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1. Introduction

In recent years, there has been a great interest in SDEs (also referred to as
descriptor systems, implicit difference equations) because of their appearance
in many practical areas, such as the Leontiev dynamic model of multisector
economy, the Leslie population growth model, singular discrete optimal control
problems and so forth (see [12-14]). On the other hand, SDEs occur in a natural
way of using discretization techniques for solving differential-algebraic equations
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(DAESs) and partial differential-algebraic equations, which have already attracted
much attention of researchers (cf. [12,13,25,28]).

Howerver, until now only linear SDEs with constant coefficients have been
studied thoroughly (see [12-14] and references therein). Clearly, many results
for linear constant coefficient SDEs cannot be directly generalized to linear time
varying SDEs.

Bondarenko and his colleagues in [9- 11] considered a special class of implicit
nonautonomous difference equations T,x,+1 + ., = fn, where T, are degen-
erated matrices and established the solvability of IVPs and periodic boundary-
value problems (BVPs) for this special class of SDEs.

The index notion for linear SDEs with varying coefficients A, 11+ Bpx, =
¢n was introduced in [6,16,31] and the solvability of IVPs as well as MPBVPs
are studied in [1-5,30,31]. Later on, the index notion has been extended to
nonlinear cases fn(Tnt1,%n) = 0 [5]. Further, the notion of quasi-index and
strangeness index for linear SDEs have been introduced in [7,27, 30, 31].

There is a close relation between linear SDEs and linear DAEs, namely, the
explicit Euler method applied to a linear index-1 DAE leads to a linear index-1
SDE (see [1,3]). Moreover the unique solutions of the discretized IVP/BVP
converge to the solutions of the corresponding continuous problems. Further, it
is proved that every linear index-1 SDE can be reduced to the so-called Kro-
necker normal form and a periodic linear index-1 SDE can be transformed to an
SDE with constant coefficients. The Floquet theory, first established for regular
ODEs, and later for difference equations and recently for DAEs [29], has been
developed for index-1 SDEs in [6]. This theory can be used for investigating the
stability of nonlinear SDEs and periodically switched singular discrete systems.
The Lyapunov function method has been studied for singular quasilinear differ-
ence equations in [4]. A formula for the stability radius of a linear index-1 SDE
with constant coeflicients, when all the coefficients of the system including the
leading one, are perturbed has been established in [20].

In [15] an IVP for the SSDE A(&,) X (n+1) = B(&.)X(n) +qn, X(0) =z €
R™, n € N, where {{,,: n € N} is an i.i.d. sequence with values in a Polish space
has been studied. The concept of index-1 is introduced for characterizing the set
of initial values, for which the SSDE has explicit solutions. It is assumed that
the above SSDE is of Furstenberg-Kifer type. Furstenberg-Kifer decompositions
for the corresponding homogeneous SSDE are proved. The existence of bounded
solutions to nonhomogeneous SSDE when the random variables g, satisfy certain
moment conditions has been established.

An outline of the remainder of the paper is as follows: In Sec. 2 we introduce
the tractability index notion for linear SDEs. Its relationship with the index
notion for linear DAEs is revealed. Further, the quasi-index 1 notion for lin-
ear SDEs and the tractability index concept for nonlinear SDEs are established.
Then, the solvability and unique solvability for IVPs and MPBVPs involving
linear index-1 SDEs are studied. Sec. 3 deals with qualitative study of SDEs,
ranging from the Floquet theory, the Lyapunov function methods to the robust
stability of linear SDEs. Finally in Sec. 4 we describe the development of the
theory of SSDEs. The Lyapunov exponents of solutions of SSDEs are intro-
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duced and the multiplicative ergodic theorem as well as the Furstenberg-Kifer
decomposition for linear SSDEs are established.

2. Index-1 Tractable Singular Difference Equations

2.1. The Tractability Index of a Singular Difference Equation

We begin this subsection by considering a linear SDE
Apxpy1 + Brrn = qn, n >0, (2.1)

where the data A,, B, € R™*™ g, € R™ are given, and the matrices A,, are
singular for all n > 0.
Together with (2.1) we consider a linear DAE

A2 + Btz = q(t), teJ =t T, (2.2)

where A, B € C(J,R™*™) are given continuous matrix functions, ¢ € C(J,R™)
is a given vector function, and A(t) is a singular matrix for every ¢ € J.

It is well known that the singularity of A(t) may cause some serious trou-
ble in handling Eq. (2.2), such as the instability of numerical methods or the
inconsistence of initial values, and so forth.

Many authors have introduced various notions of index of a given DAE,
such as the global index, the tractability index, the differentiation index, the
perturbation index and the strangeness index. These index notions may be
considered as measures of the singularity of DAEs.

To define the tractability index of DAE (2.2), the following subspaces are
introduced [25]:

N(t) = kerA(t), S(t)={z€R™:B()z € imA()},

where N (¢) is supposed to be smooth in t. Obviously, the subspace S(t) contains
all the solutions of the corresponding homogeneous equation

A(t)x' + B(t)z = 0.

It can be proved that the smoothness of N (¢) and the existence of a C*—
projection onto N (¢) are equivalent [32]. Therefore, in what follows we will use
C'— projection Q(t) satisfying conditions

Qe CHJLR™™), Q) =Q(t), mQ(t)=N(t), Vtel.
Further, let P := I — @, where I denotes the m x m identity matrix.
Definition 2.1. [25] The DAE (2.2) is called indez-1 tractable on J if

Nt oSt =R™, Vteld (2.3)

The index-1 tractability implies the regularity of the matrix G(t) = A(t) +
B(t)Q(t) for all t € J. Moreover, the matrix Pean(t) = I — Q(t)G~(t)B(t)
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represents the canonical projection onto S(t) along N(t). Besides, the sub-
space S(t) = im Pean(t) is filled in by solutions of the corresponding homoge-
neous equation. From the smoothness of N (t) = ker A(¢) it also implies that
rank A(t) = const, t € J.

Coming back to the linear SDE (2.1), we have introduced the following def-
inition [6, 16, 31].

Definition 2.2. The linear SDE (2.1) is called index-1 tractable if the following
conditions hold
(i) rank A, =7 (n >0),
(i) Sp NN, ={0} (n>1),
where N1 = kerA,,_1 and S,, = {z € R™ : B,z € imA,}.

In what follows we always assume that dimSy = 7 and let A_; € R™*™ be
any fixed matrix satisfying the relation R™ = Sy @ kerA_;. Thus, the condition
(ii) in Definition 2.2 holds for all n > 0.

Since rank A,, = rank A,,_1, there exists an invertible operator T,,, whose
restriction onto N, is an isomorphism between N,, and A,,_;. Such an operator
can be constructed as follows. Let @, € R™*™ be any projection onto N,.
There is a nonsingular matrix V,, € R™*™ such that Q, = V,QV, !, where
Q = diag(O,, I,—,) and O,., I,_, stand for r x r zero and (m —r) x (m — 1)
identity matrices, respectively. Denote again by T;, the matrix induced by the
operator Tj,. Clearly T,, = V,,_1V,~!. Further, T,,Q,, = V;,—1QV,; ! = Qp—1 1.
The latter is called a connecting operator associated with projections @, and
Qn-1 (see [5, 6]). The following lemma plays an important role in the theory of
linear index-1 tractable SDEs (cf. [1-6,16,31]).

Lemma 2.3. The following assertions are equivalent:

(1) Sn ﬂ./\/'nfl = {O},
(ii) the matriz G,, = A, + BT Qy is nonsingular;
(i) BR™ = S, & N1

From Lemma 2.3 it follows that the index-1 notion of a linear SDE as well as
the nonsingularity of the matrix G,, do not depend on the choice of projection @,
and transformation 7,,. Thus, it is sufficient to restrict ourselves to orthogonal
projections as it was done in [1,2,31]. However the use of orthogonal projections
seem to be inconvenient for a further extension of the index notion to nonlinear
SDE and to SSDE. A device for overcoming this difficulty was proposed in [3-
6,16], where instead of orthogonal projections, an arbitrary projection onto N,
and a discribed above transformation T,, were considered. Although the index-1
notions of linear DAEs and linear SDEs are similar, it is not difficult to reveal
their differences. Firstly, in the discrete case besides projections onto N, we
need to consider the so-called connecting operators Q1 , or operators 1), :
R™ — R™, whose restrictions on N,, are isomorphisms between N,, and N, _1.
Secondly, the index-1 of the pencil {A(t), B(t)} for a linear index-1 tractable
DAE (2.2) always equals 1, while the pencil {4,,, B, } of a linear index-1 tractable
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SDE (2.1) is not necessarily of index-1. An example of such SDEs can be found
in [6,30]. These differences require new techniques for dealing with linear SDEs.

On the other hand, there exists a close relationship between two index-1
tractability notions, namely an explicit discretization method applied to linear
index-1 DAE must lead to a linear index-1 SDE. More precisely the following
result has been established in [1].

Theorem 2.4. Suppose that the linear indez-1 tractable DAE (2.2) is discretized
by the explicit Euler method

A T B =g, n=0,...,N 1,

or equivalently,
Aptpy1+ (7B — Ap)en =7¢n, n=0,...,N—1. (2.4)

Then for a sufficiently small stepsize T, Eq. (2.4) is a linear index-1 tractable
SDE.

From the vast literature on DAESs, it seems that the rank-constancy of leading
coefficients A(t) is a minimal requirement for the successfull treatment of linear
DAEs. It is interesting to remark that a class of linear SDEs, whose leading
coefficients have varying ranks, were studied in [7,31].

Consider Eq. (2.1) and assume that r,, = rank A,,, where 0 < r,, < m for
alln > 0. Let A, = U,%, VT be a singular value decomposition (SVD) of A,,
where U, (resp. V,,) are orthogonal matrices, whose columms are left (resp. right)
singular vectors of A,, respectively, and 3, = diag(agn), aé"), ceey 07(«:), 0,...,0)
are diagonal matrices with singular values of A,,, agn) > aé") > > 0’7(«:) >0
on their diagonals.

Let QM = diag(O,., , I,_r, ) and P = [ — Q™). The following definition
was introduced in [7, 31].

Definition 2.5. The linear SDE (2.1) is called quasi-indez-1 tractable, if for all
n > 0 there hold two conditions
Ho<rm < <rp < <r <m.
(ii) There exists a connecting operator Qpn—1 = VHQ(")Vn{1 such that
Qn,nfl(sn manl) = {O}
Here A_1 is an arbitrary fived matriz satisfying the relation SoNN_1 = {0}.

It can be proved that the quasi-index-1 tractability of a linear SDE is invari-
ant under scaling and linear transformations by nonsingular matrices. Obviously,
a linear quasi-index-1 tractable SDE with constant-rank leading coefficients is
index-1 tractable.

The following result is needed in the next subsection.

Lemma 2.6. Assume that the linear SDE (2.1) is quasi-indez-1 tractable. Then
the matrices G, = A, + BnVn,lQ(")VnT are nonsigular for all n > 0.
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In the rest of this subsection, we shall present an index-1 tractable concept
for nonlinear SDEs. Firstly, we recall the index-1 notion of nonlinear DAEs.
Given a nonlinear DAE

(@' @), z(t),t) =0, (2.5)

where f : R™ x D x J — R™ is continuous with continuous partial derivatives
fys [t R™ XD x J — L(R™). Here D C R™ is an open subset and J = [to, T']
is an interval. The nullspace of the leading Jacobian f; (y, z,t) is assumed to be
independent of y and z, that is

ker g—f(y,x,t) =N(®#), (y,z,t) eR™ xD x J.
Y
Moreover, let A/(t) vary smoothly in t. Here we denote by @ any C*— projection
onto N (t), i.e.,
QeCHLLE®™), QWP =QW), mQE)=N®, te.l

Besides the nullspace N (t) we consider the subspace

0 0
Sy, z,t) = {§ cR™: 8—£(y,x,t)§ € im %(y,x,t)}

and, moreover, the matrix

0 0
Gla,t) = G-..8) + G (2,000,

Definition 2.7. [25,32] The nonlinear DAE (2.5) is called index-1 tractable on
the open set G C R™ x D x J if the relation

S(y,z,t) ®N(t) =R™ (2.6)
holds for all (y,z,t) € G.

It is well known that the condition (2.6) is equivalent to the nonsingularity
of the matrix G(y,x,t), and to the index-1 property of the pencil { Ty, z, ),

foly, 1)}
Together with Eq. (2.5), we now consider a nonlinear SDE given by
fn(anrla xn) =0, (TL 2 O)a (27)
where f, : R™ x R™ — R™ are given continuously differentiable functions. The

Ofn

dy

nullspaces of the leading Jacobians (y,x) are assumed to be independent of

y and z, i.e.,

0fn
ker%(y,x) =N, VyzeR"™ Vn>0.

The definition of index-1 tractability for linear SDEs can be extended to a
class of nonlinear SDEs as follows [3-6].

Definition 2.8. The nonlinear SDE (2.7) is said to be of index-1 if
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(i) the functions f, are continuously differentiable; moreover, the subspaces

N, = ker —="(y,z) are independent of y,x € R™ and have the same di-

Ay
mension, i.e., dimN,, = m —r for some integer r between 1 and m — 1, for
alln >0,
. Afn
(11) Sn(yax> NNp1 = {O}a vV n > 1, where Sn(yax> = {5 € R™: ) (y,x)§
x
Ofn

€ ima—y(y,x)}.

For definiteness, we put N_; = Ny. Similarly, as in the linear case, we denote
by @Q,, any fixed projection onto subspaces N,, and let T}, € GL(R™) be such an
invertible operator, that T),|ss, is an isomorphism between N,, and N,,_; for all
n > 0. It can be verified that the condition (ii) in Definition 2.8 is equivalent to

the nonsingularity of the matrices Gy, (y, x) = %ﬁ(y, x)+ %(y, )T, Q, for all
n > 0. As we see below, this useful remark pla}?st an important role for solving
an intial value problems involving nonlinear index-1 SDE.

The unique solvability of nonlinear SDEs obtained via discretization by ap-
plying explicit schemes to nonlinear DAEs have been studied in [3]. In partic-
ular, the compatibility between index notions for nonlinear index-1 DAEs and
nonlinear index-1 SDEs has been established.

Let us discretize Eq. (2.5) by the explicit Euler scheme, namely
T ) =0, n=0,...,N—1, (2.8)
-

where t, = tog + nr, 7 = (T — t9)/N, n = 0,...,N. A nonlinear version of
Theorem 2.4 is stated as follows [3].

Theorem 2.9. Assume that the nonlinear DAE (2.5) is of indez-1 and the ma-
trices G~ 1(y, x,t) and f.(y,x,t) are uniformly bounded. Then for a sufficiently
small stepsize T, the discretized equation (2.8) is also of index-1.

We end this subsection by noting that recently, a notion of the strangeness
index for linear SDEs has been introduced in [27]. A relationship between the
tractability index and the strangeness index of linear SDEs has been studied.

2.2. Initial Value Problems for Singular Difference Equations

We begin with a lemma that plays an important role in decoupling linear SDEs.

Lemma 2.10. [16,31] Suppose that the linear SDE (2.1) is of indez-1 tractable
and Q,, are arbitrary projections onto Ny, n > 0. Then, the following relations
hold:

(i) P, =G,'A,, where P, :=1—Qp; (2.9)
(11) PnG;IBn - PnG;IBnPnfl; QnGngn = QnGngnPnfl + Tnilanl;
(2.10)

(iii) @n,lzzTnQnGngn is the canonical projection onto Np—1 along Sp. (2.11)
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We now describe the decomposition technique for linear index-1 tractable
SDEs. Multiplying both sides of Eq. (2.1) by P,G, ! and Q,G,,! respectively
and applying the relation (2.9), we can decouple this equation into system

annJrl +PnG;1ann = PnG;1QH; n > no, (212)
QnGngnfEn = QnG;IQna n 2 ng, (213)
where ng is a given nonnegative integer.

From (2.10) it yields that Egs. (2.12)—(2.13) are equivalent to

annJrl +PnG;1BnPnflxn = PnG;1Qn; nZ no,
TnQnGngnPnflxn + anlfbn = THQHG;an; n > ng.

Putting z,, = Pp—12n + Qn-1Tn =: up + v, (n > ng), we can rewrite the above
equations as

Uni1 + PoG ' Boun = PG g, 1> ng, (2.14)
Up = _TnQnG;IBn'UJn + THQHG;IQH; n = ng.

Hence,
Ty = Up + Uy = (I - TnQnGngn)un + THQHG;IQH; Vn> no, (215)

where u,, solves the inherent regular ordinary difference equation (2.14).

Thus, if Eq. (2.1) is index-1 tractable, then, for given wu,, = Pp,—1Zn, €
im P,,—1, where ng is a fixed nonnegative integer, we can compute u, and
Zn (n > np) by (2.14) and (2.15), respectively. As in the DAEs case, we need
only to initialize the P,,_i-component of x,,, i.e.,

Prg—1(zn, —29) = 0. (2.16)
As mentioned in [4], the initial condition (2.16) is equivalent to the condition
Ang—1(n, —20) =0 (2.17)

which is independent of the choice of the projection P,,_;. Further, from (2.13)
it follows that the solution of (2.1) with initial condition x,, = 2(*) does exist if

Qo Gt Brow'® = QG L .- (2.18)
Denote
Ap = {E €R™ : QuG ' Bué = QnGy an}
and
Qp:={eR™:q, — B, € imA,}.

From Lemma 3.8 ([4, Lemma 2.3]), it follows that A, = ,. In particular,
A, does not depend on the choice of projection @, and transformation T,.
Observing that if {z,} (n > ng) is a certain solution of the IVP (2.1) and
(2.16), then, by virtue of Eq. (2.13), it follows that =, € A, for all n > no.
Conversely, for a given ng > 0 and for each z(©) € A, satisfying (2.18), there
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exists a solution of (2.1) passing through (). Indeed, let @, (no; z(?), n > no
be a solution of (2.1) satisfying the initial condition (2.16). Formula (2.15) gives

Tng (n05 (O)) 1$( _Tno (Qno lB P no— 1:E _QHOG;Olan)
= noflx( ) + Tnano ;Oananoflx - n() (QTLOG;(}BTL()'I(O) - QnoG;qum)) .

Using Condition (iii) of Lemma 2.10 and the fact that @no,lQno,l = Qno—1,
and recalling that z(%) satisfies Eq. (2.18) we come to the desired relation

Ty (103 2®) = Poy 12 1 @y 12 = 2.

Now, we are interested in the IVP (2.1) and (2.16). Clearly, the formula (2.15)
can be rewritten as follows

n—no

Ty = ﬁnfl{(—l)nino( H PnfiGgiiani)Pngflxng + Pnfngilszfl

n—k—1

n—2
+ 3 )T PaciGR B PGt |

k=ng 1=1

+ THQHG;1QH; vV n>ng

with Pn 1=1— Qn 1. Combining the above formula w1th the 1n1t1a1 condition
(2.16) and using Eq. (2.10) as well as the fact that Pn 1P, = Pn 1, we get
the solution of the IVP (2.1) and (2.16) in the form

n = Pyt (MO P2+ G g 1+Z M VG ) + TaQu G g (2.19)

kn()

for all n > ng, where

n—k—1
MY = (—p)y Rl Il G.2Buei (k=no—1,...,n—2)
1=1

for all n > ny, Mf:;“ 11) =TI and (9 € R™ is a given vector.

Next, consider a linear homogeneous equation (2.1). The formula (2.15)
yields that the IVP for the homogeneous equation

Apxpy1 = Bprn, n>0
with the initial condition
Pn0,1$n0 = 0

has only trivial solution z,, = 0 for all n > ng. Consequently, if Eq. (2.1) is index-
1 tractable, then the IVP (2.1) and (2.16) always has a unique solution given by
the formula (2.19). Moreover, the solution formula (2.19) is independent of the
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choice of projections @,, and linear transformations T,,. However, the latter fact
can be established in another way, by using the following lemma.

Lemma 2.11. [16,31] Suppose that the linear SDE (2.1) is indez-1 tractable.
Then the matrices PHG;1 (n > 0) are independent of the choice of @, and T,,.

Note that in the homogeneous case, the solution space 2, coincides with the
subspace S,,.
Summing up, we obtain the following theorem.

Theorem 2.12. [2, 31] Let the linear SDE (2.1) be indez-1 tractable. Then the

following statements hold.

(i) TheIVP (2.1) and (2.16) has a unique solution given by the formula (2.19).
In addition, the solution formula is independent of the choice of projections
Q. and linear transformations T,,.

(ii) If {xn} (n > ng) solves the IVP (2.1) and (2.16), then x, € Q,, Vn > ng.
Conversely, through each (0 € Q,, there passes exactly one solution of
(2.1) at ng, namely, the IVP (2.1) with the initial condition x,, = ()
possesses a unique solution.

We now consider the IVP (2.1) and (2.17) for quasi-index-1 SDEs. Recall

that A, = U,%,V,I' is an SVD of A,,, where U,, V,, € R™*™ are orthogonal
matrices and ¥,, = diag(agn), aé"), ceey 07(«:), 0,...,0) with singular values agn) >
aé") > > affi) > 0, here r,, = rankA,,. As discussed before, we can transform

the problem (2.1) and (2.17) into a simpler form
Y0Tni1 + BuTp =7q,, n > no, (2.20)
Sno—1(Fng—1 —7) =0, (2.21)
where 7(0) = Vg)flx(o). It is worth of noting that Eq. (2.20) is also of quasi-
index-1. By Lemma 2.6, the matrices G, = ¥, + B,Q"™ are nonsingular, where

Q™ = diag(I,,, Oy, ). Acting as in the decoupling process for a linear index-1
tractable SDE and noting that

PGy, QW =G, B,Q™, P — pmpntl)

where P(") = J — Q™) we have proved the following theorem on the solvability
of the IVP for linear quasi-index-1 SDEs.

Theorem 2.13. [31] Let the linear SDE (2.1) be of quasi-index-1. Then the
IVP (2.20) and (2.21) is solvable for any right-hand side G,, and there holds a

solution formula:

Z, = (I-QMG, ' B.)u, + Q™G, g,

—1_

i _ (2.22)
Ei+l+G1‘ BlﬂlzGl ql—i-Q(l)fl, i:no,...,n—l, V?’LGo,

where Ty, = Po~VE0) and & € R™ (i =no, ..., n— 1) are arbitrary vectors.
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Notice that under the asumptions of Theorem 2.13, the IVP (2.20) and
(2.21) always possesses a solution T, depending on n — ng arbitrary vectors
& (1 = ng,...,n—1). Consequently, the IVP (2.1) and (2.16) always has a
solution x,, depending on n — ng arbitrary vectors &; (i =ng,...,n — 1) as well
as on the choice of SVDs of A,,. In particular, when kerY, are constant, then
rankA, =7, P™ = P, Q") = Q and the linear SDE (2.1) is index-1 tractable.
In this case, it is obvious that

(1-Q™@, B,V = (1-QG, B.)Q=0.
This leads to the formula (2.19) again.

Next, we shall study the solvability of IVP for nonlinear index-1 SDEs (2.7).
As in the linear case, the initial condition (2.16) should be considered. In the
remainder of this subsection, for the sake of simplicity the norm of R is assumed
to be Euclidean. For nonlinear index-1 DAEs, under the asumptions that the
matrix G(y, z,t) has a bounded inverse on G and || f2(y, x,t)|| is bounded on G,
then it is not difficult to show the global existence and uniqueness of the solution
of (2.5) with initial condition P(to)(z(to) —(®)) =0 (cf. [25, Theorem 15]).The
following theorem can be considered as a discrete version of the corresponding
result of [25].

Theorem 2.14. [5] Let the nonlinear SDE (2.7) be of index-1. Moreover,
suppose that

IG2 (s o)l < anllyll + Bullzll + 9 ¥ y,2 € R™,n > no,

where ay, Bn >0, v, > 0 are constants and ng is a given nonnegative integer.
Then the IVP (2.7), (2.16) has a unique solution.

Now we deal with nonlinear SDEs of the special form

In(Tnt1, Tn) + An(Tnt1,2,) =0, n >0, (2.23)
where gp, hy : R™ x R™ — R™ are given continuously differentiable functions.
Suppose that the SDE ¢, (z,+1,%,) = 0 is of index-1 and h,(y, z) is small. In
the next theorem, without loss of generality, we will use orthogonal projections
onto N, that is, Q, = V,QV,I and V,,V;I' = VIV, = I. In this case, ||Q.| =
|1 Pall = [Vl = 1. Moreover, we can choose Ty, Qpn = Vii_1QV,T.

Theorem 2.15. [5] Suppose that the following properties hold
(1) gn(y,x) is continuously differentiable; moreover

29
ker 2y, 0) = N, dimA =m 7, Y > o, o,y € R™
Y

(il) Gnly,z) = %(y,x} + %ﬂ(y,x)TnQn (n > no) has uniformly bounded
y x
inverse, i.e., |G, (y, )| < v for all n > ng, y,z € R™;

(iii) hn(y,x) = hp(Pry,x) for all n > ng,y,z € R™;

. _ _ 2y 1/2 — _
(V) n(y, 2)—Pn (@ DI < Ln(ly=Fl2+o—7(2)""* for all n > no,y,2,7,7 €
R™.
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Then the IVP (2.23) and (2.16) has a unique solution, provided v, L, < 1/+/2
for allm > nyg.

When the principal parts g, are linear, i.e., g,(y,x) = A,y + Bpx, where
A, B, € R™*™ are given matrices, a necessary condition for the unique solv-
ability of quasi-linear SDEs is given and an algorithm for finding an approximate
solution of the IVP is proposed.

Corollary 2.16. [5,7] Suppose that the nonlinear SDE (2.23) satisfies the fol-
lowing conditions:

(1) gn(y,z) = Apy+Bpx, where Ay, B, € R™*™ are a given matrices, further,
the linear SDE
Anpy1+ Bpzn, =0 (n>ng)
is of index-1 tractable,
(i1) hn(y, ) is continuously differentiable, moreover

hn,
ker A,, C ker %—(y,x), VYn >mng, y,x € R™,
Y

(iii) the nonlinear function hy(y,x) satisfies the inequality
— _ v 1/2 —
1y 2) = @ D < La(ly = 7% + o = 712) "%, Vo > mo, g, 2,7, 7 € R™.

Then, the IVP (2.23) and (2.16) is uniquely solvable, provided L, |G| <
1/v2.

Theorem 2.17. [7] Let the assumptions (i)—(ii) of Corollary 2.16 be satisfied.
Moreover, suppose that the following conditions are satisfied:

(i) hn(y,z) satisfies the inequality
[hn(y, ) = ha (@, )| < anlly = Il + Bnllz — 7|
with nonnegative constants o, and By, for alln > ng,y,x,y,T € R™;
(i) I —T,QnG, B, is uniformly bounded, i.c., ||[I — T,,QnG,, ' Bn|| < Ci;
(iii) the norm of the matriz P,G, ' B, is uniformly bounded by a constant less
than 1, i.e., |P,G By < 8o < 1;
(iv) the coefficients o, By, are small enough, such that
| PaG | 4 Bl TnQn G < w < 1,
(1 = w)~H(Goan + C18a) [ PaGL M| < 61 < 1 = b,
and

(1= w) " (Boan + CLBu) I TuQnGr || < Co.

Then within a given tolerance € > 0, we can always find an approximate
solution {Tp} (n > no) via iterations, such that |T, — x,|| < € for all n > no,
where {xn} (n > ng) is an exact solution of the IVP (2.23) and (2.16).

A similar result for quasi-linear quasi-index-1 SDE (2.23) has also been pre-
sented in [7].
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Theorem 2.18. Assume that the nonlinear SDE (2.23) satisfies the following
conditions:
(i) gn(y,z) = Apy+ Bz, where A,,, B, € R™*™ are given matrices; moreover,
Anpy1+ Bpx, =0, (n > ng) is a linear quasi-index-1 SDE;
(ii) the nonlinear function hy(y, x) satisfies the condition (ii) of Corollary 2.16
and the following growth condition:
[n(y, 2)| < anllyl” + bollz]|* +cn, V0 2no,y,z € R™
with nonnegative constants an, by, Cn, Vn, lin, where 6, = max{v,, u,} < 1.
Additionally, we suppose that if 0,, = 1 then (a, + b,)||G; Y| < 1.
Then the IVP (2.23) and (2.16) possesses a solution.

Finally, we turn to the convergence problem of the explicit Euler method for
linear and nonlinear index-1 tractable DAEs. As mentioned above, Theorems 2.4
and 2.9 ensure that if the linear DAE (2.2) and nonlinear DAE (2.5) are index-1
tractable, then the corresponding discretized equations (2.4) and (2.8) are also
index-1 tractable. For finding a solutions of Eqs. (2.2) and (2.5), satisfying the
initial condition

P(to) (z(to) — 2V) = 0, (2.24)
we use the explicit Euler method, i.e., we seek for a solutions of Eqs. (2.4) and
(2.8) respectively, satisfying condition

Py(zo — ) =0. (2.25)

Theorem 2.19. [1] Assume that the linear DAE (2.2) is index-1 tractable. Then
the explicit Euler method applied to the IVP (2.2) and (2.24) does converge, i.e.,

Tn — x(ty,) as 7 — 0,

where ©(ty,) is the value of the solution of the IVP (2.2), (2.24) at t,,, and x,, is
the solution of the IVP (2.4) and (2.25).

Theorem 2.20. [3] Under the assumptions of Theorem 2.9, the explicit Euler
method applied to the IVP (2.5) and (2.24) is convergent.

2.3. Multipoint Boundary-Value Problems for Singular Difference Equations

In this subsection, we are interested in MPBVPs for linear index-1 tractable
SDEs (2.1). For the sake of simplicity, we shall restrict our consideration to the
following two-point boundary value problem (TPBVP):

Apxpy1 + Bptn =qn, n=0,...,N—1, (2.26)
Cozo + Cnan =7, (2.27)

where A,,, B, (0 <n < N-1),Cy,Cy € R and ¢, (n =0,...,N —1),
v € R™ are given matrices and vectors respectively. Further, assume that
(2.26) is a linear index-1 tractable SDE. Let A,, = U,%,V.T be an SVD of A,,

Qn = Vn@VnT be an orthogonal projection onto NV,, and G,, = A,,+B, anlévnT.
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Clearly, the TPBVP (2.26), (2.27) represents a system of m(N + 1) linear equa-
tions, hence we can use well known facts from linear algebra to verify the solv-
ability as well as to construct a solution formula for the system (2.26) and (2.27).
However, when N becomes large, while m remains small, this linear system is a
large-scale one, hence, the problem of verifying its solvability as well as finding
its solution becomes an uneasy task. In order to overcome these difficulties,
instead of considering the linear system in R™N*1  we shall treat it in R™.

Firstly, recall two notations which have already been introduced in the above
subsection, namely

Ppyi=I—Qun1=1-V,_1QV'G'B,
and

n—k—1
M"Y = (et T 6tiBasi (k= —1,...,n—2) for all n > 0.

—1
=1

We denote Xo = P_y, X, = Py M"Y (n=1,...,N-1), Xy = Py_ MO

and define the shooting matrix D = Cy Xy + CyXpn. In what follows, we shall

deal with the (m x 2m) column matrix (D|CnQn—1) and the (2m x 2m) column

matrix R = diag(P-1, @n—1). The regularity condition for the TPBVP (2.26)

and (2.27) has been proposed in [31].

Definition 2.21. The TPBVP (2.26) and (2.27) is called regular if
ker(D|CNQN,1) = kerR. (228)

Clearly, the matrices D, Q@n—1 and R depend on the orthogonal matrices
Vo (0 <n < N —1), hence, on SVDs of the matrices A4,, (n =0,...,N —1).
However, the regularity condition is independent of the choice of SVDs of A,,.

Lemma 2.22. [31] The regularity condition (2.28) for the TPBVP (2.26) and
(2.27) does not depend on the chosen SVDs of A, (n=0,...,N —1).

Moreover, the dimensions of kerR and ker(D|CnyQn—1) do not depend on
the choice of SVDs of A,,, neither.

Lemma 2.23. [2] The dimensions of the subspaces ker R and ker (D|CnyQn—1)
are independent of the choice of SVDs of A, (n =0,...,N —1). Moreover,
dim (ker R) =m and dim (ker (D|CNQN,1)) =p>m.
On the other hand, the following inclusion always holds
ker R g ker (D|CNQN,1). (229)
Combining (2.29) with Lemmas 2.22 and 2.23 we come to the following.

Corollary 2.24. [2] The TPBVP (2.26) and (2.27) is regular if and only if
dim (ker (D|CNQn-1)) =m
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and its regularity does not depend on the choice of SVDs of A, (n=10,...,N—

1).
For a further discussion we put

20 := V_1QV Gy qo,

n—2
Zn = Pnfl(z M]Snil)GIZIQk + G;iﬂ]nfl) + anlQVnTGglfbu n= 15 ceey N — 15
k=0
N—-2
N— _ — *
N = PNfl( M,g 1)Gk Yo + GNaqu,l) and v* :=v — Cpzog — Cn2n.
k=0

The following relationship between the regularity and the solvability of TPBVPs
has been established in [31].

Theorem 2.25. Suppose that the linear SDE (2.26) is indez-1 tractable. Then
the regularity (2.28) of the TPBVP (2.26) and (2.27) is a necessary and sufficient
condition for its unique solvability. Moreover, there holds the following solution
formula

xn:an(0)+zn, n=20,...,N—1,

(2.30)
ey = Xnr©@ + 2 + Qn-i&,

where (xOT M = (D|CNQN_1)T 7" and (D|CnQn_1)t denotes the gener-
alized inverse in Moore-Penrose’s sense of (D|CNQnN—1).

It is worth of mentioning that the vectors z(®) and ¢ in (2.30) are undeter-
mined, while X,,z(®) (n=0,...,N) and Qy_1£ are uniquely determined.

Next, we are interested in the irregular case, namely, when p > m. Denote
by {w?}7, a basis of kerR. By virtue of the relation (2.29) we can extend
{w}!}™ to a basis {w?}_, of ker(D|CnyQn-_1). For every i =m+1,...,p, let
u? € R™ and v? € R™ be the first and the second groups of the components of

w?; ie., wd = (ufT, v9T)T. We introduce the following column matrices
Dy = (Xpuly iy, ooy Xould) € R™PT™ (n=0,... N —1)
and
Dy = (Xnup 1+ QNo1V i1, -5 XNU) + Qn_10)) € R (P=m)

Additionally, let us consider a linear operator £ acting in R™WV+1) | defined by

Lx = ((onl + BOIEO)T, cooy (An—1zn + BNflfol)T, (Coxo + CNIEN)T)T

Then solving the TPBVP (2.26) and (2.27) is equivalent to finding a solution
x € RN+ of Lo = ¢, where ¢ = (g8, ..., qdk_1, 77)T € R™V+D We have
the following useful property.
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Lemma 2.26. [2] ker £ = {((®a)”,. .., (®nxa)")" : a € RP-™}.

Lemma 2.26 yields that the subspace kerL can be represented by SVDs of
Ap (n=0,...,N—1). Furthermore, if the problem (2.26) and (2.27) is solvable,
then its solution has the form x = z* + T, where T € ker £ and z* is a certain
particular solution. Clearly, the TPBVP (2.26) and (2.27) may have no solution.
The following lemma gives a necessary and sufficient condition for its solvability.

Lemma 2.27. [2] A necessary and sufficient condition for the solvability of
TPBVP (2.26) and (2.27) is the following orthogonality condition

wly* =0, Vweker(DICyQn_1)T.

Putting ¢ := dim(ker(D|CnQn—-1)T) and letting W be a row matrix whose
rows are vectors w; (i = 1,...,q) of the basis of ker(D|CxyQn_1)T. Lemmas
2.26 and 2.27 lead to the existence theorem in the irregular case.

Theorem 2.28 [2] Assume that the linear SDE (2.26) is indez-1 tractable and
the TPBVP (2.26) and (2.27) is irregular, namely, p > m. Then the TPBVP is
solvable if and only if

W~* = 0.

Moreover, its general solution can be represented as:
xn:an(O)—i-zn—i-fI)na, n=0,...,N—1,
oy = Xnz® + 2y + Qno1€ + Py,

where a € RP~™ is an arbitrary vector, (207 ¢TI = (D|CyQn_1)T7".

(2.31)

Clearly, when p = m the formula (2.31) turns to (2.30). Combining Theorem
2.25 and Theorem 2.28 for both regular and irregular cases, we arrive at the
Fredholm alternative for a special large-scale system of the linear equations (2.26)
and (2.27) as follows.

Corollary 2.29. [2] Suppose that the linear SDE (2.26) is index-1 tractable.
Then,
(i) Either p=m and the TPBVP (2.26) and (2.27) is uniquely solvable for any
data g, (n=0,...,N —1) and ~;
(ii) Orp > m and the TPBVP (2.26) and (2.27) is solvable if and only if
W~* = 0.
Moreover, there hold the formulae (2.30) or (2.31) for the cases (i) or (ii),
respectively.

Finally, we study the relationship between the TPBVP (2.2) with the bound-
ary condition

Cox(to) + Crz(T) =, (2.32)

where the data Cy, Cpr € R™*™ and v € R™ are given, and the corresponding
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discretized problem for (2.2) and (2.32) by applying the explicit Euler scheme
Antpy1+ (Bn — Az =7¢n, n=0,...,N—1, (2.33)
Coxo+ Crzy = 1. (2.34)

Firstly, we recall (cf. [25]), that the TPBVP (2.2) and (2.32) is uniquely solvable
for any ¢ € C(J,R™) and 7 € im(Cy, Cr) if and only if the shooting matrix D =
CoX(to) + CrX(T), where X (t) is the fundamental solution matrix satisfying

ADX'(t)+ Bt)X(t) =0, t € J,
P(to)(X(to) — 1) =0,

has the properties
kerD = kerA(tp), imD = im(Cy,Cr). (2.35)

By virtue of Theorem 2.4, it follows that Eq. (2.33) is index-1 tractable provided
the stepsize 7 is small enough. For the TPBVP (2.33) and (2.34) we need some
notations

Bn(T) - TBn - An; Gn(T) = An + Bn(T)anlévg;
Pooi(1) =1 =Vt QVL G (1) B (1),

n—k—1
M V() = (=) T GRti(n)Basi(r) (k= —1,...,n — 2) for all n. > 0.
1=1

Further, define the shooting matrix D(7) = CoXo(7)+Cr Xn(T), where Xo(7) =
P_i(7), Xn(7) = Pucai (M7 V(1) (n=1,...,N = 1), Xn(7) = Pxoi MY V(7).
Applying Corrollary 2.24 and Theorem 2.25, we come to the following necessary
and sufficient condition for the unique solvability of the TPBVP (2.33) and (2.34)

dim (ker (D(7)|CrQn—1)) = m. (2.36)

Unfortunately, the regular conditions (2.35) and (2.36) for continuous and dis-
cretized problems are not compatible, i.e., there are examples showing that the
unique solvability of the continuous problem (2.2) and (2.32) does not necessar-
ily imply the unique solvability of the discretized problem (2.33) and (2.34) (cf.
[1,30]).

The difference between regular conditions for the continuous problem and
the discretized one can be explained as follows. Assume that (2.2) and (2.32)
are regular; then its solution is a solution of the IVP (2.2) and (2.24), where z(%)
satisfies a linear system

Dz =3

with 3 :=v—CoQ(to)G~1(to)q(to) —CrQ(T)G~(T)q(T). In this case, for every
initial vector z(?) the problem (2.2) and (2.24) has a unique solution z(t, z(?)).
Further, this solution solves the TPBVP (2.2) and (2.32) if and only if x(%)
satisfies the above linear system. On the other hand, the TPBVP (2.33) and
(2.34) has a solution {x, }\_,. Here, the first N values {z,,}"=} is a solution of

n=0

the IVP (2.33) and (2.25) and the last value zx has the form
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ey = Xn (1)@ + Qn_1& + 2n (1),
where two vectors z(°) and ¢ satisfy the relation
D(r)2 + CnQ € =1(7),
and Noo
an(r) =Pyt Y MYV (7)g,
k=0
A7) =7 = 7CVaQVy Go ' (1)g0 — Cran (7).
Thus, for each vector (%) the relations (2.33) and (2.25) only determine uniquely
the first N values {z,(z(®)} =} of the solution {z,(z(®)}N_/. The last value
() is decomposed into the uniquely determined term Py_j2x(z(?) and
an undetermined one Qn_ 12y (z(?).
For revealing a connection between the TPBVPs (2.2), (2.32) and (2.33),

(2.34), we introduce an augmented TPBVP by adding to (2.33) the following
equation

Anzni1 + By (T)zy = TgnN.

In other words, the augmented problem has the form

Anpi1+ Bn(7)xn =7¢n, n=0,...,N, (2.37)
Coxo+ Crzy = 1. (2.38)

Clearly, if {z,})1} is a solution of the augmented TPBVP (2.37) and (2.38),
then its first N +1 values {x,,}Y_, form a solution of the original TPBVP (2.33)
and (2.34). Further, we need the following definition.

Definition 2.30. [1] The augmented TPBVP (2.37) and (2.38) is said to be
uniquely solvable with respect to the first N 4+ 1 components if for any {g.}2_,
and v € im(Cy, Cr) it possesses a solution {xn}ﬁfiol with uniquely determined
first N + 1 values {xn}N_g, i.e., if {yn} I3 is another solution of (2.37) and
(2.38) then xp, =y, for alln=0,... ,N.

Theorem 2.31. [1] The augmented problem (2.37) and (2.38) is uniquely solv-
able with respect to the first N +1 components if and only if the shooting matrixz
D(1) satisfies the following relations

kerD(71) = kerA(ty), imD(7) =im(Cy, Cr).

The desired relationship between continuous and discretized TPBVP is re-
vealed in the following theorem [1].

Theorem 2.32. Suppose that the continuous TPBVP (2.2) and (2.32) is uniquely
solvable for any q € C(J,R™) and v € im (Co, Cr). Then
(i) The corresponding discretized augmented problem (2.37) and (2.38) is also
uniquely solvable with respect to the first N + 1 components, provided T is
sufficiently small.
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i1) The discretization method is convergent, i.e.
(i) gent, i.e.,
|lzn — 2(tn)|| — 0 as 7 — 0,

where {x,}_ are the first N + 1 values of the solution of the augmented
problem and x(t) is a unique solution of the continuous problem.

3. Qualitative Study of Singular Difference Equations

3.1. Floquet Theory for Linear Index-1 Singular Difference Equations

We begin this section with the Floquet theory for linear index-1 SDEs presented
in [6]. Although many results in the discrete case are similar to those already
known in the DAE case [29], it requires some special devices to obtain the desired
results.

Lemma 3.1. Suppose Eq. (2.1) is of index-1. Let Qn—1 = Vn,légv,;ll be an
arbitrary projection onto ker A,,_1 (n > 1). Then
(i) Qn-1:= anl,nG;IBn is the canonical projection onto ker A, _1 along Sy;
(i) Qn1 = Vi 1QV. Y, where V,_y = (sh,...,s0, h"FL o0 R ) is a ma-
triz, whose columns form certain bases of S, and kerA,_1, respectively,

i.e., S = span({si}7_,) and ker A,y = ({h},_ }7", ).

The canonical projections play an important role in the reduction of an SDE
to the canonical form. Now consider a linear system, obtained from (2.1) via
scaling and transforming variables

ZnEnJrl + ann = qna

where A, = E,A,F,; B, = E,B,F,_1; G, = FEnq, and the matrices E,, F},
are nonsingular. Here E,, are scaling matrices, while the transformations of vari-
ables are defined by x, = F,,_1%,. Since S,, NkerA, _; = Fnill (Sn NkerA,,—1),
the index-1 property of linear SDEs is invariant under scaling and linear trans-
formations. The following theorem is similar to that of linear index-1 DAEs.

Theorem 3.2. Fvery linear index-1 SDE can be reduced to the Kronecker normal
form
diag (I, Om—r)Tny1 + diag(Wi,, Ly )T, = q,,.-
Definition 3.3. System (2.1) is called periodic of period N € N if
An+N - An; Bn+N - Bn, and gn+N = Qn v'nl Z O

For an N -periodic singular difference system we define A_1 1= An_1.

Defintion 3.4. The matriz X,, € R™*™  satisfying the IVP
ApnXpni1+ B X, =0; P_1(Xo—1)=0,

where P_1 = Py_1 is a projection onto Sy—1 along ker A_1 = kerAn_1, will be
called the fundamental matriz of Eq. (2.1).
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Theorem 3.5. There exist an N-periodic nonsingular matriz F,, and a constant
matriz R € C™*" such that the fundamental matriz of the linear index-1 periodic
SDE (2.1) with nonsingular matrices By, can be represented as

X, = F,_1diag (R", Op_)F~ (n >1).

The following theorem, frequently referred to as the Lyapunov’s theorem,
has numerous applications in the stability theory.

Theorem 3.6. Every index-1 periodic SDE (2.1) with nonsingular matrices By,
can be reduced to the Kronecker normal form with constant coefficients as follows

diag (IT, Omfr>gn+1 + diag(—R, Imfr)gn = gn

Before presenting some applications of the Floquet theory we will introduce
some stability concepts and the Lyapunov function method [4].

3.2. Stability and Robust Stability of Singular Difference Equations
Consider a system
ApZpt1 + Brn = fu(zn) (n>0). (3.1)

In what follows we suppose that the corresponding linear homogeneous equation
(2.1) is of index-1. Let us associate the SDE (3.1) with the initial condition

Pnoflxn() = Pn071”>/, nO Z 0) (32)

where v is an arbitrary vector in R™ and ng is a fixed nonnegative integer.
We always assume that dimSy = r and let A_; € R"™*™ be a fixed chosen
matrix, such that R™ = Sy ¢ kerA_, where as above, S, = {{ € R™ : B,£ €
imA,}, n > 0. The unique solvability of the IVP (3.1)-(3.2) is guaranteed by
the following theorem.

Theorem 3.7. Let f,(x) be a Lipschitz continuous function with a sufficient
small Lipschitz coefficient, i.e.,
[fn(2) = fu(@)| < Lalle —z[|, Vz,zeR™,
where
Wn = Lp||Qu-1,G | <1, ¥Vn=>0.

Then the IVP (3.1), (3.2) has a unique solution.

Thus, without loss of generality we can assume that f,,(0) = 0 for all n > 0.
Then Eq. (3.1) always possesses a trivial solution x,, =0 (n > 0). Set

An = {.I S R™ : anlx - anl,nGgl(fn(x) - B"P"*Lr)}

If {x,} is any solution of the IVP (3.1), (3.2), then obviously, z,, € A,, (n >
ng). Conversely, for each a € A, there exists a solution of (3.1) passing «.
The following lemma shows that the set A,, does not depend on the choice of
projections.
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Lemma 3.8. The following hold
(i) Ap =0y :={z eR™: f,(r) — Byx € imA,} (n > 0).
(i1) Q, Nkerd,_, = {0}.

We observe that the initial condition (3.2) is equivalent to the condition
Angflxng - Angflﬂ)/ (no Z 1)5 (33)

which is independent of the choice of projections. Indeed, acting on both
sides of (3.3) by G,,!_; and using the equality G, | ;A,,—1 = Py,—1 We get
(3.2). Conversely, multiplying on both sides of (3.2) by A,,-1 and noting that
Apyg—1Png—1 = Apy—1 we obtain (3.3). For the sake of convenience, we choose a
matrix B_1 € R™*™ guch that the matrix pencil {A_;, B_1} is of index-1. Then
the matrix G_; = A_1 + B_1Q_1 is nonsingular. Moreover, A_1 = A_1P 1
and G"JA_; = P_;. Thus both initial conditions (3.2) and (3.3) are equivalent
for all ng > 0. The unique solution of the IVP (3.1), (3.2) or (3.1), (3.3) will be
denoted by x,,(no; 7). We shall restrict ourselves to the canonical projection onto
kerA,,_1, i.e., the projection from R™*"™ into kerA,,_; along S,, and will denote
it again by Q,,—1. Then P,,_1 := I —@Q,_1 is the canonical projection from R™*™
into S,, along kerA,,_;. Thanks to the decomposition R™ = S,, @ kerA,,_; the
canonical projections are determined uniquely from the data A,, B, and A, _1.
Note that if @n 1 is an any projection onto kerA,,_; (n > 1) and @n 1,n is the
associate connectmg operator, then the canonical prOJecmon @Qn—1 can be com-
puted as Q,_1 = Qn 1 nG 'B,,, where Gn = A, + B, Qn 1n- Let Ry and Z4
be the set of nonnegative real numbers and nonnegative integers, respectively.

Definition 3.9. The trivial solution of (3.1) is said to be
(i) A-stable (P-stable) if for each € > 0 and any ng > 0 there exists a 6 =

5(e,ng) € (0,€] such that the inequality ||An,—17| < § (|[Pug—17] < 9)
implies ||zn(no; )| < € for all n > ng.

(i1) A-uniformly (P-uniformly) stable if it is A-stable (P-stable) and the number
d mentioned in part (i) of this definition does not depend on ng.

(iii) A-asymptotically (P-asymptotically) stable if for any ng > 0 there exists a
8o = do(no) > 0 such that the inequality || Ano—17|| < 00 (||Pro—17] < d0)
implies ||zn(no;7)| — 0 (n — 0).

From the relation G, A, = P, and A, P, = A,, it is easy to show that the
notions A-stability and P-stability are equivalent. The same conclusion is true
for the A-asymptotical stability and P-asymptotical stability. Further, if the
matrices A, are uniformly bounded, then A-uniform stability implies P-uniform
stability. Conversely, if G;;! have uniformly bounded inverses, then A-uniform
stability follows from P-uniform stability. Thus, in what follows we can drop
the prefices A and P when talking about the stability or asymptotical stability.

Denote by K a class of all continuous and strictly increasing functions ¢ from
[0, 00) into itself, such that ¢(0) = 0. In what follows we study the stability of
SDEs via Lyapunov functions V' : Z;y x R™ — R, and denote AV (n,&,) :=
Vin+1,€41) — V(n,&,) foralln >0, &, € R™.
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Lemma 3.10. The trivial solution of (3.1) is A-uniformly (P-uniformly) stable
if and only if there exists a function ¢ € K, such that for any solution x, of
(3.1) and for any nonnegative integer ng, there holds the inequality

[2all < U ([ Ang—12n,[l) ¥ 1 = 10 (|2l < ¢ ([|Pry-12noll) ¥ 7 > o).

Theorem 3.11. The existence of the Lyapunov function V : Z4 x R™ — R4

being continuous in the second variable at 0 and functions ¥, € K, such that
(i) V(n,0) =0, n>0;

(i) flyll < V(n, Pooay) < on([Pa-ayl), Vy €A, n=0;

(iii) AV (n, Ph—1yn) < 0 for any solution y, of the system (3.1)

is a mecessary and sufficient condition for the stability of the trivial solution of

(3.1).

Theorem 3.12. Assume that there exist a function i € K and a Lyapunov
function V 1 Z x R™ — Ry, which is continuous with respect to the second
variable at v = 0, such that

(i) V(n,0) =0, Vn>0;
(i) ¥(z|]) < V(n,Ap_1z), Y2 eQ,, n>0;
(iii) AV (n, An—12,) <0 for any solution ,, of the SDE (3.1).
Then the trivial solution of the SDE (3.1) is stable.

Theorem 3.13. The trivial solution of the SDE (3.1) is P-uniformly stable
if and only if there exist two functions a,b € K and a Lyapunov function V :
Zy x R™ — Ry, such that

(i) a(||z]]) < V(n, Ph—12) < b(||Prn-1z|]), Yz € Ay, n>0.

(ii) AV (n, Ph_12y) <0 for any solution z, of the SDE (3.1).

Theorem 3.14. Suppose that there exist two functions a,b € K and a Lyapunov
function V : Z4 x R™ — R, such that
(1) a(||z]]) < V(n,An—12) < b(||An-1z]), Y € Q,, n>0.
(ii) AV (n, Ap_12y) < 0 for any solution x,, of the system (3.1).
Then the trivial solution of (3.1) is A-uniformly stable. Moreover, if the
condition (ii) is replaced by the following
(iii) AV (n, An—12n) < —c(||An—124||) for any solution x, of (3.1), where c is

a certain function of the class KC,
then the trivial solution of the system (3.1) is asymptotically stable.

Further, we discribe an application of Lyapunov reduction theorem to study
the stability of trivial solutions of a nonlinear periodic index-1 SDE

frn(@nt1,zn) =0 (n > 0), (3.4)

where f,, : R™ xR™ — R™ is a continuously differentiable function, f,,(0,0) =0,
foan(y,x) = fuly,z) VY n>0,y,x € R™. Assume that (3.4) is of index-1 (see
Definition 2.8), i.e.,
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(i) ker%ﬁ(y,x):./\/'n,dim./\/n:m—r, for some 1 <r<m-—1,¥n>0,
Y
y,x € R™;
(i) Sn(y,z) NNp_1 = {0},

where S, (y, ) = {£ € R™:

_ Ofa 8fn
Oy - Oz

Ananrl + ann + hn(anrl; xn) = Oa (35)

af n Afn

3 (y,2)}.

——(0,0). We rewrite (3.4) as

5 (U2 € im—

Let A, := —=—(0,0); B

where h,(y, z) := fu(y,z) — Apy — Bpx. Assuming that B,, are nonsingular ma-
trices and using the periodic transformations discribed in the proof of Theorem
3.6 we can reduce (3.5) to a simpler system

diag (I, Om—p)Trs1 + diag (=R, In— )T + hn (Tpg1, Tn) = 0,
_ _ Ohn,
where the nonlinear part h, satisfies conditions h,(0,0) = 0; 8—(0,0) =0
Y
Ohn .
and 8—(0 0) = 0. If all eigenvalues of R have modulus less than one, then
the trivial solution of (3.4) is exponentially asymtotically stable, i.e., ||z,] <
c||P_yaxolle=™, for some positive constants o and ¢, where P_; = PN 1 -the
canonical prOJecmon along ker Ay_1, provided ||P_jz| is sufficiently small.

A stability analysis of a switched system consisting of linear singular time-
invariant subsystems and a periodic switching rule by using Floquet theory can
be carried out similarly as in [24].

The robust stability of linear dynamical systems has been studied for decades
from different points of view by several authors, such as, Van Loan, Hinrichsen
and Prichard, Martin and Byers, Qiu and Davison, etc... Problems of determin-
ing the stability radii of linear singular systems have attracted much attention
of researchers (see [17-21,23,24]).

Consider a linear constant coefficient SDE
Axpi1 = Bz, n=0,1,... (3.6)

where x,, n = 0,1,..., are vectors in K™, K € {C,R}, A, B are constant
matrices in K™*™ and A is a singular matrix. Moreover, the pencil {A, B} is
supposed to be regular, i.e., there exists A\ € C, such that det(AA — B) # 0. We
determine the infimum 7k of the norm of disturbances under which the perturbed
systems

(A + EAlFl)anrl = (B + EAQFQ).In (37)

are no longer asymptotically stable or regular. Here, A; (i = 1,2) denote un-
known disturbance matrices in KP*9, FE. F; and Fy are matrices of appropri-
ate sizes specifying the structure of perturbation. For definiteness, the Eu-

clidean norm of vectors and the corresponding matrix norm will be used. Let
[(A1, A2)|| := ||A1]] + ||Az]|, then, by the definition
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rr = inf{||(A1, A2)|| : A1, Az € KPX9 s.t. (3.7) is unstable or irregular}.

Theorem 3.15. The complex stability radius rc for the system (3.6) is given by
-1
re = {max [ sup [|G(t)[|, sup [H(®)[]} (3-8)
[t|>1 [t|>1
with the transfer functions G(t) = Fo(tA— B)™'E and H(t) = Fit(tA— B)"'E.

Formula (3.8) slightly generalizes the corresponding ones in [20]. Further, it
has been proved in [20] that the stability radius with respect to perturbations
in the leading matrix only, for the discrete system

Tn4+1 — Tn
AT = B$n+1,

obtained by the implicit Euler method, monotone decreasingly tends to the
stability radius of the DAE
Az’ (t) = Bx(t),

as the discretized step tends to zero.

4. Singular Stochastic Difference Equations

4.1. Solution of Linear Singular Difference Equations on Z

Let (Q, F,P) be a probability space satisfying the normal conditions (see [33])
and let 0 : (Q, F,P) — (Q, F, P) be an invertible, P-preserving transformation.
For given two random variables valued in the space of m x m-matrices A(-) and
B(-), we consider the system

{MW@XMmm—wam&wxnez

(4.1)
Xo =z R™ as,

where 0" = 006"~ and Z is the set of all integers. System (4.1) is called a real
noise linear SDE.

Assume that rank A(w) = r for P-a.s. w € Q, where r (0 < r < m) is a
nonrandom constant. Let 7" be a random variable with values in GL(R™), such
that T(w)’ Ker A(w) 15 A0 isomorphism between ker A(w) and ker A(6~'w). Let

Q(w) be a measurable projection onto ker A(w). Denote
S(w) = {: B)> € imAW)}.
Definition 4.1. The SSDE (4.1) is said to be index-1 tractable if
S(w) NkerA(0'w) = {0} for a.s. we Q. (4.2)

By virtue of Lemma 2.3, System (4.1) is index-1 tractable if and only if the
matrices

G(w) = Aw) + B(w)T(w)Q(w)

are nonsingular with probability one.
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Remark 1.

1. In fact, what we are doing below is true if the space ) can be divided into
f-invariant subsets €;,7 = 1,2, ..., ¢ such that rankA is constant on every 2; and
(4.2) is satisfied for P-almost sure w.

2. In general, since A(w) is degenerate, the dimension of the space of solutions
varies in n. If the dimension of the space of solutions at step n+1 is greater than
that at the step n, it may cause bifurcations or multi-valued functions. Up to
now, there has been no comprehensive and systematic analysis of such systems.
As we can see below, S(w) is in fact the space of solutions. Therefore, with the
index-1 tractability assumption (Condition (4.2)), dimS(w) is constant. That
implies the regularity of inherent ordinary difference equation.

For the sake of simplicity, we put

Q

=

£
I

QO"w), P,=1—-Q,, A,(w) =A(0"w), B,(w) = B(0"w),
Gp(w) =G(0"w), Th(w) =T(0"w).

In what follows, if there is no confusion, we will omit w in formulae, further,
we always suppose that Equation (4.1) is index-1 tractable. Then it can be
rewritten as

AanJrl - Ban;
i.e., we obtain (2.1) with g, = 0. For n > 0, according to (2.10) the above
equation is reduced to
YnJrl = PnGngnYn;
Zn - _TnQnGngnYna

where Y,, = P, _1X,, and Z,, = Q,,_1X,,.
From (4.3) it follows that the solution with the initial condition Xy =
exists if

n=0,1,..., (4.3)

QoGy ' Box =0

with probability one. By virtue of Lemma 3.8 we see that the random space
Ji(w) = {€ € R™ : (QuGy ' By)(w)¢ = 0} does not depend on the choice of the
projection ) and the transformation 7. Moreover, by Lemma 2.10

@nfl = TnQnGngna

is the projection onto ker A, _; along S,, = {£ € R™ : B,{ € imA,}. Hence,
the matrices ~ _

are also nonsingular with probability one.

Lemma 4.2. The canonical projection Q,_1(w) and the matriz (P,G;'B,)(w)
are independent of the choice of Q(w) and T'(w), where P, =1 — @Qy,.

Using the canonical projections we have Q,_1(w)X,(w) = 0 which implies
Xn(w) = Ppo1(w) Xy (w) for a.s. w € Q. Therefore, the forward equation of
(4.1) for n > 0 with the initial condition Xo = € J; is reduced to a classical
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difference equation

X1 = P,G:'B,Py1X,, n=0,1,...
{ +1 Gn 1 , Oa ’ ) (44)
XO =,
which gives
= ([ Po-iGrliBniPa i) (w)z, n>1, Xo(w)==. (4.5)

Summing up, we see that the IVP of (4.1) for n > 0 has a unique solution given
by (4.5) provided z € J;.

Note that since (P,G; B,)(w) = (PoG;'B,)(w), the equation (4.4) can be
also rewritten as

Xn+1 = ﬁnG;IBnﬁnlen; n= Oa 15 ceey
XO = ﬁflx,

where x € R™ is a given vector.
In the case n < 0, Equation (4.1) turns into the SSDE

BpXn = AnXni1, n=—1,-2,...,
{ i (4.6)

XOZ.I.

We suppose that rank B(w) = k for P-a.s. w € Q, where k£ (0 < k < m) is a
nonrandom constant. Let 7" be a random variable with values in GL(R™), such
that T'(w ’k rB(w) is an isomorphism between kerB(w) and ker B(6w). Let Q(w)

be a measurable projection onto kerB(w). Put
G(w) = B() + A)T(@)T(w).

Suppose that G is nonsingular with probability one. This assumption implies
the index-1 tractability of Eq. (4.6). Let

Qn(w) = @(an), én(w) G(en )a n — I Qna Tn( ) T(enw>a n < O
For any n < 0, denote Y;, = P, X,,, Z, = Q,,X,,. Equation (4.6) leads to

Y, = PG A, Y1,
Lng1 = —Tn@néglAnYnHa
Xp=Ypn+Zyn, n=-1,-2,...

Denote @n = Th_1 @,H@;ilflnq the projection onto kerB,, along E———
{¢£: A,_1& € imB,,_1}. Let én(w) = B,(w) + An(w)Tn@n. By a similar

argument as above we obtain

Lemma 4.3. The canonical projection Qn and the matriz P G A, are inde-
pendent of the choice of Q and T, where Pn =1- Qn
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With the canonical projections @n we have @an =0 for any n < 0. There-
fore,

71 PN ~
X, = [ PG 'AiPipix, n=-1,-2,...,
PGS AP, (4.7)

XOZ.IGjb,

where Jp, = {€ € R™ : Qo& = 0}. Thus, the IVP of (4.1) for n < 0 has a unique
solution given by (4.7) provided = € Jp.

Remark 2.

1. Let us give some comments on the expressions of solutions (4.5) and
(4.7). To obtain (4.5) for n > 0 we suppose the initial condition Xy = = € J;

(equivalently Xo = P_jz, € R™) to be satisfied and to obtain (4.7) for n <0
the equality Xy = Pox is required. Thus, there exists a unique solution of (4.1)
with the initial condition Xy = x if and only if x € Jr N Jp.

2. Unlike random ordinary difference equations, in general, the existence
of solution of SSDEs implies that the initial condition must be a measurable
selection of the corresponding w +— Ji(w) N T (w).

4.2. Dynamic Property
Since @0 is the projection onto ker By,
Q_1Q0 = ToQoGngoéo =0.
Similarly, @0@,1 = 0. Hence, the projections P_; and ﬁo commute, i.e.,
P Py=PBP_,
with probability one.

Put .
i=1
O(n,w) = (ﬁflﬁo) (w) if n=0, (4.8)
71 o~
1 (PG, A () if n<o0.

We come to the so-called co-cycle property of linear SSDEs (cf. [8]).
Theorem 4.4. For any m, n € Z the following relation holds
d(n+m,w) =P(n,0Mw) - P(m,w).

Denote by X, (2(w),w) the solution of (4.1) satisfying Xo(z(w),w) = z(w).
It is clear that

X, (Z(w),w) = ®(n,w)z with Z(w) = (ﬁ,lﬁo) (w)z.
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4.3. Lyapunov Exponents and Multiplicative Ergodic Theorem

Suppose that 6 is an ergodic transformation on (€2, F,P) and the following
condition is satisfied

Hypotheses 4.5.

In||PoGy ' Byl € L1 (9, F,P) and In || PGyt Aol € Ly (9, F, P). (4.9)

We note that these assumptions are independent of the choice of T, T and Q,
Q

Since (®,,) is the product of ergodic stationary matrices PGB, for n > 0
and P,G 1A, for n <0, by [26] we get
i) Under the assumption (4.9), there exist the limits

nhlgo ((I)(n,w)Tfl)(n,w))l/2n = A(w), HEIPOO (fl)(n,w)be(n,w))l/2|"| =

s Aw).
ii) Let 0 < eM < e*? < --. < e be the different nonzero eigenvalues of A and
Ao = —oo. We denote Uy = ker A(w), and U;, i = 1,2, ..., 7 the eigenspace with
multipliers d; = dim; corresponding to the eigenvalue e*i. Then, 7; d;, \i,i =
1,2,...,7 are nonrandom constants. Let V, =UyBU1 B-- - BUL, k=0,1,...,7
such that the sequence

{0ycYCcViC---CV, =R™
defines a filtration of R™. For each x € R™ the Lyapunov exponent

Mw, z) = limy oo £ In[|®(n, w)z||

exists and

Mw,z2) = =2 € Vi \ Vi—1)(w)
for k = 1,2,...,7. Further, A(w,2) = —c0 < = € V, and the spaces V; are
invariant in the sense

D(n,w)V;(w) C Vi(0"w)

foranyn >0,:=0,1,...,7.
iii) A similar result can be formulated for the case n — —oo. That is, let
0<eM < e)‘?*i <. < e)‘l_be the different nonzero eigenvalues of A, My =
—00. Denote Uz = kerA(w) and U=, ..., U1 the corresponding eigenspace
with multipliers d; = diml/;, ¢ = 1,2,...,7. Then 75 d;, A, = 1,2,...,T are
nonrandom constants. Let Vi =U711 U B - - BUK, k=T+1,7,...,1,such
that the sequence

{0}y C V=, CV-C---CV; =R™

defines another filtration of R™. For each = € R™ the Lyapunov exponent

- 1
AMw,z) = lim —In||®(n,w)z|

|n|
exists and
Mw,z) =M = 1€ (Vi \ Vis1)(w)
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for k=1,2,...,7, and Aw, z) = —00 < 2 € V=, 1. Moreover, the spaces V; are
invariant in the sense

O (n,w)V;(w) CVi(0"w), ¥Yn<0
fori=1,2,...,7+ 1.
We arrive at the following MET for linear SSDEs [16].

Theorem 4.6. Suppose that
thPO 1B0H thPO leH € L.
Then,
Y1 =7, N = X\, di = d;, i = 1,...,7. Further, A\, \a,..., A\ and
di,da, ... ,d; are nonrandom numbers.
(ii) For anyi=1,2,...,7, the set V; NV; is invariant.
(iii) There exist subspaces Wo = Vo, Wi, ..., Wy, such that
R™ = ®_W;, W; @V =V, ﬂvi, dimW,; =d;, i =1,2,...,7,
and for any x € W; \ {0}

. 1 . 1 _
lin —1n@(n,w)r(@)| = A = lim =1 X,(7(w), )|

n—

where T = P_1 Pyx.

4.4. Furstenberg—Kifer Decomposition for Singular Stochastic Difference Equa-
tions

We turn to the Furstenberg-Kifer multiplicative ergodic theorem for the index-1
tractable SSDE (4.1). Let (&,) be an i.i.d random sequence, defined on (2, F, P),
with values in a Polish space Y. Suppose that we are given two matrix-functions
A,B:Y — R™™ Denote Aw) = A(&(w)), B(w) = B(&(w)) and assume
that rankA(y) = r, rankB(y) = k for all y € Y and the functions A(:), B(-) are
continuous on Y. Recall that

aw =0 (50 D) ver. sw =t (B ) e

where U(y),U(y),V (y), V(y) are orthogonal matrix-functions, continuous in y
and %(y), X(y) are an r xr and k x k nonsingular matrices respectively. We recall
some notations which have already been introduced in the above subsections,
that is, Q =diag(O,, I,n_,), Q =diag(Og, I,,_1) and

G = AG) + BE)V (61)QV (6),

V(En-1)QVT (£.)G B(&,) (n > 0),

B(&n) + ( >_<sn+1>@ V' (€),
V(E)Q V" (€n-1)C,, 1 A(En1) (n < 0).

é
Q@n
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Furthermore, we denote
H(§n+1a &ns gnfl) = PHG;IB(fn)a

where P, = I — @n, then System (4.1) has a unique solution given by
Xo(@) = [[HE i1, éni)z, n>1,
i=1

provided @03: =0 a.s. We remark that

H(§n+1a gn; gn*l) = H(§n+1; gn; gnfl)ﬁnfl

and the matrices H ({41, &n, &n—1) are degenerate with rankH (£,,41,&n, En—1) =
r for all n > 0, so the hypothesis of Furtenberg—Kifer in [23] is not satisfied.
A similar result can be obtained for the case n < 0, namely, putting

ﬁ(§n+15 gm gnfl) = ﬁnéglA(fn)a

where P, = I — @n, then (4.1) has a unique solution
-1
Xn(x) = H H(&41,8,8 1)z, n=-1,-2,...

provided @03: =0 a.s.

It is worth of noting that System (4.1) possesses solutions only for those
initial values z satisfying mx = x a.s., where 7 = ﬁ,lﬁo. Therefore, as is seen
below, instead of a nonrandom filtration as is established in [22], here, we are
able to find only a decomposition depending on the initial noise &y. Since (&,,) is
an equi-distributed sequence, we can write &, = £(0™), with a random variable
¢(w) defined on (2, F,P). In addition, to simplify notations, we put 7, =
(€nt1,6n,€n—1), Y =Y xY xY and as the above mentioned, the solution of (4.1)
is given by X, (z,w) = ®(n,w)x, where ®(n,w) is defined by the formula (4.8).
Although the hypothesis of Furtenberg—Kifer in [23] for the index-1 tractable
SSDE (4.1) is not satisfied, the Furstenberg—Kifer multiplicative ergodic theorem
for System (4.1) has been established in [15].

Theorem 4.7. There exist T + 1 numbers —oo = Mg < A1 < -+ < A\; and a
family of filtrations consisting of linear subspaces of R™

{0} CWoly) CVi(y) C--- C Vi (y) =R™, ye Y
such that the map y — Vi(y) is measurable and for any 0 < i < 7, if x €
Vi(no) \ Vi-1(no) then

1
lim —In||X,(z,w)| = A,
n—oo N

P- a.s. w € Q. Furthermore, the family of filtrations {V;(y)} is invariant in the
sense

®(n, w)Vi(no) C Vi(nn)
foras. weQ, n>0.
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A similar result can be given for the case n < 0.

Theorem 4.8. There exist T+ 1 numbers —o00 = Az.1 < Az < --- < \; and a
family of filtrations consisting of linear subspaces of R™

{0} CVra(y) CV=y) C... CViy) =R™, y €Y
such that the map y — V;(y) is measurable and if x € V;11(no) \ Vi(no) then

1 _
lim — In|| X, (z,w)| = A,

n——oo n|

P- a.5. w € Q. Moreover, the family of filtrations {V;(y)} is invariant in the
sense

®(n, w)Vi(1o) Vi),
foras. weQ, n<O.

It is shown that 7 = 7 and \; = —\; for any 1 < i < 7 (see [15] and references
therein). Thus, putting

Z/{O(y) = kerw(y)5 Z/{l(y) = Vl mvl; Z/{Q :Z/{l@VQ QVQ, <. -;u‘r :u‘r71®v~r ﬂvq-

We have the following theorem.

Theorem 4.9. (Furstenberg—Kifer decomposition) There exist T+ 1 numbers
—00 = A < A1 < -+ < Ar and a family of filtrations consisting of linear
subspaces of R™

{0} ClUo(y) Clh(y) C ... CU:(y) =R™, y €,
such that the map y — U;(y) is measurable and if © € Ui(no) \ Ui—1(no) then

1
lim —In||X,(z,w)| = N\,

n—+too n

P- a.s. w € Q. Furthermore, the family of filtrations {U;(y)} is invariant in the
sense

D(n, w)U;(110) < Ui(1n),
foras. weQ, neZ.

Finally, an application of Furstenberg-Kifer decomposition for studying the
existence of a bounded solution to the equation

A(E) Xns1 = BE)Xn + qn, neZ (4.10)

has been given in [15] under the following hypothesis.

Hypotheses 4.10. There exists a constant C such that
P{Hm)| <C}=1, P{|H(m)|<C}=1
Next, let L, be the set of the sequences of random variables (g,,) such that

[|¢ < o0

sup El|g,,
nez
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and

L=\ La
O0<a<ap

for an g > 0. The unique solvability of Eq. (4.10) is guaranted by the following
theorem.

Theorem 4.11. Suppose that the spectrum of the system
A(gn)XnJrl = B(gn)Xn

does not contain 0, then for any (¢,) € L Equation (4.10) has a unique solution
in L.

Conclusion

Most of existing work on linear SDEs deals with constant coeflicient systems.
In our recent publications, time varying SDEs and SSDEs have been studied.
This paper has summarized a number of results on deterministic and stochastic
SDEs. Further studies on control problems for time varying SDEs and SSDEs
may be of interest and should be performed.
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