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Abstract. Integral transforms of the form

2 Heo
@) = (1= Z5){ [ f)lsien 4y = Dbl +y - 1)
0

+ sign (z—y+ Dki(lz —y+ 1)) — ki(z +y+1)
— sign (z —y — Dki(|z —y — 1])]dy

+oo
+ [ Fwlkala = ol) = ke + )y}

from L,(R4) to Ly(Ry), (1 < p< 2, p~t+¢ ! =1) are studied. Watson’s and
Plancherel’s Theorems are obtained. Applications to solving integral equation and
systems of integral equations are considered.
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1. Introduction

The theory of convolution for integral transforms were studied in the 20" cen-
tury. At first, the convolution for the Fourier transformation has been studied.
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Namely, the convolution of two functions f and g for the Fourier transform has
the form

+oo
1
xg)(r) = — r—y)dy, x€R, 1
(9@ = == [ f)ata ~ )iy 1)
—0o0
with the factorization property

F(fx9)y) = (FNW)(F9Y), VyeR,

where F' is the Fourier integral transform

+oo
(Ff)(x) = %27 / e~ f(y)dy.

Later on, convolutions for integral transforms Laplace, Mellin, Hilbert, Han-
kel, Kontorovich - Lebedev and Stieltjes have been introduced and studied. At
the same time, integral transforms of the Fourier convolution type, of the Laplace
convolution type, of the Mellin convolution type,... have also been constructed
and investigated.

In 1941, Churchill introduced the convolution of two functions f and g for
the Fourier cosine integral transform defined by the formula below [2]

FC

+oo
1
x g)(x) = — z+y) +9g(lr— dy, x >0, 2
(f 5 9@) = o= / FWlo(e + ) + gl ~ yDldy ¢l
for which the following factorization equality holds [8]

Fo(f - 9)(y) = (Fef)(y)(Feg)(y), Yy > 0. (3)

Here, F, is the Fourier cosine transform [1]

+oo
(Fuf)(x) = @ / cos(e) f (v)dy.
0

The first convolution with a weight function was found by Vilenkin in 1958
for the transform Mehler - Fock. In 1967, Kakichev proposed a constructive
method for defining the convolution with a weight function for an arbitrary
integral transform (see [3]). The convolution of two functions f and g with the
weight function v(y) = siny for the Fourier sine integral transformation has been
studied in [3, 15]

Yy

(f =

Fs

+oo
g)(x):ﬁ O/f(y)[sign (x+y— gz ty—1])

+sign (z—y+1Dg(le—y+1])—gle+y+1)
— sign (z —y—1)g(lz —y —1))]dy, >0, (4)
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for which the following factorization identity holds ([3, 15])

E(f ¥ 9)y) = siny(F.)))(Feg)(y), Yy >0, (5)

s

where Fj is the Fourier sine transform ([1])

+oo
(Fp)w) =2 [ sina
0

In 1941, the first generalized convolution for two integral transforms was
introduced by Churchill. Namely, he defined the generalized convolution of two
functions f and g for the Fourier sine and cosine transforms [2]

+oo
1
(F19@) = 2= [ 10lolz ~s) ge+ s @>0.  (©)
0
and proved the following factorization identity [7]

Fs(fx9)(y) = (Fsf)()-(Feg)(y), Yy > 0. (7)

In the nineties of the last century, Yakubovich introduced several generalized
convolutions with index for the Mellin transform, Kontorovich-Lebedev trans-
form, G-transform and H-transform. In 1998, Kakichev and Nguyen Xuan Thao
proposed a constructive method for defining the generalized convolution for three
arbitrary integral transforms (see [4]). Up to now, based on this method, several
new generalized convolutions for integral transforms were established and inves-
tigated. For instance, the generalized convolution for Stieltjes, Hilbert, Fourier
cosine and sine integral transforms have been introduced in [11]; the general-
ized convolution for the I- transform has been studied in [17]; the generalized
convolution with a weight function for the Fourier sine, Kontorovich-Lebedev
and the Fourier cosine integral transforms and the generalized convolution for
the Kontorovich-Lebedev, Fourier sine and cosine transforms have also been in-
vestigated in [18], [19], respectively; the generalized convolution with a weight
function for the Fourier sine and cosine transforms were introduced in [14]; the
generalized convolution with a weight function for the Fourier, Fourier cosine
and sine transforms were found in [12], and so on.

The first generalized convolution which was constructed basing on that method

was introduced in 1998 in [5]. Namely, the generalized convolution of two func-
tions f and g for the Fourier cosine and sine transforms has the form

+oo
(fx9)(z) = \/%—W O/ fy)lsign (y —2)g(ly — =[) + g(y +)ldy, = >0, (8)

where the following factorization property has been established [5]

Fe(fx 9)(y) = (Fs ) () (Fsg)(y), Yy > 0. 9)
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Another generalized convolution with the weight function ~(y) = siny for
the Fourier cosine and Fourier sine transforms has been studied in [16]

+oo
(F}9)e) = 5= O/f<u>[9<|x+u— 1) + g(le - u+ 1) (10)

—gle+u+1)—g(z—u—1])]du, > 0.

It satisfies the factorization property [16]

Fo(f £ 9)(y) = siny(Fof)(y) (Feg) (), Yy > 0. (11)

Recently, in 2000, classes of integral transforms related to the generalized con-
volutions (6) and (8) was constructed and investigated by Vu Kim Tuan in [6,
7). In this paper we will consider a new class of integral transforms which is
related to the convolution with a weight function for the Fourier sine transform
(4) and the generalized convolution for the Fourier sine and cosine transforms
(6), namely, the transforms of the form

2 oo
@)= (1= 45){ [ Fwlsien (245~ Db+ y - 1)
0

+ sign (z —y + Dk1(Jx —y + 1])
—ki(z+y+1)— sign (r —y — Dki(Jz —y — 1])|dy

+oo
+ [ Fwlka(a = o)) = kale + )]y} (12

We will show that with certain conditions of k1 and k2, transform (12) defines
a bounded operator from L,(Ri) to Ly(Ry) (1 < p<2), pt+qg! =1
Moreover, we will show that with these conditions of k1 and ks, the transform
(12) is a unitary operator in Lo(Ry). Watson and Plancherel type Theorem for
transform (12) in Ly(R4) are also obtained.

2. A Watson Type Theorem

Lemma 1. Let f and g be L2(Ry) functions. Then the following Parseval
identity holds

+oo

/f(U)[sign (+u— gl +u—1)) + sign (¢ — u+ g(lz — u+ 1))
0

—glzr+u+1)— sign (z —u—1)g(|z —u—1])]du
= 2V2rF, (sinu(F, f)(u)(Fsg)(u))(z), Yz > 0. (13)
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Proof. Let fi and g1 be the odd extension of f and g from R to R, respectively.
Then on Ry we have Ffy = —iF,f and Fg; = —iF,g. Applying the Parseval
identity for Fourier transform

+oo

+oo
/ fw)g(x - y)dy = / (FF)()(Fg)(y)c™vdy,

—00

we have

+oo
/f(U)[sign (4 u— gl +u— 1))+ sign (@ —u -+ g(lz —u+ 1)
0

—glx+u+1)— sign (z —u—1)g(|z —u—1])]du

+oo
/f1<u>[gl<x+u—1>+gl<x—u+1>—gl<x+u+1>—gl<x—u—1>1du
0

+00 +oo
/ f1(w)g1(z — u+ 1)du — / AW (@ - u - 1)du

+oo +oo

= [ FR@E @ [ (Ff))Eg) e
_:Zo S

= / (F f1)(w)(Fg1)(u){cos((x + 1)u) + isin ((z + 1)u) }du
_m+m
- / (F f1)(w)(Fg1)(u){cos((z — 1)u) +isin ((z — 1)u) }du.

On the other hand, note that (F f1)(u)(Fg1)(u) sin ((z+1)u) and (F f1)(u)(Fg1)(u) sin ((z—
1)u) are odd functions in u. Hence their integrals over R vanish, and therefore,

+oo
/f(U)[sign (2 +u—1)g(lz +u—1]) + sign (& —u+ Dg(lz — u+ 1]
0

—gle+u+1)— sign (x —u—1)g(Jz —u—1])]du

+00 +oo
= / (Ff1)(uw)(Fg1)(u) cos ((x + 1)u)du - / (Ff1)(uw)(Fg1)(u) cos ((x - 1)u)du
+oo

=—-2 / (F f1)(uw)(Fg1)(u) sin u sin(zu)du

—00
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+

o

=—4 | (Ff1)(u)(Fg1)(u)sin usin(zu)du

o

= 2\/%F6(Sm“(st)(“)(Fsg)(“))(x)

This completes the proof of the lemma. [ |

Theorem 1. Let ki1, ko € Lo(Ry). Then
1
V2m(1 4 y?)

is a necessary and sufficient condition to ensure that the integral transform f +—
g-

[2siny(Fuk1)(y) + (Fek2)(y)] = (14)

,  too
ow) = (1= 35){ [ Fwlsigna +u = Dka(la +u 1)
0

+sign(z —u+ Dki(lz—u+1]) —ki(z+u+1)
—sign(z —u — Dk1(Jz — u — 1|)]du

+oo
+ [ ra)lkalle - )~ kafe + w)ldu (15)
0
is unitary on La(Ry) and the inverse transformation has the form

2 T
o) = (1= 55){ [ Fatwlsiente +u - ig(la +u 1)
0
+sign(z —u+ Dg(le —u+1]) —glz +u+1)
—sign(z —u — Dg(|lz — v —1|)]du
+o0

+ [ sl — ul) ~ Falo + wldu}. (16)

0
Proof.

Necessity. Suppose that k1 and ko satisfy condition (14). It is well-known that

h(y), yh(y), y*h(y) belong to Ly(Ry) if and only if (Fh)(z), £ (Fh)(z) and
d2

P(Fh)(x) are also Ly (R ) functions (Theorem 68, page 92, [10]). Moreover,
x

d? 1 d?

+oo
T Vonda? / h(y)e™ ™V dy = F((—iy)*h(y)) (x)-

—00
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In particular, if h is an even or odd function such that (1 + y?)h(y) € La(Ry),
then the following equalities hold

(1- dd—;) (Feh)(x) = Fe((1+y*)h(y)) (x),
(17)
(1- dd—Qz)(Fsh)(x) = F((1+y°)h(y)) (2).

Using the Lemma 1 and the factorization equalities for generalized convolutions
(6), (8) we have

o) =(1 ~ ) (2v2m simy(Fuky ) ) (B £) () + VIR (EL) () (Fok) () ()

=F,(V2r(1 + y*) (2siny(Fok1)(y) + (Fk2) (1)) (Fo ) () ().

By virtue of Parseval equality for the Fourier sine transform || || z,®.) = [ Fsfll 2. (®})
and note that k1 and ko satisfy condition (14) we have

9l Lo,y = 112V21(1 + ) (2siny(Fak1)(y) + (Fek2) ) (Fs )W)l o 1)
= 1Fsflla®y) = 1fllLa®y)-

It follows that the transformation (15) is unitary.

On the other hand, in view of condition (14), v27(1+?)(2sin y(Fsk1)(y) +

(F.k2)(y)) is bounded, hence v/2m(1+y?)(2siny(Fyk1)(y)+(Feka) (y)) (Fs f)(y) €
L>(Ry). We have

(Fsg)(y) = V2 (1 +97)(2siny(Fsk1)(y) + (Fek2) (1)) (Fs ) (©)-
It follows that

(Fof)(y) = V2r(1+ y*)(2siny(Fok1)(y) + (Foka) (1) (Fsg)(y)-
Again, condition (14) of k1, ko yields

V(1 4 y7)(2siny(Fok)(y) + (Fek) (1)) (Fsg)(v) € La(Ry).

Using formulae (17) we obtain
f(x) = F[Var (1 + y*) 2 siny(Fk1)(y) + (Fek2)(9)) (Fs9)(9)] (2)

(1= ) v sin (B ) (F)(0) + VER(Fag) ) (PR ) 2)
=(1 - dd—;){ Jr/mEl(y)[sign(x +y =gz +y - 1])
+sign(x—y0+1)9(|x—y+1l)—9(x+y+1)
—sign(z —y — g(lz —y — 1])]dy
+ +/Oog<y>[k_2<|x —yl) — Fale +y)ldy -

0
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Therefore the transformation (15) is unitary on Lz(Ry) and the inverse trans-
formation has the form (16).

Sufficiency. Suppose that transform (15) is unitary on Lo(Ry) with the inverse
transformation defined by (16). Then Parseval identity for the Fourier sine
transform yields

9l Loy = [V2r(1+ ) (2siny(Fak1) (y) + (Fek2) @) (Fs )W) |24 )
= [|Fsflla®y) = 1fllzawy)-

However, the middle equality holds for all f € Lo(Ry) if and only if

V2r(1+y?) (2siny(Fsk)(y) + (Feka) () (Es ) ()] = [(Fsf) ()]

It shows that k1 and ko satisfy condition (14). The proof of the theorem has
been completed. n

Let hy, ha € La(R4) satisfy the following condition

1

|(Fsha)(y)(Fshe)(y)| = 0500 1oty

(18)

For example, consider

etu(y)
hl(x) = F; ($),
V4 52)(1 4 sin’ )
etv(y)
ha(@) = Fi (x),
V4 52)(1 4 sin’ )
where u, v are some functions defined on R.
Let k1, ko be defined by
k(o) = S F ha)(a), ha(e) = <= (1 3 ha)()
xr) = x), XT) = —F/— xX).
1 /a2 2 5 g 2

Then ki1, ke € L2(R4) and from (5) and (9) we have

‘2Siny(Fsk:1)(y) + (Fck’2)(y)‘
= | sin? gl ) (0) (Fu ) ) + = (Fu) () (Foha)(9)

Vo V2r
1 . 9
= ‘\/—2_71'(1 + sin y)(Fsh1)(y)(Fsh2)(y)‘

1

Vor(l+42)
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Thus k1 and k2 satisfy condition (14).

For another example, let h; and hy be Ly(Ry) functions and satisfy the
condition
1

|(Fehy)(y) (Feh2)(y)| = (1+y2)(1 +siny)

(19)
and let k1, ko be defined by

1

221

ki(z) = (h1 *h2)( ), ka(z) = (B x hz)( )-

\/_
Then ki, ke € L2(R4) and we have

‘2Siny Fok1)(y) + (Fck’2)(y)‘

— | i sin? y(Fuh ) @) (Feha) (5) + —— (Foh)(0)(Feha)(w)
~ 1 Von

(14 sin® y)(Foh) (9) (Fuha) (9)|

1
V2r(1 4 y2)

:‘E

Thus k1 and k2 satisfy condition (14).

3. A Plancherel Type Theorem

Theorem 2. Let k1, ko be functions satzsfymg condition (14) and suppose that
2 d?
Ki(z)=(1- di Vk1(z) and Ka(z) = (1 — @) 2(x) are locally bounded. Let

f € La(Ry) and for each positive integer N, put

N

an(e) = { [ Fw)lsien @ +u - DEa(fo +u - 1)
0
+sign(z —u+ 1)Ki(Jze —u+1]) - Ki(x +u+1)
— sign (z —u— 1)K (Jz —u—1])]du

+ [ f)iKae — ul) - Kol +w)ldu}. (20)

Then

1) gy € La(Ry) and as N — 400, gy converges in Lo (R )-norm to a function
g, furthermore |[gllL,@,) = [ fllo®y)-
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2) Put gV = g-X(o,N), then

+oo
fv@) = { [ Fawlsign @+ - 19" {2+ u-1)
0

+ sign (z —u+DgV(lz —u+1]) — ¢z +u+1)
— sign (z —u—1)g™ (Jz — u — 1])]du
N
+ [ gtFalle - ul) - e+ w)du} 1)

0

belongs to La(Ry) and converges in Ly(Ry)-norm to f as N — +oc.

Remark 1. The integrals defining fy and gy are defined over finite intervals and

therefore converge.

Proof. Put fV = f-X(0,n) then

N
an(@) = [ F)sign (o +u - Do+ u - 1)
0
+ sign (z —u+ 1)K (|z —u+1])
—Ki(x+u+1)— sign (2 —u—1)K(Jz — u—1|)]du

N
T / @)Kl — ul) — Ko + u)]du
0

o T
:(1_d_) /fN(u)[sign (x+u—1)/€1(|30+u_1|)

0
+ sign (z—u+Dki(Jle —u+1]) —ki(z+u+1)

— sign (r — u— Dk1(Jx — u— 1|)]du
+oo
s [ Y@kl = ) = ka(o -+ wldo
0
Interchanging the order of integration and differentiation here is legitimate since

the integral was over a finite interval. Theorem 1 guarantees that gy € La(R).
Moreover, if g is the image of f under the transform (15), we obtain that
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l9llz.rs) = Ifllo(ry) and the reciprocal formula (16) holds. We have

+

o

(9—9gn)(x) = (1 - %) (f = FN)(w)] sign (z +u— Dki(jz +u—1])

o

+ sign (z—u+ Dki(lze—u+1]) —ki(z+u+1)
— sign (z —u— Dki(Jz — u— 1|)]du

+oo
+ [ = ) wlkala = u - ka(o -+ wldu

0

so again by Theorem 1, g — gy € L2(R4) and

Hg - gNHLQ(]R+) = Hf - fNHLQ(]R+)a

and since ||f — fV||L,r,) — 0 as N — +oo, it follows that gy converges in
Ly (R4 )-norm to g as N — +oco. This completes the first part of the theorem.

Note that the convolution of two functions f,g with the weight function
~(y) = siny for the Fourier sine transform is commutative [15], hence the fol-
lowing identity holds

+oo
/ K (u)[sign (z+u—1)gN(Jz+u—1|) + sign (z —u+ g™ (|Jz —u+1|)
0

— V(x4 u+1)— sign (z —u—1)g"V(|z —u—1|)]du
+oo

— /gN(u)[sign (x+u—1)?1(|x+u—1|)+ sign (x—U+1)?1(|x—u+1|)
0

— Ki(z+u+1)— sign (x —u—1)K(|z —u — 1])]du.

Therefore, in a similar way, one can obtain the second part of the theorem. m

Remark 2. Theorem 1 shows that transformation (15) is unitary in Lo (R4 ) and
the inverse transformation has the form (16). Furthermore, Theorem 2 proved
that these transformations (15) and (16) can be approximated in Lo(Ry)-norm
by the integral operators (20) and (21), respectively.

We assume additionally now that Kj(z) and Ka(x) are bounded on Ry.
Then transform (15) is a bounded operator from the space L;(R;) into the
space Lo (R4 ). Moreover, by Theorem 2 transform (15) is bounded on La(Ry).
Hence, Riesz interpolation theorem [9] yields the following.

Theorem 3. Let k1, ko be functions satisfying condition (14) and suppose that
Ki(z) and Ka(z) are bounded on Ry. Let 1 < p < 2 and q be its conjugate
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exponent % + % = 1. Then the transformations

N
g(x) = lim /f sign (r4+u—1)K1(Jz+u—1|)
N—+o0
0

+ sign (r —u—+ 1)Ki(Jz —u+1))
—Ki(x4+u+1)— sign (x —u—1)Ki(|lz —u—1])]du

+ [ riKae — ul) - Kot + w)ldu (22)
0
and

g(x) :Nlirfoo{ / Ky (u) sign (x +u—1)fN(|z+u—1|)

+ sign (x —u+ D) fN(le—u+1)) = fNa+ut1)

— sign (x —u — 1) fN(|z —u — 1|)]du

+ [ R = ul) ~ Rata + w)du (23)

are bounded operators from L,(Ry) into Ly(Ry), here the limits are understood
in Lq(R4)-norm.

4. Applications to Integral Equation and Systems of Integral Equa-
tions

4.1. Consider the System of Intergral Equations
+A1 /f xydy+/w gl —yl) — (x+y)]dy}=h(x),

X / F() [ sign (y — 2)E(ly — =) + £y + 2)]dy + g(x) = k(z). (24)

Here and throughout this section we will denote by 6(z,y) the following
function

0(z,y) =sign (z +y — Do(|lz +y —1|) + sign (z —y + Dp(|lz —y +1])

—p@+y+1) - sign (z —u—Dp(jlz —u—1]),
() =(p1 % 2)(2)-
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A1 and Ay are complex constants and @1, @2, ¥, €, h, k are functions from L (Ry),
f and g are unknown functions.

Theorem 4. With the condition
14 2v2mAy siny(Fep) (y) — 20 e (Fo) () (F.)(y) £ 0, ¥y >0

there exists a unique solution in Li(Ry) of system (24) which has the form

Fl@) =h() = \V2r (¢ k) (x) = (h D) (@) + M V2r((W k)« 1) (@),
9(x) =k(z) + M2V2r(p £)(x) — XaV2r(E 5 1) (@) = (k % (@)
- )\12\/%((903516) 2 1)) + Ao V27 ((€ 1 h) i l)(x), (25)

where | € L1(Ry) is defined by

1227 sin y(Fsp)(y) — M a2 (Fsé) () (Fsrb) (y)
1+ A\12V27sin y(Fso)(y) — )\1)\2\/%(Fs§)(y)(Fs¢)(y) .

Remark 3. By the condition that ¢; and @2 be Ly (Ry) functions, it is clear
that ¢ belongs to Ly (R4).

(Fcl)(y) =

Proof. In view of the factorization properties of convolutions (4), (6) and (8),

one can rewrite the system (24) in the form

(Fof)(y) + Ar-2V2msiny(F, f) () (Fs ) (y) + M V2r(F) (y) (Feg)(y) = (Fsh)(y)
(26)

Mo V2r(F f)(0) (Fs€)(y) + (Feg)(y) = (Fok)(y)-

Accordingly, we have

A — 1+ )\12\/%Slny( 590)(?]) Al\/ﬁ(st)(y)
V27 (Fsé)(y) 1
= 14 2V27\; siny(Fa ) (y) — 20h da (Fs)) () (Fs€)(y) # 0.
Under the hypothesis and by Wiener - Levy’s Theorem we have
1 1
A 14 2v2mA siny(Fag)(y) — 2mAhe (Fth) (1) (Fo€) (9)
2V siny(Fip) (y) — 2 he (Fst) (1) (Fs€) (v)
142271\ sin y(Fa)(y) — 2nA1 Xa(Fs)) () (F) ()
2v27m s sin y(Fopr) (y) (Fewz) (y) — 2002 (F) (1) (Foé) ()
1+2\/ﬁ)\15my( ©1)(Y) (Few2)(y) — 2mAi A2 (Fsb) (y) (Fs€)(y)
)
)(®)

221\ F. (01 * ©2)(y) — 2 M Ao Fe (v % &) ()
14 2V27 A F.(p1 * 2)(y) — 2 A Ao Fe(th % €)(v)
=1- (Fcl)(y),

=1
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for some I € Ly (R4).

On the other hand

_ (Fsh)(y) \/%)\I(st)(y) _ T
B =| FOW = (B () — VEmA (Fat) ) (Feh) ).
Therefore
(F)) = 5 =[Fn) () — VIRM(Fa) ) (FR) )] — (FD()

=(Fsh)(y) \/%)\1 (w*k(y)
= Fa(hx D (y) + V2r Fy(4 % k) % D) (y)-

It follows that

@) = h(@) = V2rda (§ k) (@) = (o 1)(x) + V2rAa (9 5 k) # 1) ().

Similarly,
A, — |1 F2V2mN siny(st)(y) (Fsh)(y)
V27 Ao (Fs€)(y) (Fek)(y)
= (Fok)(y) +2V2m A siny(Fp) (y) (Fek) (y) — V2m )Xo (Fof) (y) (Fsh) (y)-
Hence,

(F)(y) = 5 =[(FR) ) + 2320\ siny(Fop) () (Foh) )
VIR W EN W - (FD()]
=(Fek)(y) +2v2mFe(p £ ) () = V2ZmAFo(€ 5 1) ()

Fok % D)(y) = 2V2rM Fel(0 5 K) % h)()
+ V21 F, Fe((€xn) - D(y),

consequently,

9(@) =k(z) +2V2m(p £ F)(@) = V2Tha(€ £ 1)) = (b 2 (@)
—2\/%A1((<p»5k); R)(z) + V2w Ao ((€ % h) ) x 1)(x).

2

This completes the proof of the theorem. n
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4.2. Consider the System of Integral Equations

+oo

f@) + M / 9(4)6(z, y)dy = h(z)
0
(27)

+oo +oo
sof [ £y + [ 10—l - 6o+ pldy} + 9(z) = bo),
0 0

in which p(z) = (1 T(pg)(x), A1 and A, are complex constants and @1, 2,1, &, h, k €

Li(R;), f and g are unknown functions.

Theorem 5. With the condition
1 — Aesin® y(Fso) () (Fsv) (y) — Mz siny(Fop)(y) (Fe)(y) #0, Yy >0,
the system (27) has a unique solution in Ly (Ry) which has the form

fw) =h(z) + (b D(@) —2V2mh (0 ¢ k)(@) = 2v2m (0 1K) 4 D)(@),

Y

9(y) =k(z) = 2v2mda(V * h)(@) + V2rda(h+ )(2) + (k+ () (28)

S x

= 2V2mAo(( % h) (@) + V2rho((h # €) * D(a),
where | € L1(Ry.) is defined by

_ 8o sin® y(Fup) (1) (Fs ) (y) — 4nhide siny(Fop) () (Feb) ()
1 — 8mAi Ay sin® Y(Fs0)(y)(Fs1)(y) — dmhide siny(Fs0) (y) (Feé)(y) .

(Fel)(y)

Proof. Tt is obvious that ¢ also is a function in the space Li(R;). Using the
factorization properties of convolutions (4), (6) we can rewrite system (27) as
follows

(Fo f)(y) + 2v2m A siny(Flg)(y) (Fs)(y) = (Fsh)(y),
(29)
2\/%)\2 Smy(st)(y)(st)(y) + \/%)‘Q(st)(y)(ch)(y) + (Fég)(y) = (Fsk)(y)

We have

_ 1 2v2m Ay siny(Fap)(y)
2v/2m g sin y(Fa1p) (y) + V21 o (F.€)(y) 1

=1— 87\ Az sin’ Y(Fsp)(y) (Fs)(y) — AmdiAesiny(Fsp) (y) (Feb)(y)-

A
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From the hypothesis that ¢(x) = (¢1 * ©2)(z), and in view of Wiener-Levy’s
Theorem we obtain

1 1
A 1 - 8mhAgsin? y(Fap) () (Fot)(y) — 4nhi Ao siny(Fup) (y) (Fef) (y)
1
1= 8mA e sin® y(Fapr) (y) (Fupa) (y) (Fsb) (y) — AmAi e siny(Fop) (y) (Fo€) (y)
1

2) (y) — 4mh e Fe(p £ €) (y)

V) xep
1= 8T P (91 ) 02) (9) — AmANaFe (0 £€) ()
=1+ (Fl)(y),

for some I € Ly (R4).

On the other hand

A, = [(Es)()  2v2m siny(Fop)(y)
(Fek)(y) 1
= (Fsh)(y) — 2V2mA; siny(Fo) (y) (Fsk) (y)
A, :‘ 1 (Fuh)(y)

2V2m g siny(Fo))(y) + V2 X (Fef)(y)  (Fok)(y)
= (Fuk)(y) — 2v2mha siny(Foih) () (Fsh) (y) + V21 Ao (Fe) (y) (Fsh) (y)

So the system (29) has a solution defined by

(Ff)w) =55 = (b)) — 2270 siny(Fug) () (B k) @)L+ () 0)]

=(F:h)(y) + Fu(h £ D(y) - 2vV2m0 F, (@*k)()

— 227\ Fy(( * k) £ D)),

(Fug)(y) =22 = [(Fh)() ) VT E O ER
£ VEDR(F W) (FR) W)+ (FD)()

=(Fsk)(y) — 2v2m Ao F, (w*h( ) + V2 Fy(hx €)(y) + Fi(k 1) (y)
— 2V21 Ao F ((w*h*l( ) + V2 F((h ) + ().

1 1
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It follows that
f(z) =h(x) + (h*l (x) —2\/27r)\1(<p i k: )(x) = 2v27 A ((¢ * k:) *l)( ),

Yy

9(y) =k(x) —2v27mXa(¢ * h)(x) N%Az(h»;g () + (k»;l)(x)

;z

—2V2mAo (¢ % ) D)(@) + V2mho((h % €) 1 )(a).
This completes the proof of the theorem. n

4.3. Consider the Integral Equation of the Form

£) +A{ /f xydy+/f Uiz —yl — wla+ )y} = h(z), (30)

where p(z) = (p1 T(pg)(.f), A is a complex parameter, ¢1, 2,1 and h are Ly (Ry)

functions and f is an unknown function.

Theorem 6. Assume that the condition
14+ A(2V2msiny(Fsp)(y) + V2r(Fap)(z)) #0, Va >0,

is satisfied. Then the unique solution of integral equation (30) in L(Ry) is of
the form
J(@) = h(2) = M # 1) (a).

Herel € L1(Ry) is defined by
2V2TF (1 £ 02)(y) + V2T (F) (y)
L+ A2VErFL(p1 § 92)() + VER(E)(v)

(Fcl)(y) =

Proof. Applying Fourier sine transform to (30) and using the factorization iden-
tities of convolutions (4) and (6), one gets

(Fo f)(y) + A(2V2rsiny(Fo f)(y) (Fs @) (y) + V2rm(Fo ) () (Fep) () = (Fsh)(y).

It follows that
1
1+ )\(2\/%siny( ©)(y) + \/%(FJP)(?J))
_ . 2\/%8111:(]( s¥P1 (y)(Fc(PQ)(y) + \/%(ch)(y)
=R (1A sty Fop) o) (Fog) o) + VBRI
2\/%Fc((p1 ; ©2 (y + \/%(ch)(y)

1+ M(2v27F.(p1 35 p2)(y) + V2r(F)(y)) )

(st)(y) :(Fsh)(y)

~(Fh)(y) (1 - A
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By virtue of Wiener - Levy’s Theorem, there exist functions | € L;(R;) such
that

2V21F(1 % 02) () + V2r (o) (v)

o = (Fcl)(y)
L+ A(2V2rFe(p1 % 02) () + V21 (Fet)(y))
Therefore,
(FsD)y) = (Eh)(y) (1 = MEL)(y))-
Hence
f) = hia) = A(hs ()
The theorem is proved. [ ]
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