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Abstract. In this paper we obtain an answer to Problem 7, Ch 8., §1 (p. 131) in
the book Open Problems in Topology by Jan van Mill and George M. Reed. Namely,
we show that if a Hausdorff first countable topological space is w-bounded, then it is
strongly w-bounded.
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1. Introduction

In the Preliminairies, paragraph 2., we state the problem in the Abstract and
the respective definitions. In Paragraph 3., the Result, we prove that if (X, 7) is
a Hausdorf! first countable topological space that is w-bounded, then also (X, 7)
is strongly w-bounded.

2. Preliminaries

Recall that a topological space (X, 7T) is said to be first countable if each point
has a countable base of neighborhoods. (X, 7T) is separated or a Hausdorff space
if each two different points have disjoint neighborhoods.

* This work was developed in CIMA-UE with financial support from FCT (Programa
TOCTI-FEDER).
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Definition 1. Following [1], we say that a subset W of a topological space
(X,7) is o-compact if W is a countable union of compact subsets of X.

Definition 2. Following [2], a topological space (X, T) is said to be w-bounded
if the closure of each countable subset of X is compact. We say that (X, T) is
strongly w-bounded if each o-compact subset of X has compact closure.

Problem 7 in [2] (Ch. 8, §1, p. 131) is the question whether a (separated)
first countable space that is w-bounded is necessarily strongly w-bounded or not.

Recall ([1]) that a net woa: M — X in X, a: M — I, where (M, <), (I, <)
are directed sets, is a subnet of the net u = (z;) if and only if the map « has
the property that, for each given ¢ € I, there is some m(i) € M such that the
implication

Ym € M,m > m(i) = a(m) > 1

holds.

Lemma 1. Let (X, T) be a first countable topological space. If (x,,) is a sequence
in X such that (z,,) has no convergent subsequence and S = {x,, : n € N} is the
set of all terms, then the closure S is not compact.

Proof. We have to prove that there is a net (z;) in S such that (x;) has no con-
vergent subnet. Take (z;) to be the sequence (z,) and let p € X. We show that,
(o (m)) being a subnet of (z,,), the hypothesis & () — p leads to a contradic-
tion. We may consider a countable base of neighborhoods {V}, : k = 1,2, ...} of
p such that Vi, D Vi1 for each k. Assuming that x4 () — p, then for each given
k =1,2,..., there is some m(k) in M, where (M, <) is the directed set for (2o (m)),
such that the implication Vm € M, m > m(k) = 2am) € Vi is true; (Ta(m))
being a subnet, we may consider, following the natural number a(m(1)), some
m(2) > m(1) such that m > m(2) = a(m) 2 a(m(1l)) and we have obtained
Tam(1)) € V1, Tam(2)) € V2, a(m(2)) £ a(m(1)). Using the countable Axiom
of Choice concerning the class constituted by the nonempty sets 4; = {m(1) €
M : zomay € Vi}, Az = {m(2) € M : m(2) = m(1),a(m(2)) 2 a(m(1))},...,
Appyr = {mk+1) e M : mk+1) = m(k) = ... = m(1),a(m(k +1)) 2
a(m(k)) 2 ... 2 a(m(1l)} we see by induction that a subsequence (Zq(m(k)))
of (xy,) exists such that zq(mk)) — p. We get a contradiction and the lemma
follows. [ |

3. The Rusult

Theorem 1. If (X, T) is a Hausdorff first countable w-bounded topological space,
then (X, T) is strongly w-bounded.

Proof. We have to prove that, the existence of a countable class {Cy, : n € N}
of compact subsets of X such that C = (J;—, C,, and C is not compact, where
we may suppose that C,, & C), 11, implies that there is a countable set {z,, : n €
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N} C X such that the closure {z,, : n € N} is not compact. Let {O, : v € T'}
be an open cover of C' having no finite subcover. By hypothesis, it follows that
the open cover {O, : v € I', O} of X, where O = X\C, is such that neither any
finite intersection O°N (({Fy : v € J}) = ¢ nor ({F, : v € J} = ¢, where we

denote O¢ = X\O = C, F, = X\O, = O, since X is compact otherwise. We
have that C,, C U{O, : v € I,,} where I, C T, I,, is finite and we may suppose
that I,, C I,y for each n. Hence

(1) C c\ {0, :y € I,,n e N}

(2) {Fy : v € I,} # ¢ for each n.

B)YCN({Fy:v€l,,neN}=¢.

Also for each n, there is a smallest k(n) € N, k(n) Z n such that Cy(,) €
(U{O4 : v € I,,} because no finite union of the open sets O, contains C' and
C, ; Cr1 for each n. Hence we may consider cyj1) = cx1) € Cr)\U{O, : 7 €
I}, next cxpo) = crrp)) € Criz)\U{O5 = v € Iy}, k(2] 2 k[1] and so on, thus
obtaining a sequence (cy[,)) such that each cxni1) € Crins1)\ U{O5 : v € Tk}
We claim that (ck[n}) has no convergent subsequence. In fact, we have that
Ciint1] € (WFy : v € Iy} for each n, where k[n] — oo, ¢y € C. Supposing
that some subsequence ci[,(j)) — p, then V being any neighborhood of the
point p, we have that V' contains a set {cxn(jy:J > j(V)} # ¢ with a suitable
§(V) € N. Since each F, is closed, it follows that p € CN((N{F, : v € Lipnii), J =
J(V)}) = CN(N{F,:y € I,,n € N}) which contradicts (3). According to Lemma
1, we found a countable subset S = {cxn(j) : J = 1,2,...} of X such that the

closure S is not compact, thus the theorem is proved. ]
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