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Abstract. Ramanujan recorded the values for 107 class invariants or polynomials

satisfied by them at scattered places of his first notebook. On pages 294-299 in his

second notebook, Ramanujan gave a table of values for 77 class invariants. In this

paper, we establish some connecting formulas for Gn and gn. We also establish several

new explicit evaluations of Ramanujan-Weber type class invariants using the modular

equations and several explicit values of singular moduli.
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1. Introduction

Ramanujan’s class invariants are defined by

Gn := 2−
1
4 q−

1
24 χ(q) and gn := 2−

1
4 q−

1
24 χ(−q), (1.1)

where
χ(q) := (−q; q2)∞, q = e−π

√
n

and

(a; q)∞ =
∞∏

n=0

(1 − aqn), |q| < 1.

On pages 294-299, Ramanujan recorded table of values for 77 class invariants
or monic irreducible polynomials. In [19, 20], Watson proved 24 of Ramanujan’s
class invariants from Ramanujan’s paper [17]. Watson also wrote further four
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papers [21–24] on the calculation of class invariants. In [7], Chan has used class
field theory, Galois theory and Kronecker’s limit formula to justify Watson’s
assumptions and calculated some values of Gn. In [2], Baruah has established
the value of G217 using modular equations of degrees 7 and 31.

The ordinary hypergeometric series 2F1(a, b; c; x) is defined by

2F1(a, b; c; x) :=
∞∑

i=0

(a)i(b)i

(c)i i!
xi,

where (a)0 = 1, (a)i = (a)(a + 1)...(a + i − 1) for i ≥ 1 and |x| < 1.

The complete elliptic integral of the first kind K = K(k) associated with the
modulus k, 0 < k < 1, is defined by

K(k) :=
∫ π

2

0

dϕ√
1 − k2 sin2 ϕ

=
π

2 2F1

(
1
2
,
1
2
; 1; k2

)
,

where the latter representation is achieved by expanding the integrand in a
binomial series and integrating termwise. If we put α := k2 in the above integral
we see that Ramanujan’s function F (α) is K(k):

F (α) = K(k),

where

F (α) = 1 +
(

1
2

)2

α +
(

1 · 3
2 · 4

)2

α2 + . . .

The number k is called the modulus of K. The number k′, defined by k′ :=√
1 − k2, is called the complementary modulus and K ′ := K(k′) is called the

complementary integral. F (α) converges for −1 ≤ α < 1. Moreover, as α
increases from 0 to 1, F (α) increases from 1 to infinity and F (1 − α) decreases
from infinity to 1, and therefore

F (1 − α)
F (α)

decreases monotonically from infinity to zero as α increases from 0 to 1. Thus
there exists a unique real number αn with 0 < αn < 1 which satisfies

F (1− αn)
F (αn)

=
√

n,

and we call αn the singular modulus (for n).

For example, Ramanujan’s famous singular modulus [18, p. 320]:

k2
210 =

(
4 −

√
15
)4 (

8 − 3
√

7
)2 (

2−
√

3
)2 (

6 −
√

35
)2

×
(√

10 − 3
)4 (√

7 −
√

6
)4 (√

15−
√

14
)2 (√

2 − 1
)4

.
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Let p denote a fixed positive integer and suppose that

p
2F1(1

2
, 1

2
; 1; 1− k2)

2F1(1
2
, 1

2
; 1; k2)

= 2F1(1
2
, 1

2
; 1; 1− l2)

2F1(1
2
, 1

2
; 1; l2)

, (1.2)

where 0 < k, l < 1. Then a modular equation of degree p is a relation between
the moduli k and l which is implied by (1.2). Following Ramanujan, we put
α = k2 and β = l2. We often say that β has degree p over α. The multiplier m
is defined by

m := 2F1(1
2
, 1

2
; 1; α)

2F1(1
2
, 1

2
; 1; β)

.

In [8], Mahadeva Naika has proved the connecting formulas Gκ2n with Gn

and gκ2n with gn for κ = 3, 5, 7, 11. One can use the class invariants to find
the explicit evaluations of Ramanujan’s remarkable product of theta functions,
cubic continued fraction, Ramanujan-Selberg continued fraction etc. For more
details see [1, 5, 9-15].

In this paper, we establish several new explicit evaluations of Gn for the even
values of n and gn for odd values of n using Ramanujan’s modular equations.
We also establish several explicit evaluations of singular moduli.

2. Preliminary Results

In this section, we collect some identities which are useful in proving our main
results.

Lemma 2.1. We have

χ(e−y) = 2
1
6 {x(1− x)ey}− 1

24 , (2.1)

χ(−e−y) = 2
1
6 (1 − x)

1
12 (xey)−

1
24 . (2.2)

Proof. For the proofs of (2.1)- (2.2), see [3, Entry 12 (v),(vi), Ch.17, p.124]. �

We restate Ramanujan’s class invariants (1.1) using Lemma 2.1 replacing q
by e−y and x by α as follows:

Gn := (4α(1− α))−
1
24 (2.3)

and
gn :=

(
4α(1− α)−2

)− 1
24 , α = α(e−π

√
n). (2.4)

In the following lemma, we state several Ramanujan’s modular equations.

Lemma 2.2. If β is of degree 3 over α, then

(αβ)
1
4 + {(1 − α)(1 − β)} 1

4 = 1, (2.5)
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m2 = 1 + 4
(

β3(1 − β)3

α(1 − α)

) 1
8

, (2.6)

9
m2

= 1 + 4
(

α3(1 − α)3

β(1 − β)

) 1
8

, (2.7)

Q − 1
Q

= 2
(

P − 1
P

)
, (2.8)

where P = (αβ)
1
8 and Q =

(
β
α

) 1
4
.

Proof. For the proofs of (2.5)- (2.8), see [3, Entry 5(ii), (v), (vi), (xiii), Ch.19,
pp.230-231]. �

Lemma 2.3.

g30 =
(
2 +

√
5
)1

6
(
3 +

√
10
) 1

6
, (2.9)

and

G15 = 2
1
4

(
1 +

√
5

2

) 1
3

. (2.10)

Proof. For a proof of (2.9), see[4, p.200] and for a proof of (2.10), see [4, p.190].
�

3. Main Theorems

In this section, we establish several connecting formulas for Gn with gn, Gn with
G9n, gn with g9n and g4n with Gn.

Theorem 3.1. If β is of degree 3 over α, then

y =
1 +

√
1 + 2u6

2
, (3.1)

where u = (gng9n)−1 and y = {(1 − α)(1 − β)}− 1
4 .

Proof. Using (2.4) and (2.5), we obtain the required result. �

Theorem 3.2. If β is of degree 3 over α, then

x =
1 +

√
1 − 2v6

2
, (3.2)

where v = (GnG9n)−1 and x = {(1 − α)(1 − β)} 1
4 .

Proof. Using (2.3) and (2.5), we obtain the required result. �
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Theorem 3.3. We have
Gn

gn
=

1
(1 − αn) 1

8
. (3.3)

Proof. Using (1.1), (2.1) and (2.2), we obtain the required result. �

Theorem 3.4. We have
αn = (Gng4n)−8

. (3.4)

Proof. Using (1.1), (2.1) and (2.2), we obtain the required result. �

Theorem 3.5. We have

4G16
n g8

n − 4G8
ng16

n − 1 = 0, (3.5)

4g8
4nG8

n − g16
4nG−8

n − 4 = 0, (3.6)

g16
4n − 4g8

4ng16
n − 4g8

n = 0, (3.7)

g2
4ng2

36n = g4
ng4

9n + gng9n

√
g6

ng6
9n + 2, (3.8)

G2
nG2

9n =
g3

ng3
9n +

√
g6

ng6
9n + 2

2
, (3.9)

2
√

2
[
g3

ng3
9n +

1
g3

ng3
9n

]
=

g6
9n

g6
n

− g6
n

g6
9n

(3.10)

and

2
√

2
[
G3

nG3
9n − 1

G3
nG3

9n

]
=

G6
9n

G6
n

+
G6

n

G6
9n

. (3.11)

Proof. Using (2.3), (3.4) and the fact that g4n = 2
1
4 Gngn, we obtain the required

identity (3.5).
Identities (3.6) and (3.7) are obtained by using (3.5) and the fact g4n =

2
1
4 Gngn.

Identities (3.8) and (3.9) are obtained by using (3.3) and (3.4) in (2.5).
Identities (3.10) and (3.11) are proved by using (2.1) and (2.2) in (2.6) and

(2.7). �

Remark. The identities (3.10) and (3.11) are recorded by Ramanujan in [18].
The different proofs of the identities (3.8), (3.10) and (3.11) can be found in [8].
The identities (3.5), (3.6) and (3.7) seem to be new.

4. Computation of Gn for even values of n

In this section, we establish some explicit evaluations of class invariant Gn for
even values of n by using Ramanujan’s modular equations and the class invariant
gn.
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Theorem 4.1. We have

G30 =
(√

5 + 2
) 1

6
(√

10 + 3
)1

6

(
1 + 2

√
6 −

√
15

2

)1
4

(√
−39 − 12

√
10 + 18

√
6 + 9

√
15

2
−
√

−41 − 12
√

10 + 18
√

6 + 9
√

15
2

)1
4

(4.1)

and

G 10
3

=
(√

5 − 2
) 1

6
(√

10 + 3
)1

6

(
1 + 2

√
6 −

√
15

2

) 1
4



√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

+

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2




1
4

.

(4.2)

Proof. Using (2.9) in (3.10) with n = 10
3

, we deduce that

g 10
3

=
(√

5 − 2
)1

6
(
3 +

√
10
)1

6
. (4.3)

From (2.9) and (4.3), we find that

u =
(√

10 + 3
)− 1

3
. (4.4)

Using (4.4) in (3.1), we deduce that

y =
1 +

√
39 − 12

√
10

2
. (4.5)

Changing α to 1−β and β to 1−α in (2.8) and then using (4.5) in the resultant
equation, we find that

Q =



√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

−

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2


 .

(4.6)
Using (4.5) and (4.6), we deduce that

(1 − α30)−
1
8 =

(
1 + 2

√
6 −

√
15

4

) 1
4



√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

−

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2




1
4
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(4.7)
and

(1 − α 10
3

)−
1
8 =

(
1 + 2

√
6 −

√
15

4

)1
4



√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

+

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2




1
4

.

(4.8)

Using (4.7) and (2.9) in (3.3), we obtain the result (4.1). Similarly using (4.8)
and (4.3) in (3.3), we obtain (4.2). Hence we complete the proof. �

Theorem 4.2. We have

G42 =
(
2
√

2 +
√

7
) 1

6

(√
7 +

√
3

2

) 1
2
(

1 − 4
√

3 + 3
√

7
2

) 1
4



√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

−

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2




1
4

,

(4.9)

G 14
3

=
(
2
√

2 −
√

7
) 1

6

(√
7 +

√
3

2

) 1
2
(

1 − 4
√

3 + 3
√

7
2

)1
4



√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

+

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2




1
4

,

(4.10)

G78 =
(√13 + 3

2

) 1
2
(√

26 + 5
)1

6
(1 + 15

√
3 − 4

√
39

2

) 1
4

(
√

−1299 + 765
√

3 + 204
√

39 − 360
√

13
2

−

√
−1301 + 765

√
3 + 204

√
39 − 360

√
13

2

) 1
4
, (4.11)
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G 26
3

=
(√13 + 3

2

) 1
2
(√

26 − 5
)1

6
(1 + 15

√
3 − 4

√
39

2

) 1
4

(
√

−1299 + 756
√

3 + 204
√

39 − 360
√

13
2

+

√
−1301 + 756

√
3 + 204

√
39 − 360

√
13

2

) 1
4
, (4.12)

G102 =
(√

2 + 1
) 1

2
(
3
√

2 +
√

17
)1

3
(1 + 7

√
51 − 20

√
6

2

) 1
4

(
√

−4899− 840
√

34 + 693
√

51 + 1980
√

6
2

−

√
−4901 − 840

√
34 + 693

√
51 + 1980

√
6

2

) 1
4

(4.13)

and

G 34
3

=
(√

2 − 1
)1

2
(
3
√

2 +
√

17
) 1

3

(
1 + 7

√
51− 20

√
6

2

) 1
4

(
√

−4899 − 840
√

34 + 693
√

51 + 1980
√

6
2

+

√
−4901 − 840

√
34 + 693

√
51 + 1980

√
6

2

) 1
4
. (4.14)

The proof of Theorem 4.2 is similar to that of Theorem 4.1, hence we omit the
details. �

5. Computation of gn for Odd Values of n

In this section, we establish some explicit evaluations of class invariant gn for
odd values of n by using Ramanujan’s modular equations and the class invariant
Gn.

Theorem 5.1. We have

g15 =

(√
5 + 1
2

) 1
3
(√

3 + 1
2

) 1
2


√

30 − 15
√

3
4

+

√
26 − 15

√
3

4




1
4

(5.1)
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and

g 5
3

=

(√
5 − 1
2

) 1
3
(√

3 + 1
2

) 1
2


√

30 − 15
√

3
4

−

√
26− 15

√
3

4




1
4

. (5.2)

Proof. Using (2.10) in (3.11) with n = 5
3
, we find that

G 5
3

= 2
1
4

(√
5 − 1
2

) 1
3

. (5.3)

From (2.10) and (5.3), we find that

v =
1√
2
. (5.4)

Using (5.4) in (3.2), we deduce that

x =

(√
3 + 1
2
√

2

)2

. (5.5)

Changing α to 1−β and β to 1−α in (2.8) and then using (5.5) in the resultant
equation, we deduce that

Q =



√

30 − 15
√

3
4

+

√
26 − 15

√
3

4


 . (5.6)

Using (5.5) and (5.6), we find that

(1 − α15)
1
8 =

(√
3 + 1
2
√

2

) 1
2


√

30− 15
√

3
4

−

√
26 − 15

√
3

4




1
4

(5.7)

and

(1 − α 5
3
)

1
8 =

(√
3 + 1
2
√

2

) 1
2



√

30 − 15
√

3
4

+

√
26 − 15

√
3

4




1
4

. (5.8)

Using (5.7) and (2.10) in (3.3), we obtain the result (5.1). Similarly using (5.8)
and (5.3) in (3.3), we obtain (5.2). Hence we complete the proof. �

Theorem 5.2. We have

g21 =

(√
7 +

√
3

2

) 1
4
(

3 +
√

7√
2

) 1
6
(

1 +
√

6
√

7 − 15
2

)1
4

×
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×



√

15 + 6
√

7− 9
√

5 + 2
√

7
2

+

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2




1
4

, (5.9)

g 7
3

=

(√
7 −

√
3

2

) 1
4
(

3 +
√

7√
2

)1
6
(

1 +
√

6
√

7 − 15
2

) 1
4



√

15 + 6
√

7 − 9
√

5 + 2
√

7
2

−

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2




1
4

, (5.10)

g33 =

(√
11 + 3√

2

) 1
6
(√

3 + 1√
2

) 1
2
(

1 +
√
−51 + 30

√
3

2

)1
4

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

+

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

) 1
4
, (5.11)

g 11
3

=

(√
11 − 3√

2

) 1
6
(√

3 + 1√
2

) 1
2
(

1 +
√

−51 + 30
√

3
2

) 1
4

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

−

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

) 1
4
, (5.12)

g39 =2
1
4

(√
13 + 3

2

) 1
6


√

5 +
√

13
8

+

√
−3 +

√
13

8



(

2
√

2 +
√
−3 + 3

√
13

4
√

2

) 1
4

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

+

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

) 1
4
, (5.13)
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g 13
3

=2
1
4

(√
13 + 3

2

) 1
6


√

5 +
√

13
8

−

√
−3 +

√
13

8



(

2
√

2 +
√
−3 + 3

√
13

4
√

2

) 1
4

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

−

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

) 1
4
, (5.14)

g57 =

(
3
√

19 + 13√
2

) 1
6 (

2 +
√

3
)1

4

(
1 +

√
78

√
19 − 339

2

) 1
4

(
√

339 + 78
√

19 − 45
√

113 + 26
√

19
2

+

√
337 + 78

√
19 − 45

√
115 + 26

√
19

2

) 1
4
, (5.15)

g 19
3

=

(
3
√

19 + 13√
2

)1
6 (

2 −
√

3
) 1

4

(
1 +

√
78

√
19 − 339

2

) 1
4

(
√

339 + 78
√

19 − 45
√

113 + 26
√

19
2

−

√
337 + 78

√
19 − 45

√
115 + 26

√
19

2

) 1
4
, (5.16)

g93 =

(
39 + 7

√
31√

2

) 1
6
(√

31 + 3
√

3
2

)1
4
(

1 +
√
−3039 + 546

√
31

2

) 1
4

(
√

3039 + 546
√

31 − 135
√

1013 + 182
√

31
2

+

√
3037 + 546

√
31 − 135

√
1013 + 182

√
31

2

) 1
4
, (5.17)
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g 31
3

=

(
39 + 7

√
31√

2

) 1
6
(√

31 − 3
√

3
2

) 1
4
(

1 +
√

−3039 + 546
√

31
2

) 1
4

(
√

3039 + 546
√

31− 135
√

1013 + 182
√

31
2

−

√
3037 + 546

√
31 − 135

√
1013 + 182

√
31

2

)1
4
, (3.18)

g177 =

(
3
√

59 + 23√
2

) 1
6
(√

3 + 1√
2

) 3
2
(

1 +
√

−140451 + 81090
√

3
2

) 1
4

(
√

140451 + 81090
√

3 − 69
√

8286609 + 4784310
√

3
2

+

√
140449 + 81090

√
3 − 69

√
8286609 + 4784310

√
3

2

) 1
4

(5.19)

and

g 59
3

=

(
3
√

59− 23√
2

) 1
6
(√

3 + 1√
2

) 3
2
(

1 +
√

−140451 + 81090
√

3
2

) 1
4

(
√

140451 + 81090
√

3 − 69
√

8286609 + 4784310
√

3
2

−

√
140449 + 81090

√
3 − 69

√
8286609 + 4784310

√
3

2

)1
4
.

(5.20)

The proof of Theorem 5.2 is similar to that of Theorem 5.1, hence we omit the
details. �

6. Some New Explicit Evaluations of gn

In this section, we establish several new explicit evaluations of the class invariants
gn using the values in Theorems 4.1, 4.2, 5.1, 5.2 and the formula g4n = 2

1
4 Gngn.

Theorem 6.1. We have

g60 = 2
1
2

(√
5 + 1
2

) 2
3
(√

3 + 1
2

) 1
2


√

30 − 15
√

3
4

+

√
26 − 15

√
3

4




1
4

, (6.1)
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g 20
3

= 2
1
2

(√
5 − 1
2

) 2
3
(√

3 + 1
2

)1
2


√

30 − 15
√

3
4

−

√
26− 15

√
3

4




1
4

, (6.2)

g84 =2
1
4

(√
7 +

√
3

2

)1
2
(

3 +
√

7√
2

) 1
3
(

1 +
√
−15 + 6

√
7

2

) 1
4

(
√

15 + 6
√

7 − 9
√

5 + 2
√

7
2

+

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2

) 1
4
,

(6.3)

g 28
3

=2
1
4

(√
7 −

√
3

2

) 1
2
(

3 +
√

7√
2

) 1
3
(

1 +
√

−15 + 6
√

7
2

) 1
4

(
√

15 + 6
√

7 − 9
√

5 + 2
√

7
2

−

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2

) 1
4
,

(6.4)

g120 =2
1
4 (
√

5 + 2)
1
3 (
√

10 + 3)
1
3

(
1 + 2

√
6 −

√
15

2

) 1
4

(
√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

−

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2

) 1
4
, (6.5)

g 40
3

=2
1
4 (
√

5 − 2)
1
3 (
√

10 + 3)
1
3

(
1 + 2

√
6 −

√
15

2

) 1
4

(
√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

+

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2

) 1
4
, (6.6)

g132 =2
1
4

(√
11 + 3√

2

)1
3
(√

3 + 1√
2

)(
1 +

√
−51 + 30

√
3

2

) 1
4

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

+

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

) 1
4
, (6.7)
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g 44
3

=2
1
4

(√
11 − 3√

2

) 1
3
(√

3 + 1√
2

)(
1 +

√
−51 + 30

√
3

2

) 1
4

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

−

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

)1
4
, (6.8)

g156 =2
3
4

(√
13 + 3

2

) 1
3


√

5 +
√

13
8

+

√
−3 +

√
13

8




2(
2
√

2 +
√
−3 + 3

√
13

4
√

2

) 1
4

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

+

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

) 1
4
, (6.9)

g 52
3

=2
3
4

(√
13 + 3

2

) 1
3


√

5 +
√

13
8

−

√
−3 +

√
13

8




2(
2
√

2 +
√

−3 + 3
√

13
4
√

2

) 1
4

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

−

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

) 1
4
, (6.10)

g168 =2
1
4 (2

√
2 +

√
7)

1
3

(√
7 +

√
3

2

)(
1 − 4

√
3 + 3

√
7

2

)1
4

(
√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

−

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2

) 1
4
, (6.11)
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g 56
3

=2
1
4 (2

√
2 −

√
7)

1
3

(√
7 +

√
3

2

)(
1 − 4

√
3 + 3

√
7

2

) 1
4

(
√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

+

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2

) 1
4
, (6.12)

g228 =2
1
4 (2 +

√
3)

1
2

(
3
√

19 + 13√
2

) 1
3
(

1 +
√

−339 + 78
√

19
2

)1
4

(
√

339 + 78
√

19 − 45
√

113 + 26
√

19
2

+

√
337 + 78

√
19 − 45

√
113 + 26

√
19

2

) 1
4
, (6.13)

g 76
3

=2
1
4 (2 −

√
3)

1
2

(
3
√

19 + 13√
2

) 1
3
(

1 +
√

−339 + 78
√

19
2

) 1
4

(
√

339 + 78
√

19− 45
√

113 + 26
√

19
2

−

√
337 + 78

√
19 − 45

√
113 + 26

√
19

2

) 1
4
, (6.14)

g312 =2
1
4 (
√

26 + 5)
1
3

(√
13 + 3

2

)(
1 + 15

√
3 − 4

√
39

2

) 1
4

(
√

−1299 + 765
√

3 + 204
√

39 − 360
√

13
2

−

√
−1301 + 765

√
3 + 204

√
39 − 360

√
13

2

) 1
4
, (6.15)
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g 104
3

=2
1
4 (
√

26 − 5)
1
3

(√
13 + 3

2

)(
1 + 15

√
3 − 4

√
39

2

)1
4

(
√

−1299 + 765
√

3 + 204
√

39 − 360
√

13
2

+

√
−1301 + 765

√
3 + 204

√
39 − 360

√
13

2

) 1
4
, (6.16)

g372 =2
1
4

(
39 + 7

√
31√

2

) 1
3
(√

31 + 3
√

3
2

) 1
2
(

1 +
√
−3039 + 546

√
31

2

)1
4

(
√

3039 + 546
√

31 − 135
√

1013 + 182
√

31
2

+

√
3037 + 546

√
31− 135

√
1013 + 182

√
31

2

) 1
4
, (6.17)

g 124
3

=2
1
4

(
39 + 7

√
31√

2

) 1
3
(√

31 − 3
√

3
2

) 1
2
(

1 +
√

−3039 + 546
√

31
2

) 1
4

(
√

3039 + 546
√

31 − 135
√

1013 + 182
√

31
2

−

√
3037 + 546

√
31 − 135

√
1013 + 182

√
31

2

) 1
4
, (6.18)

g408 =2
1
4 (
√

2 + 1)
(
3
√

2 +
√

17
) 2

3

(
1 + 7

√
51 − 20

√
6

2

) 1
4

(
√

−4899 − 840
√

34 + 693
√

51 + 1980
√

6
2

−

√
−4901 − 840

√
34 + 693

√
51 + 1980

√
6

2

) 1
4

(6.19)

and
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g 136
3

=2
1
4 (
√

2 − 1)
(
3
√

2 +
√

17
) 2

3

(
1 + 7

√
51− 20

√
6

2

) 1
4

(
√

−4899− 840
√

34 + 693
√

51 + 1980
√

6
2

+

√
−4901− 840

√
34 + 693

√
51 + 1980

√
6

2

) 1
4
. (6.20)

7. Explicit Evaluations of αn := α(e−π
√

n)

In this section, we establish the following explicit evaluations of the singular
moduli αn using the values of the class invariants obtained in Theorems 4.1, 4.2
and 6.1 in Equation (3.4).

Theorem 7.1. We have

α15 = 2−4

(√
5 − 1
2

)8(√
3 − 1√

2

)4


√

30− 15
√

3
4

−

√
26 − 15

√
3

4




2

, (7.1)

α 5
3

= 2−4

(√
5 + 1
2

)8(√
3 − 1√

2

)4


√

30 − 15
√

3
4

+

√
26 − 15

√
3

4




2

, (7.2)

α21 =

(√
7 −

√
3

2

)6(
3 −

√
7√

2

)4(
1 −

√
−15 + 6

√
7

2

)2 (
8 + 3

√
7
)2

(
√

15 + 6
√

7 − 9
√

5 + 2
√

7
2

−

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2

)2

,
(7.3)

α 7
3

=

(√
7 +

√
3

2

)6(
3 −

√
7√

2

)4(
1 −

√
−15 + 6

√
7

2

)2 (
8 + 3

√
7
)2

(
√

15 + 6
√

7 − 9
√

5 + 2
√

7
2

+

√
13 + 6

√
7 − 9

√
5 + 2

√
7

2

)2

,
(7.4)
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α30 =
(√

5 − 2
)4 (√

10− 3
)4
(
−1 +

√
15 + 2

√
6√

2

)4 (
4 −

√
15
)4

(
√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

+

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2

)4

,
(7.5)

α 10
3

=
(√

5 + 2
)4 (√

10 − 3
)4
(
−1 +

√
15 + 2

√
6√

2

)4 (
4 −

√
15
)4

(
√

−39 − 12
√

10 + 18
√

6 + 9
√

15
2

−

√
−41 − 12

√
10 + 18

√
6 + 9

√
15

2

)4

,
(7.6)

α33 =

(√
11 − 3√

2

)4(√
3 − 1√

2

)12(
1 −

√
−51 + 30

√
3

2

)2 (
26 + 15

√
3
)2

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

−

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

)2

, (7.7)

α 11
3

=

(√
11 + 3√

2

)4(√
3 − 1√

2

)12(
1 −

√
−51 + 30

√
3

2

)2 (
26 + 15

√
3
)2

(
√

51 + 30
√

3 − 3
√

561 + 330
√

3
2

+

√
49 + 30

√
3 − 3

√
561 + 330

√
3

2

)2

, (7.8)

α39 =

(√
13 − 3

2

)4


√

5 +
√

13
8

−

√
−3 +

√
13

8




24

(
11 + 3

√
13

2

)2(
2
√

2 −
√
−3 + 3

√
13

4
√

2

)2

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

−

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

)2

, (7.9)
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α 13
3

=

(√
13 − 3

2

)4


√

5 +
√

13
8

+

√
−3 +

√
13

8




24

(
11 + 3

√
13

2

)2(
2
√

2 −
√

−3 + 3
√

13
4
√

2

)2

(
√

348 + 96
√

13 − 9
√

2906 + 806
√

13
8

+

√
340 + 96

√
13 − 9

√
2906 + 806

√
13

8

)2

, (7.10)

α42 =
(
2
√

2 −
√

7
)4
(√

7 −
√

3
2

)12(
1 + 4

√
3 + 3

√
7√

2

)4 (
8 − 3

√
7
)4

(
√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

+

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2

)4

, (7.11)

α 14
3

=
(
2
√

2 +
√

7
)4
(√

7 −
√

3
2

)12(
1 + 4

√
3 + 3

√
7√

2

)4 (
8 − 3

√
7
)4

(
√

−111 + 60
√

3 + 45
√

7 − 24
√

21
2

−

√
−113 + 60

√
3 + 45

√
7 − 24

√
21

2

)4

, (7.12)

α57 =
(
2 −

√
3
)6
(

3
√

19 − 13√
2

)4(
1 −

√
−339 + 78

√
19

2

)2 (
170 + 39

√
19
)2

(
√

339 + 78
√

19 − 45
√

113 + 26
√

19
2

−

√
337 + 78

√
19 − 45

√
113 + 26

√
19

2

)2

, (7.13)
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α 19
3

=
(
2 +

√
3
)6
(

3
√

19 − 13√
2

)4(
1 −

√
−339 + 78

√
19

2

)2 (
170 + 39

√
19
)2

(
√

339 + 78
√

19− 45
√

113 + 26
√

19
2

+

√
337 + 78

√
19− 45

√
113 + 26

√
19

2

)2

, (7.14)

α78 =

(√
13 − 3

2

)12 (√
26 − 5

)4
(
−1 + 15

√
3 + 4

√
39√

2

)4 (
25− 4

√
39
)4

(
√

−1299 + 765
√

3 + 204
√

39 − 360
√

13
2

+

√
−1301 + 765

√
3 + 204

√
39 − 360

√
13

2

)4

, (7.15)

α 26
3

=

(√
13 − 3

2

)12 (√
26 + 5

)4
(
−1 + 15

√
3 + 4

√
39√

2

)4 (
25 − 4

√
39
)4

(
√

−1299 + 765
√

3 + 204
√

39− 360
√

13
2

−

√
−1301 + 765

√
3 + 204

√
39− 360

√
13

2

)4

, (7.16)

α93 =

(
39 − 7

√
31√

2

)4(√
31 − 3

√
3

2

)6

(
1 −

√
−3039 + 546

√
31

2

)2 (
1520 + 273

√
31
)2

(
√

3039 + 546
√

31 − 135
√

1013 + 182
√

31
2

−

√
3037 + 546

√
31 − 135

√
1013 + 182

√
31

2

)2

, (7.17)
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α 31
3

=

(
39− 7

√
31√

2

)4(√
31 + 3

√
3

2

)6

(
1 −

√
−3039 + 546

√
31

2

)2 (
1520 + 273

√
31
)2

(
√

3039 + 546
√

31 − 135
√

1013 + 182
√

31
2

+

√
3037 + 546

√
31 − 135

√
1013 + 182

√
31

2

)2

, (7.18)

α102 =
(√

2 − 1
)12 (

3
√

2 −
√

17
)8
(

1 + 7
√

51 + 20
√

6√
2

)4 (
50 − 7

√
51
)4

(
√

−4899− 840
√

34 + 693
√

51 + 1980
√

6
2

+

√
−4901− 840

√
34 + 693

√
51 + 1980

√
6

2

)4

(7.19)

and

α 34
3

=
(√

2 + 1
)12 (

3
√

2 −
√

17
)8
(

1 + 7
√

51 + 20
√

6√
2

)4 (
50 − 7

√
51
)4

(
√

−4899 − 840
√

34 + 693
√

51 + 1980
√

6
2

−

√
−4901 − 840

√
34 + 693

√
51 + 1980

√
6

2

)4

. (7.20)

Remark. The identities (6.1), (6.3), (6.5), (6.7), (6.11), (6.15) and (6.19) are
recorded by Ramanujan in his notebooks [18, pp. 80, 214, 288, 289, 310, 312,
313, 345, 346]. The different proofs of these identities can also be found in [16],
[6, pp. 139, 151] and [4, pp. 281, 282, 291, 292].
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124 M. S. Mahadeva Naika and K. Sushan Bairy

References

1. C. Adiga, M. S. Mahadeva Naika and K. Shivashankara, On some P-Q eta-

function identities of Ramanujan, Indian Jour. Math. 44 (2002) 253-267.

2. N. D. Baruah, On some class invariants of Ramanujan, J. Indian Math. Soc. 68

(2001) 113-131.

3. B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, 1991.

4. B. C. Berndt, Ramanujan’s Notebooks, Part V, Springer-Verlag, New York, 1998.

5. B. C. Berndt, H. H. Chan and L.-C. Zhang, Ramanujan’s remarkable product of

the theta-function, Proc. Edinburgh Math. Soc. 40 (1997) 583-612.

6. J. M. Borwein and P. B. Borwein, Pi and the AGM, Wiley, New York, 1987.

7. H. H. Chan, Ramanujan-Weber class invariant Gn and Watson’s empirical pro-

cess, J. London Math. Soc. 57 (1998) 545-561.

8. M. S. Mahadeva Naika, P−Q eta-function identities and computation of Ramanujan-

Weber class invariants, J. Indian Math., Soc. 70 (2003) 121-134.

9. M. S. Mahadeva Naika, Some theorems on Ramanujan’s cubic continued fraction

and related identities, Tamsui Oxford J. Math. Sci., (to appear).

10. M. S. Mahadeva Naika and B. N. Dharmendra, On some new general theorems

for the explicit evaluations of Ramanujan’s remarkable product of theta-function,

The Ramanujan J. 15 (2008) 349-366.

11. M. S. Mahadeva Naika, B. N. Dharmendra and K. Shivashankara, On some new

explicit evaluations of Ramanujan’s remarkable product of theta-function, South

East Asian J. Math. and Math. Sc. 5 (2006) 107-119.

12. M. S. Mahadeva Naika and M. C. Maheshkumar, Explicit evaluations of Ra-

manujan’s remarkable product of theta-function, Adv. Stud. Contemp. Math.

13 (2006) 235-254.

13. M. S. Mahadeva Naika, M. C. Maheshkumar and K. Sushan Bairy, Certain quo-

tient of Eta-function identities, Adv. Stud. Contemp. Math. 16 (2008) 121-136.

14. M. S. Mahadeva Naika, M. C. Maheshkumar and K. Sushan Bairy, On some

remarkable product of theta-function, Aust. J. Math. Anal. Appl. 5 (2008)

1-15.

15. M. S. Mahadeva Naika, Remy Y Denis and K. Sushan Bairy, On some Ramanujan-

Selberg Continued Fraction, (communicated).

16. K. G. Ramanathan, Remarks on some series considered by Ramanujan, J. Indian

Math. Soc. 46 (1982) 107-136.

17. S. Ramanujan, Modular equations and approximation to π, Quart. J. Math.

(Oxford) 45 (1914) 350-372.

18. S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research,

Bombay, 1957.

19. G. N. Watson, Some Singular moduli (I), Quart. J. Math. 3 (1932) 81-98.

20. G. N. Watson, Some Singular moduli (II), Quart. J. Math. 3 (1932) 189-212.

21. G. N. Watson, Singular moduli (3), Proc. London Math. Soc. 40 (1936) 83-142.

22. G. N. Watson, Singular moduli (4), Acta Arith. 1 (1936) 284-323.

23. G. N. Watson, Singular moduli (5), Proc. London Math. Soc. 42 (1937) 274-304.

24. G. N. Watson, Singular moduli (6), Proc. London Math. Soc. 42 (1937) 398-409.


