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Abstract. Ramanujan recorded the values for 107 class invariants or polynomials
satisfied by them at scattered places of his first notebook. On pages 294-299 in his
second notebook, Ramanujan gave a table of values for 77 class invariants. In this
paper, we establish some connecting formulas for G, and g,,. We also establish several
new explicit evaluations of Ramanujan-Weber type class invariants using the modular
equations and several explicit values of singular moduli.
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1. Introduction

Ramanujan’s class invariants are defined by

G, = Q—iq—ﬁx(q) and gn = Q_iq_ﬁX(_Q)a (L.1)
where
X@) = (¢, q=e ™"
and
o0
(@0 = [ —ag"). ol <1.
n=0

On pages 294-299, Ramanujan recorded table of values for 77 class invariants
or monic irreducible polynomials. In [19, 20], Watson proved 24 of Ramanujan’s
class invariants from Ramanujan’s paper [17]. Watson also wrote further four
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papers [21-24] on the calculation of class invariants. In [7], Chan has used class
field theory, Galois theory and Kronecker’s limit formula to justify Watson’s
assumptions and calculated some values of G,. In [2], Baruah has established
the value of G217 using modular equations of degrees 7 and 31.

The ordinary hypergeometric series o Fi(a, b; ¢; x) is defined by

— (a)i(b)i

Fi(a,b;c;2) i= :
2 1(0/, ,c,x) gt (C)i Z' X

where (a)g =1, (a); = (a)(a+1)...(a+i—1) for i > 1 and |z| < 1.

The complete elliptic integral of the first kind K = K (k) associated with the
modulus k, 0 < k < 1, is defined by

E] 11
K(k) 1:/2 d—¢=ﬁ2F1 <—,—§1§k2>a
0 1 —k2sin®p 2 22

where the latter representation is achieved by expanding the integrand in a
binomial series and integrating termwise. If we put o := k? in the above integral
we see that Ramanujan’s function F(«) is K (k):

Fa) = K(k),

2 2
1 1-3
Fla)=1 = — L
() +<2> a+<2.4> a” +
The number k is called the modulus of K. The number k', defined by k' :=
V1 —Fk2, is called the complementary modulus and K’ := K(k') is called the
complementary integral. F(«) converges for —1 < « < 1. Moreover, as «

increases from 0 to 1, F(«) increases from 1 to infinity and F(1 — «) decreases
from infinity to 1, and therefore

where

F(1-a)
F(a)

decreases monotonically from infinity to zero as « increases from 0 to 1. Thus
there exists a unique real number «,, with 0 < a,, < 1 which satisfies

F(l—a,) m
F(an) V.

and we call oy, the singular modulus (for n).

For example, Ramanujan’s famous singular modulus [18, p. 320]:
Ko =(1- \/E)4 (3- 3f7)2 (2- \/5)2 (6- \/£)2
< (Vio-3)" (vi-vE)' (vis—via) (va-1)".
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Let p denote a fixed positive integer and suppose that

oF1(3,5:1-F)  oFi(5, 5,1 -17) (1.2)
2F1(3, 115 k2) oFi (5, 11502 7 '

where 0 < k, [ < 1. Then a modular equation of degree p is a relation between
the moduli k¥ and ! which is implied by (1.2). Following Ramanujan, we put
a = k% and 8 = [2. We often say that 3 has degree p over a. The multiplier m
is defined by

_ 2F( a)

o 2F1(5 B)

In [8], Mahadeva Naika has proved the connecting formulas Gz, with G,
and g2, with g, for Kk = 3,5,7,11. One can use the class invariants to find
the explicit evaluations of Ramanujan’s remarkable product of theta functions,
cubic continued fraction, Ramanujan-Selberg continued fraction etc. For more
details see [1, 5, 9-15].

= [o|—=

1.1.
55717
1.1.
55717

In this paper, we establish several new explicit evaluations of G,, for the even
values of n and g, for odd values of n using Ramanujan’s modular equations.
We also establish several explicit evaluations of singular moduli.

2. Preliminary Results

In this section, we collect some identities which are useful in proving our main
results.

Lemma 2.1. We have
x(e7?) =28 (1 - z)e’} o, (2.1)
x(—e7Y) = 2%(1 - x)%(xey)_ﬁ. (2.2)
Proof. For the proofs of (2.1)- (2.2), see [3, Entry 12 (v),(vi), Ch.17, p.124]. m

We restate Ramanujan’s class invariants (1.1) using Lemma 2.1 replacing ¢
by e7¥ and x by « as follows:

s

Gp = (da(l1—a))” (2.3)

and

s

gn = (da(l —a)7?) >, a=a(e ™). (2.4)

In the following lemma, we state several Ramanujan’s modular equations.

Lemma 2.2. If 8 is of degree 3 over «, then
(@f)F +{(1 - ) (1= P}T =1, (2.5)
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ﬁzgl - ﬁ)3> * ,

m2:1+4< ) (2.6)
2 pa (S0t 27
a-5-2(P-4), (28)

1
4

where P = (aﬁ)§ and Q = (g)

Proof. For the proofs of (2.5)- (2.8), see [3, Entry 5(ii), (v), (vi), (xiii), Ch.19,
pp.230-231]. .

Lemma 2.3.

I

o=
o

930 = (2 + \/5) (3 + \/E) " (2.9)
and L
G5 =21 (1 +2\/‘F’> d . (2.10)

Proof. For a proof of (2.9), see[4, p.200] and for a proof of (2.10), see [4, p.190].
| ]

3. Main Theorems

In this section, we establish several connecting formulas for G,, with g,, G, with
Gon, gn With gg, and g4, with G,,.

Theorem 3.1. If 3 is of degree 3 over «, then

14+ V1+2us
y=1EVIE2E (3.1
where u = (gngon) ™" and y = {(1 —a)(1 — B)} 3.
Proof. Using (2.4) and (2.5), we obtain the required result. ™
Theorem 3.2. If 3 is of degree 3 over «, then
14+ +v1— 206
T = %, (3.2)

where v = (GpGon) ™t and x = {(1 —a)(1 — B)}3.

Proof. Using (2.3) and (2.5), we obtain the required result. ™
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Theorem 3.3. We have

1
Ak N S (3.3)
gn (1 — Q)8
Proof. Using (1.1), (2.1) and (2.2), we obtain the required result. n
Theorem 3.4. We have .
an = (Gngan) . (3.4)
Proof. Using (1.1), (2.1) and (2.2), we obtain the required result. n
Theorem 3.5. We have
4G g, —4GRg° =1 =0, (3.5)
493,G} — 913G " —4=0, (3.6)
Gin — 49ingn° — 4, =0, (3.7)

92nT36m = InTon + gngony/ 9595, + 2, (3.8)

263 — InTon + /9598, + 2

5 , (3.9)
1 9on 95
2VE |G+ | = S - S (3.10)
nJIIn gn an
and
1 G8 GS
W2 |GG — —— | = 22 3.11
VE|G - e | = G @

Proof. Using (2.3), (3.4) and the fact that g4, = 211G, gn, we obtain the required
identity (3.5).

Identities (3.6) and (3.7) are obtained by using (3.5) and the fact g4, =
2iGngn-

Identities (3.8) and (3.9) are obtained by using (3.3) and (3.4) in (2.5).

Identities (3.10) and (3.11) are proved by using (2.1) and (2.2) in (2.6) and
(2.7). n

Remark. The identities (3.10) and (3.11) are recorded by Ramanujan in [18].
The different proofs of the identities (3.8), (3.10) and (3.11) can be found in [8].
The identities (3.5), (3.6) and (3.7) seem to be new.

4. Computation of G,, for even values of n

In this section, we establish some explicit evaluations of class invariant G,, for
even values of n by using Ramanujan’s modular equations and the class invariant

In-
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Theorem 4.1. We have

Gao = (V5+2)7 (VIO +3)° <—1+2\/;_\/E>Z

(\/—39 — 1210 + 18V6 + 9V15 41— 1210 + 1816 + 9«15) 8

2 2
(4.1)
and )
1 1 (1+2v6-vI5\"
Gu=(V5-2)" (VIO +3)° (ﬂ)
; 2
i
—39 — 12v/10 + 18v/6 + 915 N —41 — 12v/10 + 18V6 + 915
2 2
(4.2)
Proof. Using (2.9) in (3.10) with n = 2, we deduce that
g = (\/5—2)5 (3+\/10)E. (4.3)
From (2.9) and (4.3), we find that
u= (\/10+3)_§. (4.4)
Using (4.4) in (3.1), we deduce that
14++/39 —12V/10
y= . (4.5)

2

Changing o to 1 — f and 3 to 1 — « in (2.8) and then using (4.5) in the resultant
equation, we find that

0— \/—39 —12V/10 + 18v6 + 9v15 —41 — 12v/10 4+ 18v/6 4+ 915
a 2 - 2

(4.6)
Using (4.5) and (4.6), we deduce that

(1- 0430)_é = <—1 ha 2\/; — \/ﬁ>

\/—39 — 1210 + 18V6 + 9v/15 —41 — 12+/10 + 18v6 + 915
2 2
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109
(4.7)
and
o [(142v6-V15\"
(1—qun)§=—"———1"
5 4
i
—39 — 124/10 + 18v/6 + 9v/15 N —41 —124/10 + 18V6 + 915
2 2 '
(4.8)

Using (4.7) and (2.9) in (3.3), we obtain the result (4.1). Similarly using (4.8)
and (4.3) in (3.3), we obtain (4.2). Hence we complete the proof.

| |
Theorem 4.2. We have
(VT V3Y (143437
Gar= (2v2+V7)° (f;f> ( \/;Jr f)
i
—111+60\/§+45\/7—24\/ﬁ_ —113 4+ 60v/3 + 457 — 24/21
2 2 ’
(4.9)
1 : 1—4 i
G%:@f_ﬁy(ﬁ;r\/ﬁ) ( \/§+3\ﬁ>
i
—111+60\/§+45\/7—24\/ﬁ+ —113 4+ 60v/3 + 457 — 24/21
2 2 ’
(4.10)
V13 43\ 3 5 /14153 — 439\ %
Grs=(*5—) (VBB +3)" ()
( —1299 + 765v/3 4+ 204+/39 — 360+/13
2
_\/—1301+765\/§+204\/3_—360\/ﬁ)i (4.11)
2 ’ '
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3

G2 :(@)%(m_g))%(l-klf)\/g_éh/@)i

(\/—1299 + 756v/3 4+ 204+/39 — 360+/13
2

N \/—1301 + 75643 + 2044/39 — 360\/ﬁ) i

4.12
5 (4.12)
3 5,1+ 751 —20V6\ 1
G102=(\/§+1) (3\/§+\/ﬁ)d( \/_2 \/_)4
( —4899 — 840+/34 + 693+/51 + 19806
2
B —4901 — 840v/34 + 693+/51 + 1980\/6)i (4.13)
5 .
and
3 (14751 —20V6 )"
G&:(\/E—l) (3\/§+\/ﬁ)3< T+ 7V51 f)
3 2
( —4899 — 840+/34 + 693+/51 + 1980/6
2
—4901 — 84 4 1+1 3
+\/ 901 — 8 0\/3_—1—2693\/5_—1— 980\/6)4. (4.14)

The proof of Theorem 4.2 is similar to that of Theorem 4.1, hence we omit the
details. -

5. Computation of g, for Odd Values of n

In this section, we establish some explicit evaluations of class invariant g, for

odd values of n by using Ramanujan’s modular equations and the class invariant
G,.

Theorem 5.1. We have

915:<\/52+1> <\/§2+1> \/30—415\/§+\/26—415\/§ (5.)
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and

g 2 2

wlan

V5 —1 3 \/§+1% 30 — 15v/3 26—15\/5i
(B () (et rmB) s

Proof. Using (2.10) in (3.11) with n = 2, we find that

L (VE-1)°
G% =21 <\/_2 ) . (53)
From (2.10) and (5.3), we find that
1
Using (5.4) in (3.2), we deduce that
Vi+1\’
o= ( 2\;% ) . (5.5)

Changing o to 1 — 8 and 3 to 1 — « in (2.8) and then using (5.5) in the resultant

equation, we deduce that

0— \/30—415\/§+\/26—415\/§ . (5.6)

Using (5.5) and (5.6), we find that

:<\/§+1>% \/30—415\/5_\/26—415\/5 ' (5.7)

ool

(1 — 0415)

2V/2

and

(1-ag)s = (—fj{) \/30 _415\/5 + \/26 _415\/5 . (5.8)

Using (5.7) and (2.10) in (3.3), we obtain the result (5.1). Similarly using (5.8)
and (5.3) in (3.3), we obtain (5.2). Hence we complete the proof. =

Theorem 5.2. We have

(VT+VE) T (34V7\T (1 VeV -15)
g1 = 2 /2 2 .
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15+ 67 — 9v/5 + 27 134+ 6vV7 —9v5 4+ 2V7 ’
X 5 + 5 , (5.9)

9

W~

(V=B 34V (14 VevT—15\"
B 2 V2 2

(\/15—1—6\/7—9\/5—1—2\/7_\/13—1—6\/7—9 5+2\ﬁ)Z (5.10)
2 2 ’ '

, :<\/ﬁ+3)% <\/§+1)% <1+\/—51+30\/§)i

V2 V2 2
(\/51+30\f—3 561 + 330V/3
2
49 + 30v/3 — 3v/561 + 330v/3\ &
2
(VT =3\T (VB4 (14 51430V8)°
VR V2 2
(\/51+30\/§—3 561 4+ 330v/3
2
4 — 1 3
_\/ 9+ 303 32 56 +330\/§)4, (5.12)

. <\/13+3)% (\/5%/13 \/—3+\/13) (2\/§+ \/—3+?n/13)i
g3g =21 +
2 8 8 42

(\/3484—96\/1 —9v/2906 + 806v'13
8

+\/340+96\/1 -9 2906—1—806\/13)%

- (5.13)
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o} Vi +3)? \/5+\/ﬁ \/—3+\/ﬁ 22+ 313V
9 = 2 s 8 42

(\/3484—96\/1 —9v/2906 + 80613
8

: (5.14)

B \/340—1—96\/1 -9 2906+806\/ﬁ)i
8

3v19 + 13 s 1 (14 /78/19 — 339 i
957:<T) (2-1—\/5) ( 9 )

(\/339 + 78v19 — 45v/113 + 26+/19
2

(5.15)

N \/337 + 7819 — 454/115 + 26\/19) 3
2 b

o

g1

«|

V2
(\/339 + 7819 — 451/113 + 261/19
2

_ (3\/E+ 13)% (2_\/§)i <1+\/78\/E—339)i
2

(5.16)

B \/337 + 7819 — 454/115 + 26\/19) 3
2 b

(394 7V3L (VBT 43v3\ " (14 /3030 1 546v31 )
993 = /2 B B

(\/3039 + 54631 — 1354/1013 4 182+/31
2

N \/3037 +5464/31 — 1354/1013 + 182\/31)i

: , (5.17)
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=

3

2

(394 7V31 (B -33 1+ /~3080 4 546v31 ) ©
gar = 7 5

(\/3039 + 5464/31 — 1354/1013 4 182+/31
2

, (3.18)

\/3037 + 546+/31 — 1354/1013 + 182+/31 )i
2

V2 V2 2

(\/140451 1 81090v/3 — 691/8286609 + 4784310+/3

1 3 1
(3\/59+23>° <\/§+ 1) (1—1—\/—140451—1—81090\/5)4
gimr =

2

N \/140449 1 81090v/3 — 691/8286609 + 4784310\/5) i
2

(5.19)
and
1 2 1
3v59—23\° [V34+1\7 [ 14/ —140451 + 81090v/3
59 =
9% V2 V2 2
( 140451 + 81090v/3 — 691/8286609 + 4784310v/3
2
\/ 140449 + 81090+/3 — 69+/8286609 4 4784310+/3 ) i
2 (5.20)

The proof of Theorem 5.2 is similar to that of Theorem 5.1, hence we omit the
details. -

6. Some New Explicit Evaluations of g,

In this section, we establish several new explicit evaluations of the class invariants
1
gn using the values in Theorems 4.1, 4.2, 5.1, 5.2 and the formula g4, = 217G, gy,

Theorem 6.1. We have

1
1

V541 s V3+1 : 30 — 15v/3 26 — 15v/3
()() ¢ . W 153) )

=

960 = 2
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_ g3 <\/5—1>§<\/§+1>%(\/30—15\/5_\/26—15\/5)1
95 = 2 2 1 1 !

; <ﬁ+\/§>% <3+\ﬁ>% <1+\/T6ﬁ>i
2

IQZ
gs4 5 \/5

(\/15+6\/7—9\/5+2\/7+\/13+6\/7—9 5+2\ﬁ)i
2 2 ’

—~

6.2)

C“‘lc

9

NS}
C“‘loc

2 V2
(\/15—1—6\/7—9\/5—1—2\/7_\/134—6\/7—9 5+2\ﬁ)i
2 2 ’

g (ﬁ—ﬁ)é <3+\ﬁ>% <1+\/—15+6\ﬁ>i
2

s1a0 =24 (VB 4 2)(VIT 4 3)} (HN;_—VE>

(\/—39 —12/10 + 18V6 + 9v/15
2

B \/—41 — 1210 + 18V6 + 9\/15) i

5 (6.5)

gan =23 (V5 — 2)5 (V10 + 3)3 (ﬂ)4

(\/—39 —12v10 + 18V6 + 9V/15
2

N \/—41 —12v/10+ 18v6 + 9\/15) i
2 b

ot ViT+3\ ' (VB+1) (14 Vs 80v3) "
gi32 = NG NG B)

(\/51+30\/§—3 561 + 330V/3
2

+\/49+30\/§—3

561 + 330\/§)i
2 b
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1

VIT=3\> [(V3+1)\ [1++/=51+30V3 :
V2 V2 2

(\/51+30\f—3 561 + 330v/3
2

PN

gu =2

_\/49+30\f—3 561+330\/§)i
2 b

—9%
gis6 4\/5

d<\/ﬁ+3)% \/5+\/ﬁ+\/—3+\/ﬁ 2(2\/§+\/—3+3\/ﬁ)i
2 8 8

(\/348 + 9613 — 94/2906 4+ 806+/13
8

340 + 96v/13 — 91/2906 + 806+/13\ 7
+\/ + + )4, (6.9)

8

2

_(\/ﬁ+3)_ \/5+\/ﬁ_\/—3+\/ﬁ <2x/§+\/—3+3\/ﬁ)i
8 8

gsz =2

2 42

(\/3484—96\/1 —9v/2906 + 80613
8

B \/340—1—96\/1 -9 2906+806\/E)i

° ’ (6.10)
g168 =27 (2V2 4+ VT)3 (\/7—;—\@) (1—4\/§+3ﬁ)4
(\/_111"‘60\/54-45\/7_24\/5
2
_\/—113+60\/§+245\ﬁ—24\/ﬁ)i, o
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g =2H(2V3 - V) (ﬁ;ﬁ) (

1—4v343V7

2

(\/—111 + 60v/3 + 457 — 244/21

2

N \/—113 + 60v/3 + 457 — 24\/21)i

L L (3V19+13\° (14+v/—339+78V/19\"

2

]

V2

(\/339 + 78v19 — 45v/113 + 26+/19
2

N \/337 + 7819 — 454/113 + 26\/19)i
2 b

. L (3V19+13\° [1+v-339+78V/19\ "

V2

(\/339 + 78v/19 — 45v/113 + 26+/19
2

B \/337 +78v19 — 45+/113 + 26\/19)i
2 b

gs12 =21(V26 + 5)3 (\/1_32+ 3) (1 + 15\/5—4\/@)

2

1299 + 765v/3 + 204+/39 — 360/13

(-

2

-

—1301 + 765v/3 + 204+/39 — 360/13

2

1
4
)

117

(6.12)

(6.13)

(6.14)

(6.15)
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gios =2% (V26 - 5)3 (\/1_32+3) <1+15\/§_4\/@)

(\/—1299 + 765v/3 + 204+/39 — 360/13
2

—1301 + 765v/3 + 204v/39 — 360+/13\ =
+¢ +HT65V3 + )" (6.16)

2

V2 2 2
(\/3039 + 5464/31 — 1354/1013 + 182v/31

! <39+7\/3_1)§ <\/31+3\/§)5 (1+\/—3039+546\/3_1)Z
372 —

2

, (6.17)

N \/3037 + 546+/31 — 1351/1013 + 182\/?H)i
2

Jr 39+ 7V31\ (VBT =3v3\° [1++/—3039+ 54631\ "
124 —
g V2 2 2
(\/3039 1 5464/31 — 1351/1013 + 182v/31
2
B \/3037 + 546431 — 13541013 + 182\/31)i (6.18)
2 ’ '
. 2 (14751 -20v6\ "
gaos =25 (V2 +1) (3\/§+ \/17) ’ ( i 5 \f)
( —4899 — 840v/34 + 693v/51 + 1980/6
2
- \/—4901 — 840v/34 + 693/51 + 1980\/6)i (6.19)
5 .

and
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gise =25 (V2 — 1) (3\/§+ \/ﬁ)3 (1 +7\/z_20\/6>z

(\/—4899 — 840+/34 4 693+/51 + 19801/6

2

(6.20)

n \/—4901 — 840v/34 + 69351 4 1980\/6)%
5 .

7. Explicit Evaluations of «,, := a(e”™v")
In this section, we establish the following explicit evaluations of the singular
moduli o, using the values of the class invariants obtained in Theorems 4.1, 4.2

and 6.1 in Equation (3.4).

Theorem 7.1. We have

2

i (VE—1 “(va-1\' [ [s0-15v3 26 — 15v/3
a15:2 ( B ) ( \/5 ) \/ 4 —\/ 4 y (71)

2

A (VE+1 “(V3-1\ [ [30-15v3 26 — 15v/3
:2<2><ﬁ>¢4+¢4 ()

VT3 ° 3—V7 e —15 467 ? 2
a21=< 5 ) ( NG ) ( 5 ) (8-1—3\/?)

(\/15—1—6\/7—9\/5—1—2\/7_\/134—6\/7—9 5+2\ﬁ)2
2 2

«

wle

)

(7.3)

«

W~

2 V2 2
(\/15+6\/7—9\/5+2\/7+\/13+6\/7—9 5+2\ﬁ)2
2 2 ’

:<\ﬁ+\/§>6<3—\ﬁ>4<1— —15+6\/7>2(8+3ﬁ)2

(7.4)
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agoz(\/5—2)4(\/m—3)4<_1+\/ﬁ+2\/6)4(4—\/ﬁ)4

NG
\/—39—12\/ﬁ+18\/6+9\/ﬁ \/—41—12\/ﬁ+18\/6+9\/ﬁ4
( 2 + 2 2
(7.5)
4 i1+ VB4 2v6 ) 4
0413_02(\/5_)-1-2) (\/E—s) ( 7 ) (4—\/5)
(\/—39—12\/E+18\/6+9\/ﬁ_\/—41—12\/E+18\/6+9\/ﬁ 4
2 2 (2.6)
V11 -3 ! V3-1 s —51 4303 ? 2
a33:< \/5 ) ( \/5 ) ( B ) (26+15\/§)
(\/51+30\f—3 561 + 330v/3
2

(7.7)

_\/49+30\f—3 561+330x/§)2
2 b

V2 V2 2
(\/51+30\/§—3 561 + 330V/3
2

o <\/ﬁ+3)4 <\/§— 1)12 (1 —v/=51 +3o\/§)2 (26“5\/5)2

. \/49+30\/§—3 561+330x/§)2

> (7.8)
_(vis-3\ \/5+\/ﬁ \/—3+\/ﬁ }
439 = 2 8 8
11+3vi3) [2vZ—vV=313v3)
2 42
(\/348—1—96\/1_—9 2906 + 8061/13
8
_\/340—1—96\/1_—98 2906—1—806\/@)2, (7.9)
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(viz-3) \/5+\/ﬁ \/—3+\/ﬁ }
A s 8

11+ 313 ’ 2v2 — /=3 +3V13 ’
2 42

(\/348 + 9613 — 94/2906 4+ 806+/13
8

n \/340 +96v13 — 94/2906 + 806\/13)2

: , (7.10)

et (5 (2252 oy

(\/—111 + 6043 + 457 — 244/21
2

N \/—113+60\/§+45\/7— 24\/ﬁ)4

5 (7.11)

ou = (2\/§+xf7)4 (ﬁg \/§>12 (WY (8—3xf7)4

(\/—111 + 6043 + 457 — 24/21
2

_\/—113—1—60\/5—1—45\/7—24@)4, (7.12)

2

o= (22 (BT (1

(\/339 + 78v19 — 45+/113 + 2619
2

(7.13)

B \/337+78\/E—45\/113+26\/E)2
2 b
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wlg

2

iy =(2+\/§)6 (3\/5\/5— 13)4 (1—\/—339+78\/E)2(170+39\/E)2

(\/339 + 78v/19 — 45v/113 + 26+/19
2

(7.14)

n \/337—1— 78v/19 — 45+/113 + 26\/19)2
2 )

Qrg = (@)12 (\/%—5)4 <_1 T 15\/§+4\/E)4 (25—4@)4

V2
(\/—1299 + 765v/3 + 204+/39 — 360/13
2

—1301 + 765v/3 + 2041/39 — 360y/13 \ 4
+\/ V3 V39 \/_) : (7.15)

2

o — (@)u (\/%+5)4 (—1+15\/§+4\/E>4(25_4@)4

B V2
( —1299 + 765v/3 + 204v/39 — 3601/13
2
[ —1301 4 765v/3 + 204v/39 — 360\/13)4 (7.16)
2 ’ '
4 6
e — (39 TVBI V31 —3V3
93 = NG B
2
1 —1/—3039 + 5461/31 2
( v . ha ) (1520 + 273531)
(\/3039 +5461/31 — 1351/1013 + 182+/31
2
B \/3037 + 5461/31 — 1351/1013 + 182\/31)2 (7.17)
2 ’ '
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2

39 7\/_> (\/3_1+3\/§>6

o
|

2
1= V- 3039 + 546\/_> (1520 + 273\/3_1)

(\/3039 + 5464/31 — 1354/1013 4 182+/31
2

, (7.18)

N \/3037 + 546+/31 — 1351/1013 + 182\/33)2
2

o2 = (\/5— 1)12 (3\/_— \/ﬁ)s (1 +7\/3§+20\/f_3>4 (50_7\/5_1)4

(\/—4899 — 840v/34 + 693v/51 4 19801/6

2

(7.19)

n \/—4901 — 840v/34 4 69351 + 1980\/6_3)4

2

and

V2
(\/—4899 — 840v/34 + 693/51 + 19806

%z(\/_—i-l) (3\f—\/ﬁ)8(1+7\/ﬁ+20\/6>4(50—7\/ﬁ)4

2

5 (7.20)

\/—4901 — 840v/34 + 693v/51 4 1980\/6_3)4

Remark. The identities (6.1), (6.3), (6.5), (6.7), (6.11), (6.15) and (6.19) are
recorded by Ramanujan in his notebooks [18, pp. 80, 214, 288, 289, 310, 312,
313, 345, 346]. The different proofs of these identities can also be found in [16],
(6, pp. 139, 151] and [4, pp. 281, 282, 291, 292].
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