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1. Introduction

In the whole paper we consider the polynomial ring S := K[V] on a finite set
of variables V. Let Q C S be a monomial ideal, that is an ideal generated by
monomials. Our main result is to compute the local cohomology modules

H(S), where reg(Q) = 2.

Here reg stands for the Castelnuovo Mumford regularity. For short we will say
that Q is a 2—regular monomial ideal.

We recall that any non trivial ideal @ C S has a finite free resolution:
0-FY%E , —. .. Yoo

The number s is called the projective dimension of S/Q and the Betti numbers
are defined by £;(Q) = Bi4+1(S/Q) = rankF;1;. We will say that the ideal Q
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is 2—regular if Q is generated by elements in degree 2, and the minimal free
resolution of Q is linear, i.e. for i > 2 the matrices M; in the minimal free
resolution of @ have linear entries.

The study of 2—regular ideals were considered for the first time by Bertini,
Castelnuovo and Del Pezzo. They have shown that for all projective algebraic
(irreducible) varieties X C P"

deg(X) > codim (X) + 1,

and they have classified all projective algebraic varieties that satisfy the equality.
Actually these varieties are known as varieties of minimal degree. They are some
kind of ruled varieties called also scrolls.

Later Joe Harris (see for example [13]), reconsidered the proof of Bertini
in terms of modern algebraic geometry. Xambo [20] classified all projective
algebraic sets X C P" (reduced non irreducible) that satisfy the equality

deg(X) = codim (X) + 1

under the additional hypothesis that X is connected in codimension 1. In fact the
ideals I C S defining algebraic sets of minimal degree are exactly the 2—regular
ideals such that S/I is Cohen-Macaulay. 2—regular ideals were studied in a
series of papers, see for example [9, 4, 5, 10, 12, 16].

On the other hand, there are many papers on the local cohomology modules
with support on monomial ideals, see for example [11, 17, 18, 1, 3, 19]. In this
paper we want to give very effective proofs and more precise results in the case
of monomial 2—regular ideals. In fact for monomial 2—regular ideals important
information is collected by inspection of the minimal prime decomposition.

Let @ := @1N...NQ; C K[V] be a 2-regular reduced monomial ideal, that is
Q; is generated by a set of variables Q; C V' in the polynomial ring S := K[V].
In [16] it was proved that we have a decomposition Q; = D; U P; satisfying some
properties (see Theorem 3). Our main result is the following.

Theorem 1. Let Q) = O1N...NQ;. Then for anyi=2,....,l and a natural
number j we have the following short exact sequence:

0— H’

oti-1) (S) S HJQI(S) - Hé(i) (S) — HIH! (S) — 0.

QUi-D 49,

Moreover HJQ(S) # 0 if and only if either _

1. j= card(Qy) for some k =1,...,1, and in this case dim g (H,(S))—a(q,) =
1

3

2. j+1= card (Dx-_1UPx) for some k = 2,...,1, and in this case dimK(Hé(S))
—a(Dr_1UPy) 18 the mumber of occurrences of the set Dy_1 U Py among the
sets Dy U Ps, ..., D;_1 U P,.
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Here ()_q(q) means the Z™—graded component, see Sec. 2.

As a corollary we can describe the associate primes of the local cohomology
modules.

Theorem 2. Let Q be a 2-regular square free monomial ideal. We set

Aio ={(Q;)/ card Q; =i},
B@Q = {(Dkfl, Pk), card Dy_1 + card P, =7 + 1}

We will say that an element (Dy_1, P) € B; o belongs to the set g;/g if (Ds—1, Ps)
= (Qj) + (Qr), for some j,k such that card Q;, card Qr < i.

With these notations, we have

Ass (H5(S)) = Aig U Big.

2. Preliminaries on Local Cohomology

For a good reading on local cohomology we invite the reader to see [14] or [17].
In this section I C R is an ideal, R is a noetherian ring.

Proposition 1. Let x be a transcendental element over R, we have
L Hi(R[z]) =~ (H}(R))[z].
2. H?I@)(R) [x] = 0 and for any j > 0, we have a short exact sequence

0 — (Hj(R))[z] — ((H](R))[z])e — H}}',)(Rz]) — 0.

3. Foranyj >0, H}(R) # 0 if and only if Hg;r;)(R[x]) #0.

In particular if x1 is transcendental over R, ;41 is transcendental over
R[4, ...,xi), for all i, and I C R is an ideal then for any j > 0, HJ(R) # 0 if

and only szg;rgl VVVVV xn)(R[‘Tl’ ooy @) # 0.

Proof. The first item is clear since R[z] is a free R—module. The second item
follows from the long exact sequence associated to local cohomology

= H](Rla]) — (B} (R)le] — (HI(R)[a])s — HIF (Rla]) — .
and the following observation: let M be a non-zero R-module. Then Mz]
is an R[z]-module and the natural map M[z] — (M][x]), is injective. So
H ?[ m)(R) [x] = 0 and the above long exact sequence splits into short exact se-

quences

0 — (Hj(R))[z] — ((H](R))[z])e — H}}',)(R[z2]) — 0,

for any j > 0.
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The third item follows from the second item, since for any M non zero
R—module the natural map M[z] — (M[x]), is never surjective. The last state-
ment is an immediate consequence of the third item. ]

Z™-graduation. Let consider a polynomial ring S in n variables, S = K|z, ..., z,).
For any monomial in S, z® := z{"...af" we set degzn(z®) = «. S has a Z"-
graduation

S = Daenn Kga-
It follows that ideals generated by monomials are the only ideals with Z™-
graduation. It is well known that if I is a monomial ideal then the local co-
homology modules H%(S) are Z"-graded S—modules. For any S-module M
with a Z"-graduation, M, will denote the K — vector space of elements in M of
degree . The following proposition is well known.

Proposition 2.
1. Let m = (z1,...,z,) be the mazimal ideal in S then HJ,(S) # 0 if and only
if 7 = n. Moreover

Hy(S)~ @ EX = (Km ])a(m)
ae(l,...,1)+N»
as Z"-graded S-modules, where a(m) = (1,...,1) € Z".

2. Let V. =Ax1,...,z,}, and Q CV be a subset of variables, with card Q = ¢,

then HgQ)(S) # 0 if and only if j = q. Moreover

H, (8) = (Hio, (KIQDIV \ @) = (K[Q ][V \ @))[a(Q)
as Z™-graded S-modules, where for a subset Q) of variables we set

1 ifzpe@
a
0 else

(@ = { nd a(Q) = (@(Q)r. - a(Q)).
For a € Z™ we can write o = ay — a—, where a4, a— have positive entries.
It follows that

H{g)(5) ~ S% Kzt
a€Z",supp (a—)=supp (Q)

In particular

(HEIQ)(S))Q # 0 <= supp (a—) = supp (Q),

where supp (a—) = {i / a; <0} and supp (Q) = {i / z; € Q}.
The structure of HEIQ)(S) as a S—module is given by: For any monomials

2% €S and z% € H{)(S), we have

2Pz

B { 2P+ if supp ((8 + a)-) = supp (Q)
1o else.
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3. 2-regular Monomial Ideals
Let Q C S := K[V] be a square free monomial ideal.

Theorem 2. [16] Let S := K[V], where V is a finite set of variables. The
following are equivalent:
1. A reduced monomial ideal Q C S is 2—regular.

2. There exists an ordered sequence of linear ideals Q1, ... ,Q; C S, such
that @ = Q1 N ... N Q; 1is the minimal prime decomposition of Q, satisfying
the following properties:

a) 3Dy, P,CV, with D=0, P, =0,
b) foralli=1,...,1, Q; is generated by D; U P,
¢) D1 D Dy D ... D Dy (Strictly decreasing),
d) foralli=2,..,1, D;_1 NP, = 0,

k—1
&) () Q S (PrDi1) Vk=2,...1.
j=1

Proof. The proof is contained in [16], but in order to be clear we sketch it:
Any monomial ideal @ C S satisfying the property 2 is a 2-regular ideal by
[16, Theorem 3]. On the other hand by [10, Proposition 3.4] any 2-regular ideal
is ”linearly joined”, so [16, Corollary 3] implies that the ideal Q@ C S has a
decomposition as stated in 2.

Let A be the complement of Dy in Dy_;. It follows from [16] that

where for two sets A, B of variables A x B ={ab|a € A,b € B}. n

Ferrer’s diagrams and Ferrer’s ideals. A Ferrer’s diagram is a way to
represent partitions of a natural number N. Let N, m be natural numbers. A
partition of N is a sum of natural numbers: N = Ay + Ay + ... + \,,,, where
A1 > Ao > ... > A\ A partition is described by a Young diagram which consists
of m rows, with the first row containing A; boxes, the second row containing Ao
boxes, etc. Each row is left-justified. Let A,,,41 = 0,9 = 0, and ;1 be the highest
integer such that A\; = ... = As,, and by induction we define 6,11 as the highest
integer such that As, 41 = ... = As,,,, and take [ such that ;_; = m. Let n = Ay,
we consider two disjoint sets of variables : {z1,z2,...,xm}, {y1, Y2, .-, Yn}. Let
V{x1, 2o, ..., zm} U{y1,y2,...,yntand S = K[V] the ring of polynomials in the
variables V. From the following picture of a Ferrer’s tableau
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H(J H3 H/l II;
A
AL
A4
Ag
Ag Ferrer's diagram
we define the following sets:
Al*i = {$5i+1; ) a$5i+1}a
IL—; = {y)‘5i+1’ s ay)\éi+1+1+1}a

fori=0,...,1—2.
Proposition 3. [16] With the above notations, we set for alli=1,...,1
Di:Ai+1U...UAl P1:H2UUH1, V:DluPl, S = K[V],

and the linear ideals Q; = (P; U D;). The Ferrer’s ideal associated to the above
Ferrer’s diagram is given by

!
Q:ka:(U A; X By).
k=1 i=2,...,1

Note that Ferrer’s ideals satisfy the conditions a)-€) of Theorem 3. So Ferrer’s
ideals are 2-regular monomial ideals.

Ezample 1. Consider the following partition: 3 > 3 > 2 > 2 > 2, and its Ferrer’s
diagram:

n
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The Ferrer’s ideal Z has a minimal primary decomposition

T= (xla ...,$5) N (xlaanylayQ) N (y15y25y3)5

and is generated by

(w3, 24, 5) X (Y1,%2), (T1,72) X (Y1,Y2,Y3)-

4. Local Cohomology Modules of 2-regular Ideals

Let Q@ := Q1 N..NQ; C K[V] be a 2-regular monomial ideal. There are two
important invariants for the local cohomology modules: grade(Z) is the smallest
natural number a such that H¢(S) # 0 and the cohomological dimension cd(7)
is the highest integer ¢ such that H%(S) # 0. In this section we will give the set
of integers ¢ for which H1(S) # 0.

We recall that for any two ideals J1, J2 C S we have the following exact
sequence

0—=S/IhnNJ—S/Hh@S/J—S/(Nh+T2)— 0,

which gives rise to the Mayer-Vietoris long exact sequence

— Hl 07 (8) = HY 4 7,(S) — HY (S) @ HY,(S) — HY . 7,(S) — .

Theorem 4. Let Q := Q1N...NQ; C K[V] be a 2-regular monomial ideal, that

is Q; is generated by a set of variables Q; C V in the polynomial ring S := K[V].

We have a decomposition Q; = D; U P; satisfying the properties of Theorem 3.

Let Q) := (Q1)N...N(Q;) then

1. Foranyi=2,...,1 and a natural number j we have the following short exact
sequence

0 — H\ ) (S) @ HY (S) — HL,, (S) — HLL, o (S) = 0.

2. Hé(i) (S) # 0 if and only if either _

a) j = card (Qg) for somek = 1,...,4, and in this case dimK(HJQ(i) (9)=a(@r) =
1.

b) j+1 = card (Dg_1UPy) for somek = 2, ..., 4, and in this case dimK(Hé(i) (9))
—a(Dr_1UPy) 18 the mumber of occurrences of the set Dy_1 U Py among the
setsD1UP2,... ,Di,luPl-.

¢) The graded part (Hé(i) (S))a # 0 if and only if supp (a—) = supp (Qx) for
some k < i such that card (Qy) = j or supp (a—) = supp (Di—1 U Py) for
some k < i such that card (Dy_1 U Py) =j — 1.

3. H(S) # 0 if and only if either _

a) j= card (Qg) for some k =1,....1, and in this case dim  (HL(S))-a(qy) =
1.



360 Dao Thanh Ha and Marcel Morales

b) j+1= card (Dr_1UPx) for some k =2, ..., 1, and in this case dimK(Hé(S))
—a(Dr_1UPy) 18 the mumber of occurrences of the set Dy_1 U Py among the
sets D1 U P, ..., Dl,1_ UPp.

¢) The graded part (HL(S))a # 0 if and only if supp (a—) = supp (Qx) for

some k <1 such that card (Qx) = j or supp (a—) = supp (Di_1 U Py) for some

k <1 such that card (Dg_1 U Pg) =4 — 1.

Proof. Let @ C V be a set of ¢ variables, and (Q) be the ideal generated by Q.
We recall that from Proposition 2 we have that H gQ)(S) # 0 if and only if j = q.
Moreover

(HEIQ)(S))Q # 0 <= supp (a—) = supp (Q)-

Remark that Claim 3 is Claim 2 for ¢ = [. The proof of the theorem is by
induction on both Claims 1 and 2.

For ¢ = 2, we have the Mayer-Vietoris long exact sequence

1 . . . .
- Hng)m(Qz)(S) - H{Ql)Jr(Qz)(S) - Hng)(S)@Hng)(S) - H{Ql)m(Qz)(S) e

and we know from the preliminaries that
o Hl;, (S) # 0 if and only if j = card (Dy),

o H};,,\(S) #0 if and only if j = card (Dy U P2),

o Hl, \(0n(8) # 0 if and only if j = card (Dy U Py), since (Q1) + (@) is
a linear ideal generated by D U Ps.

It is enough to prove that the following map is the zero map
J J J
HiQ)+(@2)(9) = Hig,y(5) & Hig,(5).

This is certainly the case if Hng)+(Q2)(S) = 0. So we only need to consider the
case where j = card (Dy U P,). Let o € Z' such that (H{; ), 5,)(5))a # 0.
Then supp («—) = supp (D1 U P3). Suppose that the map (Hng)Jr(Qz)(S))O‘ —
(Hng) (S))a@(Hng) (S))a is nonzero. Proposition 2 implies that either supp (a_)

= supp (Q1) or supp (a—) = supp (Q2). Both cases are excluded since the sets
Q1,Q2, D1 U Py are all distinct. So Claim 1 is true for ¢ = 1. Claim 2 follows
immediately from the short exact sequence

0— H’

lon (S) @ Hlg, (S) = H} ) (S) — H{G ! (S) — 0.

Q@ (Q1)+(Q2)

Now suppose that ¢ > 3. By Theorem 3, we have for k = 2, ..., [ that

k-1
(@) + QW = (Qr) + () (@) = (P U Dy—1).

Jj=1
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By the induction hypothesis we have short exact sequences

0 — H} ) (S) & HL, (S) = Hb (S) = HLG L, o () =0,

for all k = 2,...,7— 1 and also that the graded part (Hé(i,l) (8)a # 0 if and
only if supp (a—) = supp (Qx) for some k < ¢ — 1 such that card (Qg) = j or
supp (a—) = supp (Dr—_1 U Py) for some k < i— 1 such that card (D1 UPy) =
j—1.

Let consider the long exact sequence

- H! (S) — HY

0,106~ 0,4+06-1) (S) — HJQI (S)@Hj (S) — Héimg(i—l) (S)

QG-1)

We know that @; N QU1 = QW and Q; + QU~Y is a linear ideal generated by
D;_1 UP;. In order to prove our theorem it is enough to show that the following
map is the zero map:

H‘éiJ’,Q(ifl) (S) — HJQI (S) @ Hé(i—l) (S).
This is certainly the case if j # card (D;—1UP;), since in this case Q;+ QU1 =

(D;—1 UP;), so HJQ_JFQ(I.,U (S) = 0. It follows that we only need to consider the

case where j = card (D;—1 U P;). Let a € Z* such that (Héﬁg(i,l) (S))a # 0.
Then supp (a—) = supp (D;—1 UP;). Suppose that the map (HJQHQ(FU (8)a —
(HJQ (S))QGB(HJQ(FU (S))a is nonzero. The induction hypothesis and Proposition
2 imply that either supp (a—) = supp (Q;) or supp (a—) = supp (Qx) for some
k <i—1 such that card (Qy) = j or supp (a—) = supp (Dy_1U Py) for some k <
t— 1 such that card (Dg—1UPg) = j — 1. Now remark first that D; 1 UP; # Q;
and if D; 1 U P; = Qg for some k <i—1 then Qr = D;_1UP; D Q; and so the
prime decomposition of Q will be redundant. This is a contradiction. On the
other hand we cannot have D;_1 U P; = Dy_1 U Py, for some k < 7 — 1 such that
card (Dx—1 U Py) = j — 1, since D;—1 U P;, Dx—1 U Py, have different cardinals.
This shows that our Claim 1 is true for 7. Our Claim 2 follows immediately from
the short exact sequence

0— H’

o1 (9) @ HJQ (S) — H.

o (S) — HIH! (8) —0.

This completes the induction and the proof of our theorem. ]

Corollary 1. Let Q:= Q1 N...NQ; C KI[V] be a 2-regular monomial ideal.
With the above notations we have
1. grade(Q) = ht(Q) = min;—; . ;{ ht(Q;)} = min;— . ;{ card (P; U D;)}.
2. ¢d(Q) = max;—g . 4{ card (P, U D;_1) — 1}.
3. ¢d(Q) = projdim (S/Q).

The first two assertions are immediate from the theorem while the last as-
sertion is Lyubeznik’s Theorem [15].
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Corollary 2. The multigraded Hilbert function of the local cohomology modules
are

CEROEEED S | = |

Qi / card (Q;)=j xr€Q;:

¥ 5 I % 0

X
D;_1UP; / card (D;_1UP;)=j+1 zx€D;_1UP; k  zp¢D;_1UP;

Proof. From Theorem 4 we have exact sequences

0— H’

oli-1) (S) @ HJQI(S) - Hjé(i) (S) — ozl (S) — 0.

QUi-1 49,

Remark that QU~Y 4+ Q; = (D;_1, P;). The proof follows from these exact
sequences. Since the multigraded Hilbert function is additive for exact sequences,
for any subset @ C V, we have that

H{,) (S) ~ S5 Kz~ a°+,
a€Z",supp (a—)=supp (Q)

and

Remark 1. The following result is a straight consequence of [3] and our theorem.
Let @ C S be a 2-regular square free monomial ideal. The ideal Q and the
local cohomology S—modules H b(S) have Z™-graded resolutions. We have the
following results:

1. If K is a field of characteristic zero, S = K[x1, ..., z,], and

0 0

T Oy ’8:cn]

An(K) = K[z, .

is the Weyl algebra, it is well known that H JQ(S ) is a holonomic A,, (K')—module.
Then the characteristic cycle of H JQ(S ) is

CC(HL(S))
- Yo T, AR+ > Txp om Ak
Qi/ card (Qi)=j D;_1UP;/ card (D;_1UP;)=j+1

2. Let K = R, and X C A} be the hyperplane arrangement defined by the
ideal Q. Then

= card {Qx/ card (Qr) =i} + card {Dy_1 U Py/ card (Dy_1 U P) =i+ 1}.
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In particular we have that
min{i/H;_1(AR — X, Q) #0} = mkin{ card (Qx)} = ht(Q),

max{i/H; 1(A%Z—X,Q) #0} = mlgxx{ card (Dy_1UPy)—1} = projdim (S/Q).

5. Alexander Duality, Syzygies of codim 2 Cohen-Macaulay Monomial
Ideals

Let @ C S := K[V] be a square free monomial ideal and Q@ = Q1N QsN...NQ; be
its minimal primary decomposition, where Q; is generated by a set of variables
Q;. The Alexander dual ideal QV is the square free monomial ideal generated
by the monomials 2?1, ..., 29 where if Q = {x;,, ..., 7;,} we set 29 = x;,...7;,.
It is well known that (QY)Y = Q. Now we recall the following results:

Theorem 5. Let Q C S := K|[x1, ..., z,] be a square free monomial ideal.

1. [11] The ring S/ Q is Cohen-Macaulay if and only if the Alexander dual ideal
QV has a linear resolution.

2. [18] projdim (S/Q) = reg(QV).

3. [17] The ideals Q,QY, and the local cohomology modules H,(S) have Z™-
graded resolutions. Let Q@ = {—1,0}", and a € Q, then

Bi—a(QY) = dim g (HS'7/(5))a

and all other graded Betti numbers are zero.

Proposition 4. Let Q@ := Q1 N...NQ; C K[V] be a 2-reqgular monomial ideal,
Qi = D; U P; satisfying the properties of Theorem 3. Then the minimal free
resolution of QV is

l l
0 — P S[-a(Dis UP)] 5 @) S[-a(@i)] 5 Q¥ — 0.

i=2 i=1
It then follows that
1. S/QVY is a Cohen-Macaulay Ting and has projective dimension equal 2.

2. The multigraded Betti numbers of this free resolution are
B0.a(QY) =1 a=a(Q;), i=1,..,1

B1,a(QY) is the number of occurrences of « in the sequence a(Dy U Pa), ...,

OZ(DZ,1 U Pl).

Let A;1q denote the complement of D;y1 in D;. In the above free resolution
N = (z9,...,29) and M is given by the following set of minimal relations
between the generators of QY :
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a) If P; C Piy1 we have the relation
gP\PigQi _ pBin Qi
(Remark that in this case we also have (D;, Piy1) = (D;, P;) + (Dit1, Pit1).)
b) If P, ¢ Pij1, let j < i be the smallest number such that P; C P11 and
Pjit1 & Piya, it follows then that Ay, C Pigq for all j+1 < k < 4, so

Pit1 D PjUUjpi<k<iAk and we have the relation

gPiJrl\(PjUUjJrlgkgi Ak)ng‘ _ QAHIQQHI_
(Remark that in this case we also have (D;, Piy1) = (Dj, Pj) + (Dit1, Pit1),

since Dj = D; U Uj+1§k§iAk)-

3. When Q is a Ferrer’s ideal, the minimal free resolution of (QV) is
0 — @_3S[~(a(Di-1 UF))] =5 &l 5[~(a(@)] — Q¥ — 0,

where N = (29, ..., 29!) and

212 0 0O .. .. 0 0

—zh2 gl 0o ... ... 0 0

B 0 -z 0 0 .. .. 0
M= 0 0 . o e .0
0 0 VRO L

0 0 —xA

Proof. The first claim is an immediate consequence of the above theorem. The
third claim is a consequence of the second one. In order to show the second
claim, remark that the shape of this free resolution is an immediate consequence
of our Theorem 4, and the results by Eagon-Reiner [11], Terai [18], and [17]
in the above theorem. Also the relations between the generators of QY have
the right degree by our Theorem 4, so they are the minimal ones. We can also
give a direct proof by using the Buchsbaum-Eisenbud theorem to check that the
complex

0 — ®i_pS[—(a(Dimy UP))] 5 &y S[~(a(Q0)] =~ 1Y — 0
is a minimal free resolution, but it is quite long and not interesting. [

Remark 2. The above proposition gives a characterization of perfect codimension
two reduced monomial ideals Z. By Alexander duality, Theorem 3 provides an
effective method to find the prime decomposition Z = Z; N ... N Z,, where each
ideal Z; is a linear monomial ideal generated by two elements and e = deg(S/T) =
w(ZV) is the number of generators of ZV.
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6. Examples

1. Consider the following partition: 3 > 3 > 2 > 2 > 2, and its Ferrer’s
diagram:

o

the corresponding ideal Z has minimal primary decomposition
T = (x1,...,5) N (21, 2,91, ¥2) N (Y1, Y2, ¥3),
the local cohomology modules are given by:
HZ(S) = Hiyy o ya) (5):
HZ(S) = H{,, |0 (S),

HY(S) ~ H,, S),

»»»»» ms,yl,yz)(
and the exact sequence
4 4 5
0— H($1>m2>yl>y2)(8) - HI(S) - H(ml,mz,yl,yz,ys)(s) — 0.
2. The second example corresponds to the partition: 6 >5>3>3>2>2 >
1, the corresponding ideal 7 is generated by
I = (.Ilyl,.IlyQ, s L1Y6y T2Y1y ooey L2Y5, L3Y1y oovy T3Y3, T4Y1 5 ov
T4Y3, L5Y1, L5Y2, LelY1, LeY2, 3573/1),
and its minimal primary decomposition is
1= (xla "'5$7) N (xla "'axﬁayl) N (xla "'a$4ay15y2)
N (‘Ila €2, Y1, Y2, y3) N (‘Ila Y1y ey y5) N (yla ceey yﬁ)
By applying 1 we have grade(Z) = ht(Z) =5, ¢cd(Z) = 7 = projdim (S/(7)).

|/

1 2 3 4 B

=] i A s 0 ba B
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3. The third example corresponds to the partition: m > m > ... > m, where m
is repeated n times, and we suppose that m > n. The corresponding ideal 7
has minimal primary decomposition

= (21, s n) NV (Y1y e, Ym)-
Let Q1 = (x1, .-, &n), Q2 = (Y1, .-, Ym). We have that

Ql + Q2 - (xla cees Tny Y1, ;ym)

It then follows that HY o, (S) ~ Hg (S) and
e if n =1 we have the exact sequence

0= HE,(S) = H\no, (8) = Hg g, (8) =0,

e if n > 2 then
HE (S) ~ HY (S) mHiz™ (S) ~ HZT" (S)
Q1NQ2 Q1 1T Q1NQ2 Q1+Q2

All others local cohomology modules are zero. Hence grade(Z) = ht(Z) = n,
cd(Z) = m+n — 1 = projdim (S/(Z)).

7. Associated Primes of H}(S)

In this section we will prove the following theorem which describes the associated
primes of H§(S), for Q a 2-regular monomial ideal.

Theorem 6. Let Q be a 2-regular square free monomial ideal. We set

Ao ={(Q;)/ cardQ; =1, },
Bio = {(Dk-1, P), card D_1 + card Py =i+ 1}.

We say that an element (Dy_1, Px) € B, o belongs to the set g;/g if (Ds—1, Ps) =
(Q;)+(Qx), for some j, k such that card Q;, card Qy < i. With these notations,
we have

Ass(HL(S)) = Aio UBs 0.

Before going to the proof we need some definitions and lemmas. Let Q be
any square free monomial ideal and Q@ = Q; N ...N Q; its prime decomposition.
Let Q = {0,1}\. For any a € Q we set Q4 = @1 Q1 + ... + ;Q;, where a;Q; = 0
if ; =0 and 0, Q; = Q; if o; = 1. Finally we set Zg g :={Qa | a € Q}.

We apply the following algorithm:

Input: The set Zq .

Fori=1tol
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Do Step i: Prune the ideal I, and Io.,, for all I, € Zq ;—1 such that o; =0,
where €; is the i—th unit vector and prune means remove both ideals if they are
equal.

Next _

Output: The set T. _

Let denote by Z; = {Qn € Z | | o |=t}. We illustrate this algorithm with a
Ferrer’s ideal.

Ezxample 2. Let Q be a Ferrer’s ideal, that is @ = Q1 N...N Q; is its prime
decomposition, where Qy = (Dy, Py) with

DiD>..ODD=0,0=P,C..CP,DinPk =0.

Remark that for any sequence of natural numbers i; < iy < ... < i we have
Qi, +Qiy + ...+ Qi = Qi, + Q;,. Hence applying the above algorithm, we get

il = {Ql; L) Ql})

To = {Qx + Qiy1 = (Dy, Pos1) | V1 < k < 1},
and _:f = _%1 UfQ.

Remark 3. As it was remarked in [1, page 102], and in [2, 3.2] the above algorithm
is the same as the algorithm to pass from the Taylor resolution of the Alexander
dual monomial ideal QV to a minimal free resolution of QY. So if Q is a 2-regular
square free monomial ideal, by Proposition 4 we get

L T = {(Qj)/ card Q; = i},
2. Ty ={(Di_1, P), card Dj_; + card P, =i+ 1}.

Following [1] we say that two sums Q;, + ...+ Q;,,, and Q;, + ... + Q;, are
almost paired if ht(Q;, + ...+ Q;,,,) = ht(Q;, + ...+ Q;,) + 1.

The reader should take care that Q;, +...4+ Q;, and Q;, +...+ Q;,,, can be

almost paired, but it is possible that Q;, +...+Q;, ., and Qil—|—...—|—é:—|—...+Qit+l
are not almost paired, where ~ means to delete this ideal. In this last case we
will say that Q;, + ...+ Q;,, is non almost paired.

For any ideal P generated by some variables (linear ideal) and j a natural
integer, let Qp ; p be the set of all ideals of the form Q; + ...+ Qij € Z; such
that Q;, + ...+ Q;,,, is non almost paired, and P + (Q;, +... + Q;;) = P.

Ezxample 3. Let

S = K[a, b, C, d, e, f’g],
Q = (cg,dg, cf,df, ce,de, bc, bd, bg, bf, be, ae),
Q=0901N92NQ3N Qy,

Where Ql = (a” b) C’ d)’ Q2 = (b’ C’ d’ e)’ QB = (C’ d’ e’ f7 g)’ Q4 = (b’ e’ f’ g)'
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We have that (D1, P2) = (a,b,c,d,e), (D2, P3) = (b,¢,d, e, f,g) = (Ds, Py).
So (b,c,d,e,f,g) = QQ+ Q3 = QQ + Q4 = Q3+ Q4' Let P := (bacadaeafag)a
then
Op.1p = {92, 93, s},

Qpop= {Q2 + Qu4}, Opap= .

We can now state Proposition 4.3.14 of [1]:

Proposition 5. Let Q be any square free monomial ideal and Q@ = Q1N ...N Q,
its prime decomposition. Let P be a linear ideal. The following are equivalent:
L. P e Ass(Hy(9)).

2. There exists Q; +...+Q;, € Qp jp such that ht(Q; +..+Q;;) = i+(j—1) =
htP.

Now we are ready to prove Theorem 6.

Let Q be a square free 2-regular monomial ideal. By Theorem linearly-joined.
there exists an ordered sequence of linear ideals Qy,...,Q; C S := K[V],
such that @ = @1 N...N 9; and

1. HD“ P, CV, with D; = @, P, = @, and for all 1 = 1,..., l, Q,; = (Dl, Pl),

2. D1 D Dy D ... D D;. (Strictly decreasing) and for alli =2,....,1,D;_1 N P; =
0,
3. Let Q) :=(Q1)N...N (Qx) then Q¥F~V 4 Q) = (Dy_1, Pp).

Applying Theorem 4, for any k = 2,...,1 and a natural number j we have
the following short exact sequence:

0— Hou ) (S) ® Ho, (S) = How (S) — H;LIHQ,C (5) — 0.

Since Q*—1 4+ Q) = (Dy_1, Py), this exact sequence implies that

Ass(Hgu-1) () U{Qk,if htQyp =i} C Ass(Hgwm (5))

and

Ass (Ho (S)) C Ass(Hgu1) (S)) U {Qx,if htQp =i}
U {(Dkfl, Pk)lf ht(Dkfl, Pk) =1+ 1}

By using induction on the number of prime components of Q we get that
{Qk,| htQy =i} C Ass(H5(S)) C {P | 3k, P = (Dy—1, Pr), htP =i+ 1}.

Now remark that (Dg_1, Px) = Q; + Qy, for some j < k. Let A; be the comple-
ment of Dj in Djfl.

1. If Py_1 C Py then (Dkfl,Pk) = Qp_1+ 9.
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2. If Po_1 ¢ Py let j < k be the smallest number such that P; C Py and
Pji1 ¢ Py, it follows then that A, C Py for all j +1 < r < k — 1, then
(Di—1, Pr) = Q; + Q.

By Proposition 5, P € Ass(H,(S)) if and only if there exists some non
almost paired sum @Q;, + ... + Q;; such that

P+ Qi +...+Qi; =P, htQi, +...+Qi; =i+ (j —1) = htP.

So by applying Remark 3 we have two cases

1. htP =i and in this case j = 1,P = Q,,, or

2. htP = i+1, in this case P = (Dg—_1, Py) for some k, and j = 2, htQ;, +Q;, =
i+1= htP so Q;, + Q;, = P with the condition htQ;, <iand htQ;, <,
so P € g@g.

For Ferrer’s ideals the situation is much simpler.

Theorem 7. Let Q be a Ferrer’s ideal, @ = Q1 N ...N Qy its minimal prime
decomposition as introduced before, where Q; is generated by a set of variables
Q; such that Q = Dy U P with

DiD>..DD=0,0=P,C..CP, DinP =0.

We set ALQ = {(QJ)/ carde = i,} B B@Q = {73 = (Dkfl,Pk), CaI‘de,1 —+
card P, =i+ 1}. Then Ass (H5(S)) has no embedded primes, more precisely

Ass(H5(9)) = AioU{P€Bio | Aj. PD(Qj)and cardQ; = i}.

Proof.

1. If P € B; o and there is no j, such that P D (Q;) with card Q; = 7, then
‘P is non almost paired since P = Qp_1 + Qp, and htQp_; < i, htQy <.
Hence by Proposition of Alvarez, P € Ass(H§(S)).

2. Let P € Ass(Hg(S)) such that htP = i+ 1. Then P = Q; + Qk, with
j < k and Q; + Qj is non almost paired, that is htQ; < ¢ and htQj < i.
So P = Q; + Qp = (Dj, Py). Suppose that there exist some Qy, t # j, k,
htQ, = i, with P O Qy, that is P = (D;, Py) D (Dy, Py). Since D; NP, = 0,
this implies that j < ¢ < k and D; must properly contain Dy, and Pj must
properly contain P;, so htP > htQ; + 2. This contradicts the assumption
that htP = htQ; + 1. n

Example 4. Let
S = K[a,b,c,d,e,f,g],

and

Q = (cg,dyg, cf, df, ce,de, be,bd, bg, bf, be, ae)
= (a,b,¢,d)N (b, c,d,e) N (c,d,e, f,g)N (bye, f,9).
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Set Q1 = (CL, b, c, d)’ Qs = (ba ¢, d, 6), Q3= (C, d,e, f, g), Qi = (ba e, f, g)' We have
(D1, P2) = (a,b,¢,d,e), (D2, Ps) = (b,c,d,e, f,g) = (D3, P1). So (b,c,d, e, f,g) =
Qo+ Q3 =090+ 9y = Q3+ Q4 and Qs + Q4 is a non almost paired sum. We
get,

Ass(H§(S)) ={Q1, Qa, Qu}, Ass(HJ(S)) = {Qs, Qo + Qs3}.

In particular Ass(H(S)) has an embedded associated prime.
We give some easy corollaries of Proposition 5.

Let « be a new variable. In general it is not easy to relate the associated
primes of Hy(S[z]) and Hy,, () (S[z]), but for a square free monomial ideal this
will be given by the following corollary:

Corollary 3. Let Q C S be any square free monomial ideal in some set of
variables I' and A be a set of variables disjoint from I'. Let P be a linear ideal.
The following are equivalent:

1. P e Ass(HS(S)).
2. (P,A) e ASS(HzgyA) (9)).

The proof is immediate from the above proposition by using the definition
of the sets Op ; p.

Corollary 4. Suppose that Q = Q1 N Qs has only two prime components,
with Q1 generated by Dy = Ag U Do, and Qo generated by Do U Py such that
DiN Py =1(. Then Ass (H{g)(S)) is given by the (possible empty) set

{Q1,if htQ1 =i}U{Qqs,if htQs =1}
U{(Dy1, P2)if ht(D1,Pp)=i+1, htQy, htQy < i}.

The claim follows from Proposition 5, since in this case, the only non possible

empty sets Qp ;p are non empty for j = 1 or j = 2. For j = 1 we have only
the sets Qg, 1,0, for k = 1,2, and Qg, 1.0, = {9k, } if htQ1 = i or empty.
For j = 2 we have that Q1 + Q2 = (D1, P») and if ht(D;, P2) =i+ 1, the set
Q(Dy,P»),2,(Dy,P») Will be non empty and equal to {(D1, P2)} if Q1+Qs = (D1, Ps)
is non almost paired, that is if we have that htQ;, htQs < i.

Remark 4. Using the results in this section we can deduce informations on
the Lyubeznik’s numbers and the Bass numbers. Since they are straight conse-
quences of [2], we refer the reader to this paper.
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