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1. Introduction

Multiplicative semigroups, on which can be defined an infinite product compat-
ible with the given muptiplication, have been considered in [7] in the viewpoint
of universal algebra, where a sufficient condition has been established for a class
of infinite semigroups. In this paper, we restrict ourselves to consider this topic
for the case of finite semigroups.

In Sec. 2, necessary and sufficient conditions for a finite semigroup to have
an infinite product are given, by means of which we show that there exist algo-
rithms to verify, for any finite semigroup .S, whether S can be provided with an
infinite product or not. To do this, several algebraic results, obtained in studying
syntactic semigroups of languges of infinite words [4], have been used.
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Varieties of finite semigroups (S-varieties) and of finite monoids (M-varieties)
play an important role in the algebraic theory of formal languages (see for exam-
ple [3]). In Sec. 3, relationships between monoids with infinite product and M-
varieties are considered. Namely, we show that the family of finite monoids with
strict infinite product constitutes an M-variety consisting of all finite monoids
whose Green relation R is trivial. Also, we show that an M-variety can be
generated by a family of finite monoids with infinite product if and only if this
variety contains the two element monoid U; = {0, 1} with 1 as its unit element
and 0 as zero element.

A fundamental result, due to Arnold [1], says that a language of infinite
words (w-language, for short) is regular if and only if it is recognized by a finite
monoid. In Sec. 4, a new form of recognizing w-languages by finite monoids with
infinite product is considered. We show that an w-language is regular if and only
if it is recognized in this form by a finite monoid with infinite product. Also, the
family of finite monoids with infinite product and that of syntactic monoids of
regular w-languages (w-syntactic monoids, for short) are shown to be different.

2. Finite Semigroups with Infinite Product

Definition 2.1. Given a semigroup S. we denote by S the set of all infinite
sequences of elements of S. We say that S is a semigroup with infinite product
(SWIP, for short), or S has an infinite product, if there exists a mapping « :

SY — S such that, for any s = (s1,82,...) in S¥, and any increasing sequence
of positive integers i1 < iy < ..., the following two conditions hold true.

(i) als1,s2,...) = s1a(s2,s3,...),

(ii) «(s1,82,-..) = (81 .- -Siy, Sij41---Sigy---)-

Then « is called an infinite product in S.
If o satisfies, moreover, the condition
(iii) a(e,e,...) = e for all idempotent e in S,
then S is called a semigroup with strict infinite product (SWSIP, for short).

Ezxample 1. The set R of all real numbers with the binary operation Max con-
stitutes a semigroup. It is easy to check immediately that the operation Sup is
a strict infinite product on R which is compatible with Max.

Ezxample 2. Recall that a semigroup S is a nilpotent semigroup with zero 0 if
there exists a natural number n such that S™ = {0}. It is easy to see that 0 is
the unique idempotent of S. We now show that « : S¥ — S, defined as a(s) =0
for all s € 5, is the unique infinite product on S, which is also a strict infinite
product. The conditions (i)—(iii) in Definition 2.1, therefore « is a strict infinite
product on S. Suppose g is an arbitrary infinite product on S. Let (s1,s2,...)
be an arbitrary element of S“. We have

B(s1,82,...) =81...528(Sn+1, Sn+2, - --) = 0.8(Sn+1, Snt2,--.) =0

which implies § = a. Thus « is the unique infinite product on S.
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As usual we denote by A* and A% the sets of all words and all infinite words
over an alphabet A, respectively, and A>*® = A* U A¥. Then, A* becomes a
monoid with the multiplication defined as (see [8]):

uif u € AY,
UV = .
uv otherwise.

Ezample 3. It is easy to check that in the monoid A there is a strict infinite
product « defined as:

uiuy ... if all u;s are in A*,
a(uy,ug,...) =

uiUg ... ug if u,ug, ..., up_1 € A, and up € A%,

Let S be a semigroup, let P(S) = {(e, f) € Sx S |ef =e, ff = f}, and let
(e, f) and (g, h) be in P(S). We say that (e, f) and (g, h) are conjugate, denoted
by (e, f) ~ (g, h), if there exist p,q € S such that f = pg, h = ¢gp, and g = ep
(hence e = gq).

This conjugacy relation is reflexive, symmetric but not transitive in general.
We denote by = the transitive closure of ~, which is an equivalence relation on
P(S). The quotient P(S)/ = is denoted by I(S). For any (e, f) in P(S), the
equivalence class of (e, f) with respect to = is denoted by [e, f].

Denote by S“ the set of all infinite sequences of elements of S. Let s =
(s1,82,...) bein ¥, let (e, f) € P(S). We say that (e, f) and s are compatible
each with other if there exists an increasing infinite sequence {%;};>1 of positive
integers, i1 <2 < ..., such that s;s2...5; =€, 55,41...5;,,, = fforall j > 1.
The following fact is well-known as a folklore.

Lemma 2.2. If S is a finite semigroup then, for every s € S“, there exists
(e, f) € P(S) which is compatible with s.

The following has been proved in [4].
Lemma 2.3. [4] Let S be a finite semigroup, then for any (e, f) and (g, h) in
P(S), (e, f) and (g, h) are conjugate if and only if they are both compatible with
the same sequence s in S“.

Corollary 2.4. Strict infinite product on a finite semigroup S, if exists, is
unIque.

Proof. Let o and o’ be two arbitrary strict infinite products on S. Let s
(s1,82,...) be an arbitrary element in S¥. By Lemma 2.3 there exists (e, f)
P(S) which is compatible with s. By (i)—(iii) in Definition 2.1 we have a(s)
a(s1,82,...) =ale, f, f,...) =ealf, f,...) = ef = e. Similarly, we have also
a/(s) = e. Hence a = o/. n

m

The following facts, which are easily verified, are useful in the sequel:

Lemma 2.5. Let S be a semigroup, (e, f) € P(S). Let s = (s1,82,...) be an
element of S¥ and {i;};>1 an increasing infinite sequence of positive integers.
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Let sy = s182...8iy, 81 = Sij41---8i;y, forallj > 1, and " = (s,85,...).
Then
(i) If (e, f) is compatible with s, then, for any t € S, (te, f) is compatible with
(tSl, S92, .. )

(i1) If (e, f) is compatible with s’ then it is also compatible with s.

Now we state a necessary and sufficient criterion for a finite semigroup to be
a SWIP.

Theorem 2.6. Let S be a finite semigroup. Then
(i) S is a SWIP if and only if there exist a left ideal I of S and a surjection
h:1(S) — I such that

s.h(le, f]) = h([se, f]) for all s € S, [e, f] € I(S). (1)
(ii) If there exist I and h satisfying (1) then an infinite product o on S can be

defined b
! a(s) = h(le, 1)), @)

where s is in S* and (e, f) is any element in P(S) which is compatible with
S.

Proof. Suppose S has an infinite product « : S — S. We define I and h :
I(S) — I as follows

(5), 3)
h(le, f]) = a(s), (4)

with (e, f) € P(S) and s any sequence compatible with (e, f).

The fact that I, defined by (3), is a left ideal of S is due to (i) in Definition 2.1.
Now we show that h is well-defined by (4). For this, it suffices to show that,
for any (e, f), (¢/, f') € P(S) and for any s,s’ € S“, which are compatible with
(e, f) and (¢, ') respectively, (e, f) ~ (¢, f’) implies a(s) = a(s’). Indeed, by
(ii) in Definition 2.1, we have a(s) = ale, f, f,...), a(s’) = a(e/, [/, f',...). By
Lemma 2.3, there exists t € S“ which is compatible with both (e, f) and (¢, f’).
Therefore, again by (ii) in Definition 2.1, we have a(t) = a(e, f, f,...) and
a(t) = ale, f, f/,...). Tt follows that «afe, f, f,...) = a(e, f', f',...), hence
a(s) = a(s’). By Lemma 2.2, h is surjective. From (4), (i) in Definition 2.1 and
Lemma 2.5(i) it follows that

s.h(le, f]) = s.a(s1, s2,...) = a(s, s1, 82,...) = h([se, f])

which means h satisfies (1).

Conversely, suppose there are a left ideal I of S and a surjection h : I(S) —
I satisfying (1). Define « as in (2). By the condition (1), h satisfies (i) in
Definition 2.1. Let s = (s1,82,...) be any element of S¥, and {i;};>1 be an
increasing infinite sequence of positive integers. Let (e, f) € P(S) is compatible
with s. By the definition of oz and Lemma 2.5(ii) we have

a((s1-.-8i), (Siy41---S8in)s---) = h([e, f]) = a(s1, s2,...),
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which means that h satisfies (ii) in Definition 2.1. Thus « is an infinite product
on S, i.e. Sisa SWIP. This completes the proof. n

From the above theorem we get

Corollary 2.7. One can decide, for any given finite semigroup S, whether S is
a SWIP or not.

Proof. The deciding algorithm consists of the following steps:

1. Find all possible left ideals I of S;

2. Compute I(S) = P(9)/ =;

3. For every I, find all possible surjections h : I(S) — I;

4. For every such a surjection h, verify whether the condition (1) holds. If yes,
S is a SWIP, otherwise, it isn'’t. ™

For strict infinite product we have the following similar result.

Theorem 2.8. Let S be a finite semigroup. Then, S is a SWSIP if and only
if there exist a left ideal I of S and a surjection h : I(S) — I satisfying (1) in
Theorem 2.6 and also the following condition

h(le, f1) = e for all (e, f) € P(9). (5)

Proof. The proof is similar to that of Theorem 2.6 except for verifying (5) for
“only part”, and (iii) in Definition 2.1 for “if part”. But this is immediate from
the following derivations, according to the case:

h(le, f]) = ale, f, f,...) =ea(f, f,...) =ef = ¢,
a(g,9,-..) = h(lg, 9])) = g,

where (e, f) € P(S) and g is any idempotent. ]

Corollary 2.9. One can decide whether, for any given finite semigroup S, S is
a SWSIP or not.

Proof. It suffices to apply the following verifying algorithm:

1. Find all possible left ideals I of S;

2. Compute the quotient I(S) = P(S)/ =;

3. For every I find all possible surjections h : I(S) — I;

4. For every such a surjection h, check whether the conditions (1) and (5) hold
true. If yes then S is a SWSIP, otherwise it isn’t.
The following corollaries give examples of SWIPs and SWSIPs. [

Corrolay 2.10. Let S be a finite cyclic semigroup without unit, generated by
a, with © and p as its index and period, respectively. Then, S is a SWIP if and
only if p=1. In that case, S has a unique infinite product, which is also a strict
infinite product, o, defined as a(s) = a® for all s € S*.
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Proof. By the definition of S we have a‘t? = a°, and S = {a,d?,...,a’,
a'*1 ... a'™P~1}. Denote the unique idempotent of S by e. The minimality
in defining i implies a/.e = o’ iff j > i, i.e. P(S) = {(a’,¢e) | j > i}. Being
compatible with the same sequence (a, a,...), all the elements of P(S) are con-
jugate. Therefore I(S) consists of only one element, I(S) = {[a’, e]}. Note that
S has exactly two left ideals which are I, = {a’ | i <j <i+p—1}and I = S.
Therefore, there exists a surjection h from I(S) onto a left ideal of S iff either
p = 1or |S| =1, which, in turn, implies p = 1 too. In both cases the surjection
h is unique and h([a’,€]) = a® (i = 1 when |S| = 1). Since p =1, a* = e. Again
by p = 1, for any j, a/.a’ = a', which means a’.h([a’,€]) = h([a?.a’, €]). Thus,
by Theorem 2.6, S is a SWIP iff p = 1. In such a case, by Theorem 2.6(ii),
an infinite product on S can be defined as a(s1,s2,...) = h([a’,¢]) = a’. Ob-
viously, a(e,e,...) = h([a',e]) = a’ = e. So, a is also a strict infinite product.
The uniqueness of the surjection h implies the uniqueness of infinite product on
S. [ ]

Corollary 2.13. A finite multiplicative group G has an infinite product (strict
infinite product) if and only if G is a trivial group. In that case, on G there is
a unique infinite product which is also a strict infinite product.

Proof. The unit element 1 is the unique idempotent of GG, and G is the unique
left ideal of itself. Evidently P(G) = {(p,1) | p € G}. Any two elements (p,1)
and (g, 1) are compatible with the same sequence (p, p~'q, ¢ 'p,p~1q,...), hence
they are conjugate. Therefore I(G) consists of only one element, I(G) = {[1,1]}.
Thus there is a surjection h from I(G) onto G iff |G| = 1, i.e. G is a trivial group,
G = {1}. In that case, the unique surjection h, given by h([1,1]) = 1, determines
a unique infinite product « with «(1,1,...) = 1, which is evidently also a strict
infinite product. Thus G is a SWIP (SWSIP, resp.) iff G is a trivial group. m

3. Finite MW IPs and M-Varieties

An M -variety is a family of finite monoids which is closed under finite direct
product, homomorphism and taking submonoid. The Green relation R in a
monoid M is defined as: mRm’ iff mM = m'’M or, equivalently, mRm’ iff
Jx,y € M such that m = m/x,m’ = my. It is well-known that the family of
finite monoids with R trivial constitutes an M-variety.

Theorem 3.1. The family of all finite monoids with strict infinite product
coincides with the M-variety of the finite monoids whose Green relation R is
trivial.

Proof. Let M be a finite monoid with strict infinite product. By Theorem 2.8,
there exist a left ideal I of M and a surjection h : I(M) — I satisfying (3)
and (5). Let e,e/ € M be such that eRe’. There exist then x,y € M such
that ¢/ = ex,e = €¢’y. Since M is finite, there exist natural numbers 4,7 > 1
such that (zy)® and (yz)’ are idempotents of M. Put f = (zy)’, f' = (yz)’, we
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have (e, f), (¢/, f') € P(M). Because the sequence (e, z,y,z,y...) is obviously
compatible with both (e, f) and (¢/, f'), we have (e, f) ~ (¢/, ), hence [e, f] =
[¢/, f']. From (5) it follows that e = €/, which means R is trivial.

Conversely, suppose M is a finite monoid with R trivial. By Lemma 2.2, for
every sequence s = (s1, S2,...) in M¥, there exists (e, f) € P(M) compatible
with s. Define

as) =e.

If (e, f) = (¢, f') then ¢ = ex,e = €'y for some x,y € M, therefore, since R
is trivial, e = €’. Thus, « is well defined. By virtue of Lemma 2.5, it is easy
to check that « is an infinite product on M. For any idempotent e in M, the
sequence (e, e,...) is compatible with (e, e), therefore a(e,e,...) = e. Thus «
is a strict infinite product on M, i.e. M is a finite monoid with strict infinite
product. [ |

Corollary 3.2. The class of finite MW SIPs is stricly included in the class of
finite MW IPs.

Proof. Let us take a finite monoid M with non-trivial Green relation R. Put
I = I(M). Without loss of generality we may assume I N M = (). We provide T
with a multiplication o such that I becomes a semigroup of left zeros: uwov =u
for all w,v € I. Put M’ = M UI and provide M’ with the multiplication * given
as

uxv=uov,uxm=m*u=um*m =mm’,Vu,v €I, and Vm,m' € M.

It is easy to check that M’ is a finite monoid containing M as a submonoid. We
define o : M'¥ — M’ as follows

si €1, if {s1,59,...} NI #(,i is the smallest index
le, f], otherwise , (e, f) is compatible with (s1, s2,...).

a(s1, $2,...) = {
It is easy to check that « is an infinite product on M’. Since the relation R is
not trivial in M, it is not trivial in M’ either. By Theorem 3.1, M’ has no strict
infinite product. n

It appears that every M-variety V can be generated by a family of MWIPs,
except for when V' is a variety of groups. More precisely we have

Theorem 3.3. An M-variety V can be generated by a family of finite MW IPs
if and only if V contains the monoid Uy. If V' does not contain Uy then the
trivial monoid 1 is the unique monoid in V which has an infinite product.

Proof. Suppose V contains U;. For any monoid M in V we denote by M°
the monoid obtained from M by adding a new element 0 as zero. Since M? is
isomorphic to the Rees quotient of M x Uy by M x {0}, MY € V. It is easy
to see that «, defined as a(s) = 0 for all s € M, is an infinite product on
MP. Tt follows that V is generated by a family of monoids with infinite product.
Conversely, if V does not contain Uy, then V consists of only finite groups (see
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[3,5]). Therefore, as known in Corollary 2.11, in V the unique monoid having
infinite product is the trivial group. ]

4. Finite MWIPs and Regular w-Languages

Given an alphabet A. Any subset of A is called an w-language over A. Let
h: A* — M be a monoid morphism from the free monois A* into a monoid M.
We say that the morphism h saturates an w-languge L if, for any (p,q) € M x M,

R ) (@] NL# 0= h" (p)[h" (@) C L.

If L is saturated by h : A* — M we say also that L is recognized by the morphism
h or by the monoid M. A fundamental result, due to Arnold [1] (see also [4]),
says that

Lemma 4.1. [1] w-language L over a finite alphabet A is regular if and only if
there exist a finite monoid M and a morphism h: A* — M saturating L.

The following result has been proved in [4].

Lemma 4.2. [4] Let L be an w-language over a finite alphabet A. If L is
saturated by the morphism h : A* — M from A* into a finite monoid M then L
can be represented in the form

L= U(e,f)e‘]h’il[ea f]a
where
h’il [6, f] = U(;D,q)GP(M),(p,q)E(e,f)hil(p) [h’il(q)]w

and

J={(p,q) € P(M): h™'[p,q) N L # 0}

Defintion 4.3. Let L be an w-language over a finite alphabet A. Let M be a
finite monoid having an infinite product o : M* — M, and let f : A* — M be a
monoid morphism. Define the mapping fo : AY — M like as: for w € A%, say
w = ajay ... with a; € A, fo(w) = a(f(a1), f(az),...). Then, L is said to be
w-recognized by f, if there exists a subset B of M such that L = Upep fo(b). An
w-language is called w-recognizable if it is w-recognized by some morphism f.

Theorem 4.4. Let L be an w-language over a finite alphabet A. Then, L is
reqular if and only if it is w-recognizable.

Proof. Suppose L is w-recognizable. Then there exist a finite monoid M having
an infinite product a, a morphism f : A* — M and a subset B of M such that
L = f, *(B). By Theorem 2.6, there exist a left ideal I of M and a surjection
h : I(M) — I satisfying (1) and such that, for any s € M“, «(s) = h([p, q]),
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where (p, ¢) is any couple compatible with s. Then, for any b € B we have

F ) = {w = aras -+ € 4° | fulw) = b}
={w=ayaz---€ A” | a(f(a1), f(az),...) =b}
={w=ayaz---€ A | h([p,q]) = b, (p,q) € P(M) and compatible
with (f(ar), f(a2), .-)}
={we MU 1@ ®aq
={we @U@ | p9
= UppePngapaa,. =l (P)Lf(a)

M), h([p, q]) = b}
M),a(p,q,q,...) =b}
]w

It follows that L is a finite union of w-languages of the form f~!(p)[f~1(q)]*
which are all regular (see for example [3]). Namely

L = UbeB Up,q)e P(M)&a(p,q,,.- )=b fil(p) [fil(qﬂw-

Hence L itself is regular.

Conversely, suppose L is a regular w-language. Let f : A* — M be a
morphism saturating L. Consider the disjoint union U = M U I(M) U {0},
where 0 is a new symbol. On U we define a multiplication like as

[sp,qlifx =s€ M, and y = [p,q] € I(M),
zify=1,
= yifz =1,
0, otherwise,

where 1 is the unit in M. It is easy to check that with such a multiplication U
becomes a monoid. Next, for any xe€ U we put

() [p,q] if x € M*“, where (p,q) € P(M) is any couple compatible with x,

« =
0, otherwise.

It is easy to see that « is an infinite product on U. Now, f may be considered

as a morphism from A* into the finite monoid with infinite product U. By
Lemma 4.2 and the definition of f, we have

L= U(p,q)GJfail[pa Q]
=Upges{w=aiaz--- € A | a(f(a1), f(az),...) = [p, q]}
= U(p,q)GJfail([pa al),

where J = {(p,q) € P(M) | f~'[p,q] N L # 0}. By putting B = {[p,q] | (p,q) €
J}, it follows that

L=Upgesfa ([p,q) = fo ' (B).

Thus, L is w-recognizable. [

The following fact can be proved in a similar way as in the second part of
the proof of the above theorem.
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Corollary 4.5. Let L be an w-language over a finite alphabet A. Let M be
a finite monoid having an infinite product o : M* — M, and h : A* — M a
monoid morphism. If L is w-recognized by h then there exists a subset B of M
such that L can be represented in the form

L= U(e,f)GJhil[ea f]
with
J={(e,f) e P(M):ale, f, f,...) € B}.

The above results show that, in some sense, MWIPs are as powerful as
syntactic monoids of regular w-languages (w-syntactic monoids, for short) in
recognizing languages as well as in generating M-varieties. To make clear relative
positions between these two classes of monoids we need some notions and results
in [4].

Given a finite monoid M. A subset J of M x M is said to be closed under
~ if, for any (p,q), (p’,q") € M x M,

p,a)~ @ d)&p,q) €T = (¥,d) €.
With every subset J of M x M we associate a congruence ~; on M defined as:

(pmg,r) € J & (pm'q,r) € J,

m ~y; m' iff Vp, ,TEM{
J P (r,pmq) € J < (r,pm/q) € J.

We denote by ¢ : M x M — P(M) the application mapping every (p,q) in
M x M into (pg¥, ¢*) in P(M), where k is a positive integer such that ¢* is an
idempotent.

The smallest finite monoid recognizing a regular w-language L is called syn-
tactic monoid of L. We call w-syntactic any monoid which is syntactic monoid
of some regular w-language. Let M be a finite monoid. A subset I of P(M) is
called w-rigid if I is closed under ~ and =41 () is an identity relation.

Lemma 4.6. [4] A finite monoid M is w-syntactic iff there exits a subset I of
P(M) which is w-rigid.

Theorem 4.7. The class L1 of all finite MW IPs and the class Ly of all w-
syntactic monoids are different.

Proof. Let Uy = 0,1 be the two element multiplicative monoid with 1 as unit
element and 0 as zero element. As known (see [4, Example 2.6]) Uy is in Ls.
We now show that U; is in Ly too. Evidently P(U;) = {(0,1),(1,1)}, and
I(Uy) = {[0,1],[1,1]}. Also, {0} is a left ideal of Uy. It is easy to check that
the mapping h : I(U;) — {0}, defined by h[0,1] = h[1,1] = 0, is a surjection
satisfying (1) in Theorem 2.6. Hence Uy is a MWIP. Thus L; N Ly # 0.
Consider the cyclic monoid M generated by a with 2 as its index and 3 as
its period. Then M{1 = a°, a,a? a® a*}, a’a® = o’ for all j > 3, and e = a® is
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an idempotent. It is easy to check that

P(M)={(L,1)}U{(@"1)|1<k<4}u{(al,e)|j >3},
I(M) ={[1,1}u{[d" 1] | 1 < k <4} U {[e, €]},

where each equivalence class in P(M) (i.e. each element of I(M)) consists of only
one couple. Put I = {(a?,1), (a* 1)}. Evidently I is closed under ~. It is easy
to check that ¢~1(I) = I. An easy computation shows that any two different
elements u and v of M are not ~;. Indeed, we have, for example, (a3.a.1,1) =
(a*,1) € I whereas (a3.a®.1,1) = (a®,1) & I which imply a %; a®. This means
that ~; is an identity relation. Thus, I is an w-regid set, and therefore, by
Lemma 4.3 M is an w-syntactic monoid. Suppose M has an infinite product.
By Theorem 2.6, there exist a left ideal of M and a surjection h : I(M) — I
satisfying (1). It follows that, for any j > 0, a’hle, €] = h[a’e, €] = hle, €], which
means that hle, e] is a right zero of M. But such an element does not exist.
Thus M has no infinite product, i.e. M € Ly — L.

Let S = {p,q,r} be the semigroup of right zeros defined as zp = p,zq =
qg,xr =7 for all z € S. Let M be the monoid obtained by adding to S a unit,
M = SU{1}. As known in [4] (Example 2.6) M ¢ Lo. Since {p} is a left ideal
of M, again Theorem 2.6 allows us to construct an infinite product on M. Thus
M e Ly — L. |
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