem

Minimize r(w) = 1 gubject to w > 0, Aw < 0. (23)

min; w;

As k(w) is invariant under multiplication with positive scalars, the optimization
problem may be restricted to a basis of the convex cone W. For this we choose

Wi, = {w e R} ; minw; =1, Aw < 0}.
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For any two vectors z,y € R"™, define z = min{x,y} by z; = min{z;,y;},
1€ Nn.

Lemma 6. The basis W1 is closed under the operation min,

v,we Wi = min{v,w} € Wy.

Proof. Suppose v,w € Wi and v = min{v,w}. Then min; u; = 1. Since
A = (ai;) is a Hurwitz stable Metzler matrix, the diagonal entries a;; are strictly
negative and the off-diagonal entries a;; (¢ # j) are nonnegative. By assumption
we have

Z aijv; < —ai;v; and Z Qi W; < —aw;, 1 EN.

J#i J#i

Given any ¢ € n suppose that, for instance, u; = w; then

E QijU; = E Qi min{vj,wj} § E QW5 § —Qj;W; = — Qi Ug.

J#i J#i J#i

Similarly, ZJ_# ai;u; < —aqu; if u; = v;, and so we conclude that ZJ_# aiju; <
—azu; foralli=1,....n,i.e., Au < 0. This proves u € Wj. ™

Now consider the following linear program

Minimize 1w = » " w; subject to w; > 1, (Aw); <0, i=1,...,n.  (24)
1=1

Theorem 9. Suppose that A € RY[*" is a Hurwitz stable Metzler matriz.

(i) The linear program (24) has a unique optimal solution W and this optimal
solution of (24) is an optimal solution of (23) satisfying w € W1 and k() =
mingew, K(w).

(ii) w € Wy is an optimal solution of (24) if and only if H(w)UJ () = n where

Hw)={hen; (Aw), =0}, Jw)={ien;w;, =1}, we Wy. (25)

Proof. (i) By Theorem 8 (i) the set of admissible solutions of the linear program
(24) is non-empty, and the objective functional 1,}w is bounded below on this
set. Hence there exists an optimal solution of (24). Its uniqueness follows from
Lemma 6.

Now let @ be the optimal solution of (24). By optimality min; w; = 1 whence
w € Wy. Suppose that there is a vector w € W7 such that k(w) = max; w; <
max; W; = k(). Then v = min{w,w} € W; by Lemma 6 and so u is an
admissible solution of the linear program (24) satisfying v < @ and u # . But
this implies 1,)u < 1%, which is a contradiction. Hence k(w) > k() for all
w € Wy, ie., w is optimal for problem (23).
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(ii) Suppose that w € W1, H(w)UJ(w) # nand let ¢ € n\ (H(w)UJ(w)). Then
w; > 1 and ) i i W5 < — Qi Wy Since A is a Hurwitz stable Metzler matrix
we have a;; > 0 for j # i and —a;; > 0. Define v’ € R} by w} = w; for j # i
and w; = max{1, (—a;) ! 32 @ijwi} < w;. Then mingwy =1, Aw’ <0, ie.,
w' € Wy, and 1w’ < 1 w. Therefore w is not an optimal solution of (24).

Conversely, let @ € Wy and H(w) U J(w) = n. Suppose that w € Wy is
the optimal solution of (24). Then 1w < 1) and it follows from Lemma 6
that w < @ and therefore J(w) D J(w). Permuting the coordinates of w, @ and
the rows and columns of A accordingly we may assume that H(w) = {1,...,k},
Jw) D {k+1,...,n}. Partitioning A, w,® we have

Al Ar kxk
A= , Ay € RYCE,
|:A21 A22:| 1 M

1
N ~1 k w 1 k
W = , weRY, w= , w€RY.

Since Alllz)l +A121n7k =0 and Allwl +A121n7k § 0, it follows that All(lz)l -
wl) > 0. The principal submatrix A;; is a Hurwitz stable Metzler matrix by
Lemma 3 and so —A;;" > 0. Thus Ay (@' — w') > 0 implies @' —w' < 0. On
the other hand we have w < @ and so w' < w!. Therefore w = ¥ and hence W
is the optimal solution of (24). n

Remark 3. (i) Note that the converse of (i) in Theorem 9 is not true. There
are, in general, optimal solutions of the minimax problem (23) in W7 which do
not solve the linear program (24). In particular, (23) may have more than one
optimal solution in Wj.

(ii) If H(w) is non-empty — and this is always the case if A is not row diagonally

dominant — then fio, 5-1(A) = max; (‘LLJL)]

provided by Theorem 8 reduces to ||e?||oo < x (1) for t > 0.

= 0 and the exponential estimate

It follows from Theorem 9 (i) that the simplex method can be used to com-
pute a right Lyapunov vector @ with a minimal condition number x(w). The
following algorithm presents a different procedure towards solving the minimax
problem (23) and is based on Theorem 9(ii). We make use of the function
findweight(-) which is defined recursively and given by the following pseudo-
MATLAB code.

Algorithm 1. Let S € RT*™ be an invertible matrix such that M := =S~ is
a Hurwitz stable Metzler matrix.
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function y=findweight(S
m = number_of_rows(S
x = solve(S,ones(m,1))

)
); # m,k,x,y,z,J,S_J are local variables
;7 Solve S x=one_m

J = find(x>0); # get indices of positive entries

k = length(J); # number of positive entries
if(k<m) # there are nonpositive entries in x
S_J = S(J,)); # pass to principal submatrix

z = findweight(S_J); # recursive call
y = zeros(m,1);

y(J) =z # fill entries indexed by J

else

y = X; # use positive solution

end

return y; # vy is nonnegative, at most k positive entries
end

We employ this recursive formulation in order to reduce the index book-
keeping operations to a minimum. Usage and properties of this algorithm are
discussed in the following corollary.

Corollary 3. Let A € RY*" be a Hurwitz stable Metzler matriz and set R =
—A~Y. Then w = Ry is an optimal solution for problems (23) and (24) where
y = findweight(R) is computed by Algorithm 1.

Proof. In order to guarantee that each step of Algorithm 1 works correctly, we
show that if the argument S € R7"*™ of findweight(S) is a regular nonnegative
matrix such that M := —S=! € R{;*™ is a Hurwitz stable Metzler matrix,
the index set J is nonempty, and the submatrix S(J) of S is also a regular
nonnegative matrix such that M7 = (=S(J))~! € Ry** is Hurwitz stable. By
assumption, S is regular, hence Sr = 1,, has a unique solution x. This vector
x contains at least one positive entry as S > 0,1,, > 0 and therefore J # . In
the case that this index set has a size k = |J| less than m we have to examine
the submatrix S(.J) € RE*¥ of S. By construction, it is a principal submatrix

of S = —M~!, hence given by the negative inverse of a Schur complement M
in M, see Lemma 3. Also by Lemma 3, M € Rﬁfk is a Hurwitz stable Metzler
matrix. As we start the algorithm with S = R = —A~!, each recursive call

of findweight(-) has an argument S which is regular, nonnegative, and has the
property that —S—! is a Hurwitz stable Metzler matrix.

Clearly, the size of S strictly decreases as the recursion proceeds. The re-
cursion is terminated when the linear system Sz = 1,, has a positive solution
x > 0. This is always so if m = 1 as then S € R, is some diagonal entry of R
which is invertible by Lemma 3 and therefore positive, i.e., z = S~! > 0. The
algorithm therefore terminates the recursion after at most n steps.

If we encounter a positive solution x at the end of the recursion, then this
vector is on return augmented with zeros to give a final return value y € R%.
By construction this y satifies (Ry); = 1 for all i € n such that y; # 0. Hence,
when setting @ = Ry we have JUH = n where J = {i € n;w; =1} = {i €
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n; (Ry); = 1} and H = {i € n; (Aw); = 0} = {i € n;y; = 0}. To prove
that @ = Ry is an optimal solution of (24) it remains to show that & € W7, see
Theorem 9 (ii). By construction, we have A = —y < 0. To prove w = Ry > 1,
let us consider z = —A1,, which solves Rz = 1,,. Note that J ={i € n; z; > 0}
is the set of positive indices computed in the first step of the algorithm, whence
{i € n;y; >0} C J. We assume that after a suitable permutation J = {i €
n; z >0} ={1,...,m}, and that R, z,y are partitioned accordingly into

| Rir R E _ [y
R
Then we have z' > 0, 22 < 0, y' > 0, Ri12! + Ri22? = 1,, = Ryy', and
Ro12' + R992? = 1, mm. :I’he principal submatrices R1; and Rgs of R are regular
by Lemma 3, moreover R = R — RglRﬁlng is a Schur complement in R and
therefore the inverse of a principal submatrix of R™! = —Aby [10, §0.7.3]. Hence
R > 0 by Lemma 3 and Theorem 2 (ii). We conclude that Rgs > RglRﬁlng
and
w? = R21y1 = Ro1 (Zl + R;11R12Z2) > R2121 + R2222 =1,_-m

(because of 22 < 0). This shows that 1w = [1“;] = Ry > 1,, and therefore

w
w € Wj. | |
1.
=]l =~
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Fig. 1. Linear Lyapunov function.

Ezxample 1. Let

_[-5 36 1720 2
A‘[z —20]’ fr=-4 _2_8[36 5]'

Figure 1 shows some trajectories of the system & = Az and the lines {z €
RYs[lzfly = 1}, {z € RY; [lzfli = 7}, {z € RE;|l2lle = 1}, where & = (1,1.8)"
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is a left Lyapunov vector of A with minimal condition number x(w). To calculate
this optimal left Lyapunov vector we start Algorithm 1 with R = —A~T and
proceed as follows: For S = R, the equation Sz = 1s has the solution =z =

—AT15 = (3,-16) " which is not positive. Hence we consider the submatrix of
S = R which matches positive entries of z, i.e., S(J) = [r11] = [2] corresponding
to J = {1}. In the next step of this recursion, where m = 1 and S = S(J), the
equation Sx = 17 is solved by z = 1/r1; = % = 1.4 which is positive. Hence

the recursion terminates and the algorithm returns y = (1.4,0)". Applying
Corollary 3 we obtain the optimal left Lyapunov vector & = Ry = (1,1.8)T of
A. Since w'A = (—1.4,0) we obtain from Theorem 8 the exponential estimate

T
(" A),;
max;—i,2 Lt

e < k() e 5 = k() = 1.8, t>0.

(The actual transient gain of & = Az is y(A) = sup,~q |le*]1 =~ 1.5). In
comparison, any left Perron vector @ of A has the condition number () = 9.41
and the estimate provided by Theorem 7 is [e||; < 9.41e7 118

Figure 1 shows that the line {# € R%;|/z|1,s = 1} is tangential to the
trajectory of & = Ax starting at the second unit vector e? = (0,1) ", i.e., we have
wTAe? = 0. This is due to the general fact that, if e!,...,e" are the standard
unit vectors in R” and 0 is the optimal solution of (24) with A replaced by AT,
then (1, Ae) = (wTA);, = 0 for all h € H where H is defined by (25) (with A
replaced by AT).

5. Stability Radii and Transient Behaviour of Positive Systems with
Structured Uncertainty

In Sec. 3 we have determined stability radii and joint quadratic Lyapunov func-
tions of positive systems with full block uncertainty, i.e., subject to perturbations
of the form (11). In this section we will consider highly structured perturbations.
Without the assumption of positivity this is a difficult topic as can be seen from
the problems of determining structured singular values in p-analysis, see [7, §4.4].

We will first analyze the effect of entrywise perturbations of the nominal
system matrix A at an arbitrary but fixed set of positions. Such perturba-
tions have been analyzed in the context of Linear Algebra by Brualdi [10] in
order to obtain spectral inclusion theorems which yields sharper estimates than
Gershgorin’s classical theorem. More precisely, Brualdi considered an arbitrary
n X n matrix A as an off-diagonal perturbation of the diagonal matrix with the
same diagonal as A and used the zero pattern of the matrix A to obtain tighter
inclusion regions for its spectrum. In the next subsection we will analyze the sta-
bility radius and the transient behaviour of positive systems perturbed by such
Gershgorin—-Brualdi perturbations. In Subsec. 5.2 we will study the problem of
constructing joint linear or quadratic Lyapunov functions for more general sets
of time-invariant linear systems and use the results to obtain stability results and
estimates of the transient behaviour for various types of uncertain positive sys-
tems. Finally, in Subsec. 5.3 we will study differential inclusions and determine
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the stability radius of positive systems with respect to time-varying structured
perturbations.

5.1. Gershgorin-type Perturbation Classes

Throughout this subsection we suppose that P € R}*" is a given nonnegative
matrix. We consider the following set of complex perturbation matrices which
preserve the zero positions in P,

A:AP:{AGC"XH,A”:Olfp”:O}, (26)
and endow the vector space Ap with the weighted co-norm

[Allp = ()2 (P) pi; 1Al A€ Ap where Z(P) = {(i,j) € n; pij > 0}
(27)

which is a monotone norm on Ap. Such Gershgorin-Brualdi perturbations have
been studied before in [12] and [8]. Note that

A e AP = M(A) S AP.
The norm || - || p has the following properties

[M(A)][p <[Allp = [lIAllp, A€ Ap,

28
IM(A)|lp=|Allp if the diagonal of A € Ap is real, (28)

lpPllp=p, p>0, and VAe€Ap: Ap < p<|A|<pP.

We consider additive perturbations of the form
A~ A+A, AcA.

The stability radius of a matrix A € C™ ™ with respect to the perturbation
structure (Ap, |- ||p) is defined by

rap(A) =inf{||Allp; A € Ap,a(A+ A) >0} (29)

(compare (12)). If there exists a destabilizing perturbation A € Ap such that
a(A+ A) > 0 then the inf in (29) may be replaced by a min, i.e., there exists a
minimum norm destabilizing perturbation Ag € Ap satisfying ||Aollp = ra (A4)
and a(A + Ag) = 0. In [12, Coroll. 44], spectral value sets and stability radii
with respect to the perturbation structure (Ap,|| - ||p) have been determined
for diagonal matrices A. In [8], the problem of constructing joint quadratic
Lyapunov functions for systems of the form & = (A + A)x, A € Ap,||A]| < p
(where || - || is a different norm) has been studied, again for diagonal nominal
matrices A. For general matrices A, no precise formulae are available, only upper
or lower bounds. In the following we will see that for Metzler matrices A explicit
formulae can be derived.
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Theorem 10. The stability radius of a Hurwitz stable Metzler matriz A € RY"
with respect to the perturbation structure (Ap,|| - ||p) is given by

rap(A) =1/o(~PA7"). (30)

Proof. Suppose that ra,(A4) < co and let A € Ap, § = |A||p be any destabiliz-
ing perturbation such that a(A+A) > 0 (whence § > 0). As M(A+A) < A+]|A]|
we have by (8) and (28)

0<a(A+A) <aM(A+A)) <a(A+|A]) <alA+6P).

Since A + 6P is a Metzler matrix, there exists a nonzero vector v > 0 such that
(A+36P)v = av > 0 where a := a(A+§P). Multiplying by —A~! > 0 we obtain
—(I, +8A~tP)v > 0 and therefore 6 ~*v < —A~!Pv. Since —A~1 P is a nonneg-
ative matrix, Theorem 1 (iii) implies that 6 < a(=A71P) = o(—=A71P), i.e.,
o(—A71P) > 0and § > o(—A~1P)~L. By definition of ra ,, (A) we conclude that
rap(A) > o(—=A71P)™t = o(—=PA~1)~L. Moreover, the above argument shows
that there does not exist a A € Ap such that a(A + A) > 0 if o(—A"1P) = 0.
Hence 7a,, (A) = oo and (30) holds if o(—=A~1P) = 0.

It remains to prove ra, (A4) < o(=A71P)71if o(—A71P) > 0. Let 6o =
o(—PA Y71 Ay = 5o P € Ap and let w be a Perron vector of the nonnegative
matrix —PA~!. Then z = —A~ 1w > 0 satisfies

(A + Ao)z = —(A + 50P)A71’LU = —(’LU - 50@(—PA71>’LU =0.
Hence a(A + Ag) > 0 and so o(—PA™1) ™t = ||Agl|p > ra,(A). n

Corollary 4. Suppose A, B € RY[*" are Metzler matrices, A < B, and B is
Hurwitz stable. Then A is Hurwitz stable and

rap(B) <rap(A) <ran(D(A)) where D(A) = diag(ai1,...,ann). (31)

Proof. Since D(A) < A < B we have a(D(A)) < a(A) < a(B) by (8) and it
suffices to prove the first inequality in (31). From the previous proof we know
that a(A + ra,(A)P) = 0, hence a(B + ra,(A)P) > 0. Therefore ra,(A) =
Irar(A)P| = ra,(B) by (28). "

Ezample 2. Let A and P be given by

-1 4 2 01 1
A=|l0 -2 1|, P=|100
0 0 -3 01 0

Applying (30) to compute the stability radii of A and D(A) with respect to the
perturbation structure (Ap,| -|p) we obtain

rap(A) =0.396 and ra,(D(A)) =1.195.
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The next theorem shows that all perturbed matrices A + A, A € Ap, ||A|lp <
TAp(4) satisfy a common transient bound.

Theorem 11. Suppose that A € RY" is a Hurwitz stable Metzler matriz,
0<0<rap(4) andw >0 is a left Lyapunov vector of A+ 6P. Then

(w4, .

[T < k(w)e™™ T t>0, AcAp, [|Alp <o

3

Proof. Let A € Ap, ||Allp < 0. Then |A| < 0P and we obtain from Theorem 5

(A+A)| < MAFA < ((AHADE < (A+5P)E,

le
Now the operator norm || - ||; is monotone on R™*™  hence Theorem 8 implies
that
max; (wTA)j t
He(AJrA)tHl < He(AJrJP)tHl < A(w)e Ty . t>0.
This proves the theorem. ]

The previous proof is based on the fact that any (left or right) Lyapunov
vector of A+ §P is a joint Lyapunov vector for all perturbed Metzler matrices
M(A+ A) where A € Ap and ||Al|p < 6. In the next subsection we will study
the problem under which conditions there exist joint Lyapunov vectors for a
given set of Metzler matrices.

5.2. Joint Lyapunov Vectors for Polytopes of Positive Systems

In this subsection we introduce the concept of linear stability and derive necessary
and sufficient linear stability criteria for polytopes of positive systems.

Over the last two decades the concept of quadratic stability has attracted
some interest in the literature because it provides a useful tool for dealing with
time-varying and/or nonlinear perturbations of uncertain systems. A set of
matrices A C C"*™ is said to be quadratically stable if there exists a positively
definite Hermitian matrix P € C"*" such that PA 4 A* P is negatively definite
for all A € A. In this case, P provides a joint strict quadratic Lyapunov function
for all the systems & = Ax, A € A. For sets of positive systems quadratic
Lyapunov functions may be replaced by linear ones. This leads to the following
definition of linear stability.

Definition 6. A set A C RY™ of Metzler matrices is said to be linearly stable
if there exists a joint strict left Lyapunov vector w for A, i.e., a strictly positive
vector w satisfying w'A < 0 for all A € A.

Remark 8. Every joint (strict) Lyapunov vector for A is automatically a joint
(strict) Lyapunov vector for the convex hull of A, denoted by conv(A). Hence
by Theorem 8 a necessary condition for the linear stability of A is that every
matrix A € conv(.A) be Hurwitz stable.
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Since every strict left Lyapunov vector of a Metzler matrix A is a strict
left Lyapunov vector of every Metzler matrix B < A, linear stability extends
automatically from any set A C Ry" to its lower hull Ac = {M e Ry["; JA €
A: M < A}

We conclude from Remark 3 that for sets of Metzler matrices, linear stability
is a stronger property than exponential stability. A single Metzler matrix is
exponentially stable if and only if it has a strict Lyapunov vector. However,
this is no longer true for sets of Metzler matrices, as is illustrated by the next
example.

Ezxample 3. Consider the Metzler matrices

-1 10 -1 0
A= [ 0 —1]’ Az = [10 —1]'
They are both Hurwitz stable but the Metzler matrix (A;4+A42)/2 € conv{A;, A2}
is unstable. Hence the set A = {A;, A} is not linearly stable.

It is well-known that even if conv(.A) consists only of Hurwitz stable matri-
ces, A need not be quadratically stable. The following example shows that an
analogous statement holds true for linear stability. Moreover it illustrates that
the quadratic stability of a set A of positive systems does not imply the linear
stability of A.

Ezample 4. There are pairs of Metzler matrices which do not have a common
linear Lyapunov function, but a quadratic one. Consider the Metzler matrices

-10 5 -10 2
A1—|: 5 _3:| and A2—|: 8 _3:|

By an easy calculation one verifies that P = diag(5,3) is a positive definite
matrix with PA; + ATP < 0 for i = 1,2. Hence the segment of matrices

.A: [Al,AQ]:{TA1+(1—T)A2;T€ [0,1]}

is quadratically stable. On the other hand, we will see later in Example 5 that
there does not exist a joint strict Lyapunov vector for the two matrices A, Asg,
and consequently the segment [A1, As] is not linearly stable.

We will now derive necessary and sufficient linear stability criteria for poly-
topes of positive systems. We make use of the following lemma which is a
consequence of [18, Thm 22.2].

Lemma 7. Suppose A € R"*N where n, N > 1. Then one and only one of the
following alternatives holds:

(a) There ezists a vector w € R ,w > 0 such that w' A < 0.

(b) There exists a vector x € RY, x # 0 such that Az > 0.
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Theorem 12. If Ay,..., A, € RY[", the following conditions are equivalent.
(i) The polytope A = conv{Ax,...,An} is linearly stable.
(ii) There exists w > 0 such that wTA <0 forj=1,...,m.
(iii) Ay is Hurwitz stable and there e:msts y >0 such that yTATTA; > 0 for
ji=2,.

(iv) There do not exist 7 € R, j € m not all zero such that 2 Azl > 0.

Proof. (i) < (ii) follows directly from Definition 6 and Remark 3.
(ii) & (iii): If w > 0 is a joint strict left Lyapunov vector for {Ay, ..., Ay} then
A1 is Hurwitz stable and

w'[A .. Ap) =w A [T AT Ay .. AT AL <0

Hence, setting y = —A]w we obtain y > 0 and yTAflAj >0forj=2,...,m.
Conversely, if A; is Hurwitz stable and y > 0 satisfies yTAflAj > 0 for j =
2,...,m then w = —(A;)Ty defines a joint strict left Lyapunov vector for
{A1,As, ..., An}.

(ii) & (iv) follows directly from Lemma 7 by setting A = [A1 Ay ... Ap] €
Rnx(mn) -

It follows from this characterization that if A; is either not Hurwitz stable
or one of the matrices AflAj, J = 2,...,m has a column consisting only of
non-positive entries, then the set {A1,..., A} is not linearly stable.

Example 5. Consider again the two matrices Ap, Ay defined in Example 4. Then
Ay is Hurwitz stable and A7 Ay = :2 148
entries. Thus there does not exist a joint strict left Lyapunov vector for A, As
and so [A1, Ao is not linearly stable although it is quadratically stable as was
shown in Example 4.

has a column of strictly negative

The above results deal with joint left Lyapunov vectors. Analogous state-
ments can be derived for joint right Lyapunov vectors applying the previous
results to sets of transposed matrices. In this way it can be shown that there
does not exist a joint strict right Lyapunov vector for the two matrices A;, As
4 6

18 _2] has a strictly negative

in the previous example because AQA;I = [
row.

The question arises whether or not — as in the single matrix case — a set of
Metzler matrices has a joint left Lyapunov vector if and only if it has a joint
right Lyapunov vector. The next example shows that this is not so.

Ezample 6. Consider the two Metzler matrices

_[-5 39 -1 7
Al_[o —3]’ A2_[3 —25]'

These two matrices have the joint right Lyapunov vector (8,1)T, but no joint
left Lyapunov vector, as A7 ' A, has a column with strictly negative entries, see
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Theorem 12. Thus we have here an example of a set of two matrices {4, Az}
which is not linearly stable whereas the set of transposes {A], AJ } is linearly
stable. A similar example cannot be found for quadratic stability. If a matrix
set A C C™ " is quadratically stable then the set AT = {AT; A € A} is also
quadratically stable: If there exists P = 0 such that PA + ATP < 0 for all
Ac A, then P71 = 0 and P7'AT4+ AP~ < 0 holds for all A € A.

We have seen above that there exists a set of two matrices {A1, A2} which
is quadratically stable but both {A;, A2} and {A], AJ} are not linearly sta-
ble. The question arises if the converse is also possible, i.e., that {A;, A2} and
{A], A} are both linearly stable but {A;, A2} is not quadratically stable. The
answer is “no”, since one can construct joint diagonal quadratic Lyapunov func-
tions from a pair of joint strict left (resp. right) Lyapunov vectors.

Corollary 5. Suppose that A1, Ay € RY[" are Metzler matrices. If w > 0
(resp. v > 0) are joint strict left (resp. right) Lyapunov vectors for Ay, As
then the diagonal matrix P = diag(f—:) > 0 defines a joint quadratic Lyapunov
function V(z) = (z, Px) for {Ay, As}.

Proof. We show that R; := PA; + A/ P, i = 1,2 are negative definite. By
construction, we have A;u < 0 and A]w < 0 for i = 1,2. Therefore R;v =
PAw+ Al Pv = PAjv+ Alw < 0 for i = 1,2, i.e. v is a strict joint right
Lyapunov vector for the Metzler matrices R;, ¢ = 1,2. From Theorem 8 we
conclude that the R; are Hurwitz stable, hence by symmetry they are negative
definite. Therefore V(x) = (z, Px) is a joint quadratic Lyapunov function for

{A1, Az}, n

5.3. Differential Inclusions of Positive Systems

A useful class of models for linear systems with time-varying parameter uncer-
tainties is given by linear differential inclusions (LDI) of the form

#(t) € Az(t), t >0, ACC"™" compact, (32)
where Az = {Az; A € A} for « € R". An absolutely continuous function
z(-) : Ry — R™ is said to be a solution of (32) if £(t) € Axz(t) holds for almost
all t € Ry. By a theorem of Filippov, z(:) : R — R™ is a solution of (32) if
and only if there exists a measurable selection A(-) : Ry — A such that z(-) is
solution of the time-varying linear differential equation @(t) = A(t)z(t) on Ry,
see [19, Thm.2.3].

Definition 7. The LDI (32) is said to be stable if, given any € > 0, there exists
§ > 0 such that for every z° € R™, ||2°||2 < § each solution z(-) of (32) with
x(0) = 2 satisfies |z(t)||2 < € for all t > 0. It is said to be asymptotically stable
(in the large) if additionally the origin is globally attractive, i.e., limy_ o x(t) = 0
for all solutions z(-) of (32).

It can be shown [10, §8.2] that (32) is asymptotically stable if and only if it
is exponentially stable in the following sense: There exist constants 3 <0, v > 1
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such that
lz(t)ll2 < e, t>0 (33)

for every solution z(-) of (32). By the following well known lemma, a necessary
condition for the asymptotic stability of (32) is that the convex hull conv(.A)
consists of Hurwitz stable matrices, see [15].

Lemma 8. The linear differential inclusion (32) is asymptotically stable if and
only if its convexification & € conv(A) is asymptotically stable.

The following theorem is apparently due to Molchanov and Pyatnitskij, see
[15]. A detailed proof can be found in [19]. The theorem exhibits the close
relationship between the asymptotic stability of linear differential inclusions and
the existence of joint Lyapunov functions.

Theorem 13. The linear differential inclusion (32) is asymptotically stable if
and only if there exists a number 6 > 0 and a piecewise linear Lyapunov function

of the form
V(z) = max{|(li, z)|,i € m}, =€R",
where ly, ... Iy € R" span R™, such that

DV(z)(v) < —0V(z), z€R", ve A (34)

Here DV (x)(v) denotes the directional derivative of V' at z in the direction

of v,

DV (z)(v) = hlir&r RV (2 4 hv) — V()]

The limit exists since V' : R® — R, is convex. By (34), V is a joint strict
Lyapunov norm (in the sense of Definition 3) for all the systems & = Az, A € A.

Theorem 13 shows a fundamental difference between robustness properties
with respect to time-varying and time-invariant perturbations. In general, the
asymptotic stability of a set of time-invariant systems & = Az, A € A, does not
guarantee the existence of a joint strict Lyapunov function for all these systems.
In contrast, if all the time-varying systems @(t) = A(t)z(t), A(-) : Ry — A being
measurable, are uniformly asymptotically stable then, by the above theorem,
such a joint Lyapunov function always exists.

The above results only serve as a background for the following development.
We will not use them directly but give independent proofs. With every LDI (32)
we associate the positive LDI

(t) € M(A)z(t), where M(A) = {M(A);Ac A} CRY".  (35)

Note that M (A) is compact since A — M (A) defined by (3) is continuous
and A is compact.

Theorem 14. Suppose A C C"*™ is compact and w > 0 is a vector satisfying
w! M(A) <0 (resp. w M(A) < 0) for all A € A. Then (32) is stable (resp.
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asymptotically stable) and every solution x(-) of (32) on Ry satisfies

TM(A)),;
J#(Oll < r(w)e Ja(0)]1, t >0 where 8 = maymax L 2LAN

<0. (36
ax (36)

In particular, if the positive LDI (35) is linearly stable then the LDI (32) is
asymptotically stable.

Proof. Suppose that w > 0 and w' M(A) < 0forall A € A. Let x(-) : Ry — C»
be any solution of (32) and let A(:) : Ry — A be a measurable selection such
that x(-) solves & = A(t)z. Let v(-) be an arbitrary norm on C" and p,(-) the
corresponding initial growth rate. Then Theorem II.8.27 of [4] shows that

v (x() < o pAED a0 0)) < oy e (MA@ A7 0

(where the second inequality is obtained by (21)). Now we choose the norm
v(z) = |z|l1,» which equals w'z on R?. By Theorem 8, u,(M(A(T))) =
max; M < B <0 for all 7 > 0 and so all the solutions of (32) satisfy

(min ) [(0)1 < o (6) 10 < o 77 ()10 < e (macxw) | (0) 1, ¢ > 0.

This proves (36) and that (32) is stable if w' M(A) < 0 for all A € A. Finally,
compactness arguments show that 3 < 0 if w' M(A) <0 for all A € A. ]

Corollary 6. Suppose that A,B € R}[" are Metzler matrices, B < A and
a(A) < 0. Then the interval LDI &(t) € Ax(t) where A = [[B, A]] is asymptoti-
cally stable.

Proof. By Theorem 8 there exists w > 0 such that w'A < 0. Since the interval
[[B, A]] is a compact set of Metzler matrices and w'C < w'A < 0 for all C €
[[B, A]], the corollary follows from Theorem 14. n

The following corollary is a direct consequence of Theorem 4 and Lemma 8.

Corollary 7. Suppose that As,..., A, € Ry " are Metzler matrices, w > 0
satisfies w'A; < 0 (resp. w'A; <0) for all j € m. Then the LDI
x(t) € Ax(t) where A =conv{Ay,...,An} (37)

is asymptotically stable (resp. stable) and for every solution x(-) of (37),

TAD.
[#(Oll < 5w )1, >0 where 8 = maxmax WA
cm g w;

(38)

The condition number x(w) in (38) can be minimized in a similar manner as for
a single matrix, see §4.3. Let A =[A; A2 --- A,,] and

Wi = {w e R} ; minw;, =1,w'A <0}
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As in the single matrix case one can prove
v,we Wy = min{v,w} € Wy.
Now consider the optimization problem

Minimize x(w) = w subject to w >0, w' A <0 (39)
min; w;

and the associated linear program

n
Minimize 1.} w = Zwl subject to w>1, and w'A<O0. (40)
i=1

Then the following result can be proved in a similar way as in the single matrix
case, compare the proof of Theorem 9.

Theorem 15. Suppose that A, ..., Ay, € Ry ™ are Metzler matrices and w > 0
satisfiesw' A; < 0 for j € m. Then the linear program (40) has a unique optimal
solution w. W is an optimal solution of (39) and W € W1. Every solution x(-)
of the LDI (37) satisfies

()]l < m(w) |z(0)]]1, t>0.

Proof. By assumption, the set of admissible solution of the linear program (40)
is non-empty and the objective functional 1w is bounded below on this set.
Hence there exists an optimal solution @ € W of (40). As in the single matrix
case, one can show that w is uniquely determined and is an optimal solution of
(39). The last statement of the theorem follows from (38) and ' A; <0, i € n.

|

As a consequence of Theorem 15, an optimal solution of (39) and thus a
weight vector w > 0 of minimal condition number x(w) can be determined by
applying the simplex method to the linear program (40).

We conclude the paper by applying the previous results to time-varying linear
and/or nonlinear parameter perturbations of Gershgorin—Brualdi type. Let A €
R’y/" be a Hurwitz stable Metzler matrix and P = (p;;) € R}™*". We consider
nonlinear time-varying perturbations of & = Az of the form

T = Az + A(z,t)r where A(-,-) € Ay (41)
Here A, is the vector space of all bounded A(-,-) : C" x Ry — C™*" of struc-
ture P, i.e., A(x,t) = (6;5(z,t)) € C**", §;j(x,t) = 0forallz € C* and t >
0 if p;; = 0, such that A(z,-) : Ry — C™*" is measurable for each z € C”,

A(-,t) : C* — C™*™ is continuous for each fixed ¢t € Ry, and for each compact
subset K x I C C™ x Ry, there exists an integrable k(-) : I — R, such that

HA(.I,t).I— A(jat)'fHQ S k(t)H.I _:iHQa (.I,t), (:iat) EK XxI.
The norm on A,,; is taken to be

Al - , = su max  pt6ii(x,t)], A= ()€ Apn, 42
(= swp e (D) A= () € A (12)
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where Z(P) = {(i,7) € {1,...,n}?; ps; > 0}.

By Carathéodory’s Theorem, there exists, for every (to,2°) € R, x C", a
unique solution z(t) = z(t;to, 2°) of (41) on [tg,00) with z(tg) = x°. We say
that the nonlinear system (41) is asymptotically stable if the origin is a globally
asymptotically stable equilibrium position of (41).

We also consider the following time-varying linear system

#(t) = (A+ A(t)z(t), where A(-) € Ay . (43)

Here Ay, is the vector space of all bounded measurable matrix functions A(:):
R, —C™*" of structure P, i.e.,

A(t) = (6:(t)) e C™*™, §;;(t) =0 for allt >0 if p;; =0.
Ay, is endowed with the norm

1A, =sup max pito; ()], AC)=(05() € Aw.  (44)

t>0 (1,7)€Z(P)

Note that with the obvious embeddings Ap C Ay, C Ay, the norm | - ||a,,
is the restriction of the norm || - ||a,,, to A, and the norm || - ||ao = || - || p is the
restriction of the norm || - ||a,, to Ap. Here Ap is defined by (26) and the norm
- 1lp by (27).

For simplicity we say that the nonlinear system (41) is asymptotically stable
if the origin £ = 0 is a globally asymptotically stable equilibrium position of
(41).

Definition 8. Given A € C™"*"™, the stability radius of A with respect to complex
time-varying linear (resp.) perturbations A(-) € Ay, (respectively A(-,-) € Apy)
are defined by

rA,, (A) = Inf{||A()]|A,, ; A() € Ay, and (43) is not asymptotically stable},
ra,,(A) = inf{||A(, A, ; A, ) € Ape and (41) is not asymptotically stable}.

As a consequence of the above results we obtain

Corollary 8. Let A € R}/ " be a Hurwitz stable Metzler matriz and P = (p;;) €
RY*™. Then

ra(A) =ra,, (A) = rap(A) = o (-PAY) . (45)
Moreover, if 6o < ra,(A) and x(-) is any solution of the LDI
x(t) € As,x(t), where As, ={A+A; AcAp,||Allp <} (46)
then
lz(t)| < eAFOP! 2 (0)], t >0 (componentwise) (47)

and, if w > 0 is any left Lyapunov vector of the Hurwitz stable matriz A+ 6o P,

T .
lz(t)]1 < H(W)eﬁt [|[(0)||1, t >0, where 8= maxwuw
J j

<0. (48)
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Proof. We first prove (47). Let z(-) be a solution of the LDI (46). By Filippov’s
Theorem, there exists a perturbation A(:) € A¢y, [|A(L)]|p < Jp for all t > 0
such that x(-) is a solution of #(t) = (A + A(t))z(t). Then |A(t)| < P for
all ¢ > 0 (componentwise) and hence by the variation-of-constants formula, the
function u(-) : Ry — R™ defined by u(t) = |z(t)|,t > 0 satisfies the integral
inequality

u(t) = ety teA(tfs) s)x(s)ds
(t 0+ [ A(s)a(s)d

t
< ez(0)] +/ eA=3)§, Pu(s)ds, t>0.
0

On the other hand, v(t) = e(A+%P)|3(0)| satisfies the integral equation

t
o(t) = eAT0PI|1(0)] +/ A=) Pu(s)ds, t>0.
0

Since the matrix eA(!=*)§, P is nonnegative, we may apply Theorem 18.3 of
[1] with K (t,s,u) = e2*=*) 6y Pu, 0 < s < t, u € R", and obtain u(t) < v(t) for
all ¢ > 0, i.e. (47) holds. (48) now follows from (47) and Theorem 8.

Finally, we prove (45). It follows from the definitions and the isometric
embeddings Ap C Ay, C Ay that 7a ,(A) < 7a,, (A) < ra.(A). Suppose
that A(-,-) € Ay and §p := ||AC, ) ]|a,, < 7ap(A). Let z(-) be any solution
of the time-varying nonlinear system (41). Since A + A(z(t),t) € As, for all
t > 0, we conclude that z(-) is a solution of the LDI (46). Choosing for w > 0
a strict left Lyapunov vector of A 4 6o P and applying (48) we see that (41) is
exponentially stable for every A(:,-) € Ay, satisfying ||A(,")||a,, < 7ap(A).
Hence ra,,(A) > ra,(A) and this proves the first two equalities in (45). The
last equality in (45) follows from (30). ]

We conclude the paper with an example illustrating the above results.

Example 7. Consider the matrices A and P of Example 2, fix the 1-norm on
C3 and let dp < ra,(A) = 0.396. By Corollary 8, the perturbed linear systems
z(t) = (A+A(t))x(t) are asymptotically stable if the time-varying perturbations
A(:) : Ry — Ap satisty [|A()]|a,, < do. For any such system, let ®a (¢, s) denote
the associated evolution operator. To find an upper bound for the transient gains
Sup;sq || Pa(t,0)]|1 of all these perturbed systems, we apply Algorithm 1 to the
matrix A + do P and obtain an optimal left Lyapunov vector w = (1,2.52,1.64)T
of A+ 6o P with minimal condition number x(w) = 2.52. By Corollary 8, the
condition number () is an upper bound for the transient gains of all the
systems Z(t) = (A + A(t))x(t) where A() : Ry — Ap satisfies [|A(*)]a,, < do.
This is illustrated in Figure 2 for two perturbations of norm §; = 0.395, one
time-invariant and one time-varying,

0 1 1 0 cos(3t) sin(t)?
A(t)=6P=0395]1 0 0| and As(t)=0395|1 0 0
01 0 0 cos(2t)? 0
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with associated evolution operators ®;(t,s) = e(AT0P)E=5) and dy(t,s) =
D, (t,s). Since |Az(t)] < JoP (componentwise) for ¢ > 0 it follows from Corol-
lary 8 that |®o(t,0)| < A+t and hence || ®a(t,0)[|1 < [|eAHP)||; for all
t > 0, see Figure 2.

[}

bz s & 5 & 7 & & 0
Fig. 2. Norms of the evolution operator/matrix exponential.
and upper bound x(w)
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