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1. Introduction

In the whole paper we consider the polynomial ring S := K[V ] on a finite set
of variables V . Let Q ⊂ S be a monomial ideal, that is an ideal generated by
monomials. Our main result is to compute the local cohomology modules

Hi
Q(S), where reg (Q) = 2.

Here reg stands for the Castelnuovo Mumford regularity. For short we will say
that Q is a 2−regular monomial ideal.

We recall that any non trivial ideal Q ⊂ S has a finite free resolution:

0 → Fs
Ms→ Fs−1 → .... → F1

M1→ Q → 0.

The number s is called the projective dimension of S/Q and the Betti numbers
are defined by βi(Q) = βi+1(S/Q) = rankFi+1. We will say that the ideal Q
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is 2−regular if Q is generated by elements in degree 2, and the minimal free
resolution of Q is linear, i.e. for i ≥ 2 the matrices Mi in the minimal free
resolution of Q have linear entries.

The study of 2−regular ideals were considered for the first time by Bertini,
Castelnuovo and Del Pezzo. They have shown that for all projective algebraic
(irreducible) varieties X ⊂ Pn

deg(X) ≥ codim(X) + 1,

and they have classified all projective algebraic varieties that satisfy the equality.
Actually these varieties are known as varieties of minimal degree. They are some
kind of ruled varieties called also scrolls.

Later Joe Harris (see for example [13]), reconsidered the proof of Bertini
in terms of modern algebraic geometry. Xambo [20] classified all projective
algebraic sets X ⊂ Pn (reduced non irreducible) that satisfy the equality

deg(X) = codim (X) + 1

under the additional hypothesis that X is connected in codimension 1. In fact the
ideals I ⊂ S defining algebraic sets of minimal degree are exactly the 2−regular
ideals such that S/I is Cohen-Macaulay. 2−regular ideals were studied in a
series of papers, see for example [9, 4, 5, 10, 12, 16].

On the other hand, there are many papers on the local cohomology modules
with support on monomial ideals, see for example [11, 17, 18, 1, 3, 19]. In this
paper we want to give very effective proofs and more precise results in the case
of monomial 2−regular ideals. In fact for monomial 2−regular ideals important
information is collected by inspection of the minimal prime decomposition.

Let Q := Q1∩ ...∩Ql ⊂ K[V ] be a 2-regular reduced monomial ideal, that is
Qi is generated by a set of variables Qi ⊂ V in the polynomial ring S := K[V ].
In [16] it was proved that we have a decomposition Qi = Di ∪Pi satisfying some
properties (see Theorem 3). Our main result is the following.

Theorem 1. Let Q(i) := Q1 ∩ ...∩Qi. Then for any i = 2, . . . . , l and a natural
number j we have the following short exact sequence:

0 → Hj
Q(i−1) (S) ⊕ Hj

Qi
(S) → Hj

Q(i)(S) → Hj+1
Q(i−1)+Qi

(S) → 0.

Moreover Hj
Q(S) 6= 0 if and only if either

1. j = card (Qk) for some k = 1, ..., l, and in this case dim K(Hj
Q(S))−α(Qk) =

1,

2. j+1 = card (Dk−1∪Pk) for some k = 2, ..., l, and in this case dim K(Hj
Q(S))

−α(Dk−1∪Pk) is the number of occurrences of the set Dk−1 ∪ Pk among the
sets D1 ∪ P2, ..., Dl−1 ∪ Pl.
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Here ()−α(Q) means the Zn−graded component, see Sec. 2.

As a corollary we can describe the associate primes of the local cohomology
modules.

Theorem 2. Let Q be a 2-regular square free monomial ideal. We set

Ai,Q = {(Qj)/ card Qj = i},
Bi,Q = {(Dk−1, Pk), card Dk−1 + card Pk = i + 1}.

We will say that an element (Dk−1, Pk) ∈ Bi,Q belongs to the set B̃i,Q if (Ds−1, Ps)
= (Qj) + (Qk), for some j, k such that card Qj, card Qk < i.

With these notations, we have

Ass (Hi
Q(S)) = Ai,Q ∪ B̃i,Q.

2. Preliminaries on Local Cohomology

For a good reading on local cohomology we invite the reader to see [14] or [17].
In this section I ⊂ R is an ideal, R is a noetherian ring.

Proposition 1. Let x be a transcendental element over R, we have
1. Hi

I(R[x]) ' (Hi
I(R))[x].

2. H0
(I,x)(R)[x] = 0 and for any j ≥ 0, we have a short exact sequence

0 → (Hj
I (R))[x] → ((Hj

I (R))[x])x → Hj+1
(I,x)(R[x]) → 0.

3. For any j ≥ 0, Hj
I (R) 6= 0 if and only if Hj+1

(I,x)(R[x]) 6= 0.

In particular if x1 is transcendental over R, xi+1 is transcendental over
R[x1, ..., xi], for all i, and I ⊂ R is an ideal then for any j ≥ 0, Hj

I (R) 6= 0 if
and only if Hj+n

(I,x1,...,xn)(R[x1, ..., xn]) 6= 0.

Proof. The first item is clear since R[x] is a free R−module. The second item
follows from the long exact sequence associated to local cohomology

... → Hj
I,x(R[x]) → (Hj

I (R))[x] → ((Hj
I (R))[x])x → Hj+1

(I,x)(R[x]) → ...,

and the following observation: let M be a non-zero R-module. Then M [x]
is an R[x]-module and the natural map M [x] → (M [x])x is injective. So
H0

(I,x)(R)[x] = 0 and the above long exact sequence splits into short exact se-
quences

0 → (Hj
I (R))[x] → ((Hj

I (R))[x])x → Hj+1
(I,x)(R[x]) → 0,

for any j ≥ 0.
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The third item follows from the second item, since for any M non zero
R−module the natural map M [x] → (M [x])x is never surjective. The last state-
ment is an immediate consequence of the third item. �

Zn-graduation. Let consider a polynomial ring S in n variables, S = K[x1, ..., xn].
For any monomial in S, xα := xα1

1 ...xαn
t we set degZn(xα) = α. S has a Zn-

graduation
S = ⊕α∈NnKxα.

It follows that ideals generated by monomials are the only ideals with Zn-
graduation. It is well known that if I is a monomial ideal then the local co-
homology modules Hi

I(S) are Zn-graded S−modules. For any S-module M
with a Zn-graduation, Mα will denote the K− vector space of elements in M of
degree α. The following proposition is well known.

Proposition 2.
1. Let m = (x1, ..., xn) be the maximal ideal in S then Hj

m(S) 6= 0 if and only
if j = n. Moreover

Hn
m(S) '

⊕

α∈(1,...,1)+Nn

KX−α ' (K[m−1])[α(m)]

as Zn-graded S-modules, where α(m) = (1, ..., 1) ∈ Zn.
2. Let V = {x1, ..., xn}, and Q ⊂ V be a subset of variables, with card Q = q,

then Hj
(Q)(S) 6= 0 if and only if j = q. Moreover

Hq
(Q)(S) ' (Hq

(Q)(K[Q])[V \ Q] ' (K[Q−1][V \ Q])[α(Q)]

as Zn-graded S-modules, where for a subset Q of variables we set

α(Q)k =
{

1 if xk ∈ Q

0 else
and α(Q) = (α(Q)1, ..., α(Q)n).

For α ∈ Zn we can write α = α+ − α−, where α+, α− have positive entries.
It follows that

Hq
(Q)(S) '

⊕

α∈Zn,supp (α−)=supp (Q)

Kx−α−xα+ .

In particular
(Hq

(Q)(S))α 6= 0 ⇐⇒ supp (α−) = supp (Q),

where supp (α−) = {i / αi < 0} and supp (Q) = {i / xi ∈ Q}.
The structure of Hq

(Q)(S) as a S−module is given by: For any monomials
xβ ∈ S and xα ∈ Hq

(Q)(S), we have

xβxα =
{

xβ+α if supp ((β + α)−) = supp (Q)
0 else.
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3. 2-regular Monomial Ideals

Let Q ⊂ S := K[V ] be a square free monomial ideal.

Theorem 2. [16] Let S := K[V ], where V is a finite set of variables. The
following are equivalent:

1. A reduced monomial ideal Q ⊂ S is 2−regular.
2. There exists an ordered sequence of linear ideals Q1, ... ,Ql ⊂ S, such

that Q = Q1 ∩ ... ∩ Ql is the minimal prime decomposition of Q, satisfying
the following properties:
a) ∃ Di, Pi ⊂ V , with Dl = ∅, P1 = ∅,
b) for all i = 1, ..., l, Qi is generated by Di ∪ Pi,

c) D1 ⊃ D2 ⊃ ... ⊃ Dl (Strictly decreasing),
d) for all i = 2, ..., l, Di−1 ∩ Pi = ∅,

e)
k−1⋂

j=1

Qj ⊆ (Pk, Dk−1) ∀k = 2, ..., l.

Proof. The proof is contained in [16], but in order to be clear we sketch it:
Any monomial ideal Q ⊂ S satisfying the property 2 is a 2-regular ideal by
[16, Theorem 3]. On the other hand by [10, Proposition 3.4] any 2-regular ideal
is ”linearly joined”, so [16, Corollary 3] implies that the ideal Q ⊂ S has a
decomposition as stated in 2.

Let ∆k be the complement of Dk in Dk−1. It follows from [16] that

i⋂

k=1

Qk = (Di,
⋃

k=2,...,i

∆k × Pk),

Q =
l⋂

k=1

Qk = (
⋃

k=2,...,l

∆k × Pk),

where for two sets A, B of variables A × B = {ab | a ∈ A, b ∈ B}. �

Ferrer’s diagrams and Ferrer’s ideals. A Ferrer’s diagram is a way to
represent partitions of a natural number N . Let N, m be natural numbers. A
partition of N is a sum of natural numbers: N = λ1 + λ2 + ... + λm, where
λ1 ≥ λ2 ≥ ... ≥ λm. A partition is described by a Young diagram which consists
of m rows, with the first row containing λ1 boxes, the second row containing λ2

boxes, etc. Each row is left-justified. Let λm+1 = 0, δ0 = 0, and δ1 be the highest
integer such that λ1 = ... = λδ1 , and by induction we define δi+1 as the highest
integer such that λδi+1 = ... = λδi+1 , and take l such that δl−1 = m. Let n = λ1,
we consider two disjoint sets of variables : {x1, x2, ..., xm}, {y1, y2, ..., yn}. Let
V {x1, x2, ..., xm} ∪ {y1, y2, ..., yn}and S = K[V ] the ring of polynomials in the
variables V . From the following picture of a Ferrer’s tableau
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we define the following sets:

∆l−i = {xδi+1, . . . , xδi+1},
Πl−i = {yλδi+1 , . . . , yλδi+1+1+1},

for i = 0, . . . , l − 2.

Proposition 3. [16] With the above notations, we set for all i = 1, ..., l

Di = ∆i+1∪...∪∆l Pi = Π2∪...∪Πi, V = D1∪Pl, S := K[V ],

and the linear ideals Qi = (Pi ∪ Di). The Ferrer’s ideal associated to the above
Ferrer’s diagram is given by

Q =
l⋂

k=1

Qk = (
⋃

i=2,...,l

∆i × Pi).

Note that Ferrer’s ideals satisfy the conditions a)-e) of Theorem 3. So Ferrer’s
ideals are 2-regular monomial ideals.

Example 1. Consider the following partition: 3 ≥ 3 ≥ 2 ≥ 2 ≥ 2, and its Ferrer’s
diagram:



Local Cohomology Modules with Support in 2-regular Monomial Ideals 359

The Ferrer’s ideal I has a minimal primary decomposition

I = (x1, ..., x5) ∩ (x1, x2, y1, y2) ∩ (y1, y2, y3),

and is generated by

(x3, x4, x5) × (y1, y2), (x1, x2) × (y1, y2, y3).

4. Local Cohomology Modules of 2-regular Ideals

Let Q := Q1 ∩ ... ∩ Ql ⊂ K[V ] be a 2-regular monomial ideal. There are two
important invariants for the local cohomology modules: grade(I) is the smallest
natural number a such that Ha

I(S) 6= 0 and the cohomological dimension cd(I)
is the highest integer q such that Hq

I(S) 6= 0. In this section we will give the set
of integers q for which Hq

I(S) 6= 0.

We recall that for any two ideals J1,J2 ⊂ S we have the following exact
sequence

0 → S/J1 ∩ J2 → S/J1 ⊕ S/J2 → S/(J1 + J2) → 0,

which gives rise to the Mayer-Vietoris long exact sequence

→ Hh−1
J1∩J2

(S) → Hh
J1+J2

(S) → Hh
J1

(S) ⊕ Hh
J2

(S) → Hh
J1∩J2

(S) → .

Theorem 4. Let Q := Q1 ∩ ...∩Ql ⊂ K[V ] be a 2-regular monomial ideal, that
is Qi is generated by a set of variables Qi ⊂ V in the polynomial ring S := K[V ].
We have a decomposition Qi = Di ∪ Pi satisfying the properties of Theorem 3.
Let Q(i) := (Q1) ∩ ...∩ (Qi) then
1. For any i = 2, ..., l and a natural number j we have the following short exact

sequence

0 → Hj
Q(i−1) (S) ⊕ Hj

Qi
(S) → Hj

Q(i) (S) → Hj+1
Q(i−1)+Qi

(S) → 0.

2. Hj
Q(i)(S) 6= 0 if and only if either

a) j = card (Qk) for some k = 1, ..., i, and in this case dim K(Hj

Q(i) (S))−α(Qk) =
1.

b) j+1 = card (Dk−1∪Pk) for some k = 2, ..., i, and in this case dim K(Hj
Q(i)(S))

−α(Dk−1∪Pk) is the number of occurrences of the set Dk−1 ∪ Pk among the
sets D1 ∪ P2, . . . , Di−1 ∪ Pi.

c) The graded part (Hj
Q(i)(S))α 6= 0 if and only if supp (α−) = supp (Qk) for

some k ≤ i such that card (Qk) = j or supp (α−) = supp (Dk−1 ∪ Pk) for
some k ≤ i such that card (Dk−1 ∪ Pk) = j − 1.

3. Hj
Q(S) 6= 0 if and only if either

a) j = card (Qk) for some k = 1, ..., l, and in this case dim K(Hj
Q(S))−α(Qk) =

1.
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b) j+1 = card (Dk−1∪Pk) for some k = 2, ..., l, and in this case dim K(Hj
Q(S))

−α(Dk−1∪Pk) is the number of occurrences of the set Dk−1 ∪ Pk among the
sets D1 ∪ P2, ..., Dl−1 ∪ Pl.

c) The graded part (Hj
Q(S))α 6= 0 if and only if supp (α−) = supp (Qk) for

some k ≤ l such that card (Qk) = j or supp (α−) = supp (Dk−1 ∪ Pk) for some
k ≤ l such that card (Dk−1 ∪ Pk) = j − 1.

Proof. Let Q ⊂ V be a set of q variables, and (Q) be the ideal generated by Q.
We recall that from Proposition 2 we have that Hj

(Q)(S) 6= 0 if and only if j = q.
Moreover

(Hq
(Q)(S))α 6= 0 ⇐⇒ supp (α−) = supp (Q).

Remark that Claim 3 is Claim 2 for i = l. The proof of the theorem is by
induction on both Claims 1 and 2.

For i = 2, we have the Mayer-Vietoris long exact sequence

→ Hj−1
(Q1)∩(Q2)(S) → Hj

(Q1)+(Q2)(S) → Hj
(Q1)

(S)⊕Hj
(Q2)(S) → Hj

(Q1)∩(Q2)(S) → ...

and we know from the preliminaries that
• Hj

(Q1)
(S) 6= 0 if and only if j = card (D1),

• Hj
(Q2)

(S) 6= 0 if and only if j = card (D2 ∪ P2),

• Hj
(Q1)+(Q2)(S) 6= 0 if and only if j = card (D1 ∪ P2), since (Q1) + (Q2) is

a linear ideal generated by D1 ∪ P2.

It is enough to prove that the following map is the zero map

Hj
(Q1)+(Q2)

(S) → Hj
(Q1)

(S) ⊕ Hj
(Q2)

(S).

This is certainly the case if Hj
(Q1)+(Q2)

(S) = 0. So we only need to consider the

case where j = card (D1 ∪ P2). Let α ∈ Zt such that (Hj
(Q1)+(Q2)

(S))α 6= 0.

Then supp (α−) = supp (D1 ∪ P2). Suppose that the map (Hj
(Q1)+(Q2)

(S))α →
(Hj

(Q1)
(S))α⊕(Hj

(Q2)
(S))α is nonzero. Proposition 2 implies that either supp (α−)

= supp (Q1) or supp (α−) = supp (Q2). Both cases are excluded since the sets
Q1, Q2, D1 ∪ P2 are all distinct. So Claim 1 is true for i = 1. Claim 2 follows
immediately from the short exact sequence

0 → Hj
(Q1)

(S) ⊕ Hj
(Q2)

(S) → Hj
Q(2)(S) → Hj+1

(Q1)+(Q2)(S) → 0.

Now suppose that i ≥ 3. By Theorem 3, we have for k = 2, ..., l that

(Qk) + Q(i) = (Qk) +
k−1⋂

j=1

(Qj) = (Pk ∪ Dk−1).
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By the induction hypothesis we have short exact sequences

0 → Hj
Q(k−1) (S) ⊕ Hj

Qk
(S) → Hj

Q(k)(S) → Hj+1
Q(k−1)+Qk

(S) → 0,

for all k = 2, ..., i− 1 and also that the graded part (Hj
Q(i−1) (S))α 6= 0 if and

only if supp (α−) = supp (Qk) for some k ≤ i − 1 such that card (Qk) = j or
supp (α−) = supp (Dk−1 ∪Pk) for some k ≤ i− 1 such that card (Dk−1 ∪Pk) =
j − 1.

Let consider the long exact sequence

... → Hj−1

Qi∩Q(i−1) (S) → Hj

Qi+Q(i−1) (S) → Hj
Qi

(S)⊕Hj

Q(i−1) (S) → Hj

Qi∩Q(i−1) (S) → ...

We know that Qi ∩Q(i−1) = Q(i), and Qi +Q(i−1) is a linear ideal generated by
Di−1 ∪Pi. In order to prove our theorem it is enough to show that the following
map is the zero map:

Hj
Qi+Q(i−1) (S) → Hj

Qi
(S) ⊕ Hj

Q(i−1) (S).

This is certainly the case if j 6= card (Di−1∪Pi), since in this case Qi+Q(i−1) =
(Di−1 ∪Pi), so Hj

Qi+Q(i−1) (S) = 0. It follows that we only need to consider the

case where j = card (Di−1 ∪ Pi). Let α ∈ Zt such that (Hj
Qi+Q(i−1) (S))α 6= 0.

Then supp (α−) = supp (Di−1∪Pi). Suppose that the map (Hj
Qi+Q(i−1) (S))α →

(Hj
Qi

(S))α⊕(Hj

Q(i−1) (S))α is nonzero. The induction hypothesis and Proposition
2 imply that either supp (α−) = supp (Qi) or supp (α−) = supp (Qk) for some
k ≤ i−1 such that card (Qk) = j or supp (α−) = supp (Dk−1∪Pk) for some k ≤
i−1 such that card (Dk−1 ∪Pk) = j −1. Now remark first that Di−1 ∪Pi 6= Qi

and if Di−1 ∪Pi = Qk for some k ≤ i − 1 then Qk = Di−1 ∪ Pi ⊃ Qi and so the
prime decomposition of Q will be redundant. This is a contradiction. On the
other hand we cannot have Di−1 ∪Pi = Dk−1 ∪Pk for some k ≤ i− 1 such that
card (Dk−1 ∪ Pk) = j − 1, since Di−1 ∪ Pi, Dk−1 ∪ Pk have different cardinals.

This shows that our Claim 1 is true for i. Our Claim 2 follows immediately from
the short exact sequence

0 → Hj
Q(i−1) (S) ⊕ Hj

Qi
(S) → Hj

Q(i)(S) → Hj+1
Q(i−1)+Qi

(S) → 0.

This completes the induction and the proof of our theorem. �

Corollary 1. Let Q := Q1 ∩ ... ∩ Ql ⊂ K[V ] be a 2-regular monomial ideal.
With the above notations we have
1. grade(Q) = ht(Q) = mini=1,...,l{ ht(Qi)} = mini=1,... ,l{ card (Pi ∪ Di)}.
2. cd(Q) = maxi=2,... ,l{ card (Pi ∪ Di−1) − 1}.
3. cd(Q) = projdim (S/Q).

The first two assertions are immediate from the theorem while the last as-
sertion is Lyubeznik’s Theorem [15].
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Corollary 2. The multigraded Hilbert function of the local cohomology modules
are

H(Hj
Q(S), x) =

∑

Qi / card (Qi)=j

∏

xk∈Qi

x−1
k

1 − x−1
k

∏

xk 6∈Qi

1
1 − xk

+
∑

Di−1∪Pi / card (Di−1∪Pi)=j+1

∏

xk∈Di−1∪Pi

x−1
k

1 − x−1
k

∏

xk 6∈Di−1∪Pi

1
1 − xk

.

Proof. From Theorem 4 we have exact sequences

0 → Hj

Q(i−1) (S) ⊕ Hj
Qi

(S) → Hj

Q(i)(S) → Hj+1

Q(i−1)+Qi
(S) → 0.

Remark that Q(i−1) + Qi = (Di−1, Pi). The proof follows from these exact
sequences. Since the multigraded Hilbert function is additive for exact sequences,
for any subset Q ⊂ V , we have that

Hq
(Q)(S) '

⊕

α∈Zn,supp (α−)=supp (Q)

Kx−α−xα+ ,

and

H(Hj
(Q)(S), x) =

∏

xk∈Q

x−1
k

1 − x−1
k

∏

xk 6∈Q

1
1 − xk

.

�

Remark 1. The following result is a straight consequence of [3] and our theorem.
Let Q ⊂ S be a 2-regular square free monomial ideal. The ideal Q and the
local cohomology S−modules Hi

Q(S) have Zn-graded resolutions. We have the
following results:
1. If K is a field of characteristic zero, S = K[x1, ..., xn], and

An(K) = K[x1, ..., xn,
∂

∂x1
, ...,

∂

∂xn
]

is the Weyl algebra, it is well known that Hj
Q(S) is a holonomic An(K)−module.

Then the characteristic cycle of Hj
Q(S) is

CC(Hj
Q(S))

=
∑

Qi/ card (Qi)=j

T ∗
XQi

An
K +

∑

Di−1∪Pi/ card (Di−1∪Pi)=j+1

T ∗
XDi−1∪Pi

An
K .

2. Let K = R, and X ⊂ An
R be the hyperplane arrangement defined by the

ideal Q. Then

dim QH̃i−1(An
R − X)

= card {Qk/ card (Qk) = i} + card {Dk−1 ∪ Pk/ card (Dk−1 ∪ Pk) = i + 1}.
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In particular we have that

min{i/H̃i−1(An
R − X, Q) 6= 0} = min

k
{ card (Qk)} = ht(Q),

max{i/H̃i−1(An
R−X, Q) 6= 0} = max

k
{ card (Dk−1∪Pk)−1} = projdim (S/Q).

5. Alexander Duality, Syzygies of codim 2 Cohen-Macaulay Monomial
Ideals

Let Q ⊂ S := K[V ] be a square free monomial ideal and Q = Q1∩Q2∩...∩Ql be
its minimal primary decomposition, where Qi is generated by a set of variables
Qi. The Alexander dual ideal Q∨ is the square free monomial ideal generated
by the monomials xQ1 , ..., xQl where if Q = {xi1, ..., xis} we set xQ1 = xi1...xis.
It is well known that (Q∨)∨ = Q. Now we recall the following results:

Theorem 5. Let Q ⊂ S := K[x1, ..., xn] be a square free monomial ideal.
1. [11] The ring S/Q is Cohen-Macaulay if and only if the Alexander dual ideal

Q∨ has a linear resolution.
2. [18] projdim (S/Q) = reg (Q∨).
3. [17] The ideals Q,Q∨, and the local cohomology modules Hi

Q(S) have Zn-
graded resolutions. Let Ω = {−1, 0}n, and α ∈ Ω, then

βi,−α(Q∨) = dim K(H |α|−i
Q (S))α

and all other graded Betti numbers are zero.

Proposition 4. Let Q := Q1 ∩ ... ∩Ql ⊂ K[V ] be a 2-regular monomial ideal,
Qi = Di ∪ Pi satisfying the properties of Theorem 3. Then the minimal free
resolution of Q∨ is

0 −→
l⊕

i=2

S[−α(Di−1 ∪ Pi)]
M−→

l⊕

i=1

S[−α(Qi)]
N−→ Q∨ −→ 0.

It then follows that
1. S/Q∨ is a Cohen-Macaulay ring and has projective dimension equal 2.
2. The multigraded Betti numbers of this free resolution are

β0,α(Q∨) = 1 ⇔ α = α(Qi), i = 1, ..., l.

β1,α(Q∨) is the number of occurrences of α in the sequence α(D1 ∪ P2), ...,
α(Dl−1 ∪ Pl).
Let ∆i+1 denote the complement of Di+1 in Di. In the above free resolution

N = (xQ1 , ..., xQl) and M is given by the following set of minimal relations
between the generators of Q∨:
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a) If Pi ⊂ Pi+1 we have the relation

xPi+1\PixQi − x∆i+1xQi+1 .

(Remark that in this case we also have (Di, Pi+1) = (Di, Pi)+(Di+1, Pi+1).)

b) If Pi 6⊂ Pi+1, let j < i be the smallest number such that Pj ⊂ Pi+1 and
Pj+1 6⊂ Pi+1, it follows then that ∆k ⊂ Pi+1 for all j + 1 ≤ k ≤ i, so
Pi+1 ⊃ Pj ∪ ∪j+1≤k≤i∆k and we have the relation

xPi+1\(Pj∪∪j+1≤k≤i ∆k)xQj − x∆i+1xQi+1 .

(Remark that in this case we also have (Di, Pi+1) = (Dj , Pj) + (Di+1, Pi+1),
since Dj = Di ∪ ∪j+1≤k≤i∆k).

3. When Q is a Ferrer’s ideal, the minimal free resolution of (Q∨) is

0 −→ ⊕l
i=2S[−(α(Di−1 ∪ Pi))]

M−→ ⊕l
i=1S[−(α(Qi))]

N−→ Q∨ −→ 0,

where N = (xQ1 , ..., xQl ) and

M =




xΠ2 0 0 ... ... 0 0
−x∆2 xΠ3 0 ... ... 0 0

0 −x∆3 0 0 ... ... 0
0 0 ... ... ... ... 0
0 0 ... ... ... ... xΠl

0 0 ... ... ... ... −x∆l




.

Proof. The first claim is an immediate consequence of the above theorem. The
third claim is a consequence of the second one. In order to show the second
claim, remark that the shape of this free resolution is an immediate consequence
of our Theorem 4, and the results by Eagon-Reiner [11], Terai [18], and [17]
in the above theorem. Also the relations between the generators of Q∨ have
the right degree by our Theorem 4, so they are the minimal ones. We can also
give a direct proof by using the Buchsbaum-Eisenbud theorem to check that the
complex

0 −→ ⊕l
i=2S[−(α(Di−1 ∪ Pi))]

M−→ ⊕l
i=1S[−(α(Qi))]

N−→ I∨ −→ 0

is a minimal free resolution, but it is quite long and not interesting. �

Remark 2. The above proposition gives a characterization of perfect codimension
two reduced monomial ideals I. By Alexander duality, Theorem 3 provides an
effective method to find the prime decomposition I = I1 ∩ ...∩ Ie, where each
ideal Ii is a linear monomial ideal generated by two elements and e = deg(S/I) =
µ(I∨) is the number of generators of I∨.
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6. Examples

1. Consider the following partition: 3 ≥ 3 ≥ 2 ≥ 2 ≥ 2, and its Ferrer’s
diagram:

the corresponding ideal I has minimal primary decomposition

I = (x1, ..., x5) ∩ (x1, x2, y1, y2) ∩ (y1, y2, y3),

the local cohomology modules are given by:

H3
I(S) ' H3

(y1,y2,y3)
(S),

H5
I(S) ' H5

(x1,...,x5)
(S),

H6
I(S) ' H7

(x1,...,x5,y1,y2)
(S),

and the exact sequence

0 → H4
(x1,x2,y1,y2)

(S) → H4
I(S) → H5

(x1,x2,y1,y2,y3)
(S) → 0.

2. The second example corresponds to the partition: 6 ≥ 5 ≥ 3 ≥ 3 ≥ 2 ≥ 2 ≥
1, the corresponding ideal I is generated by

I = (x1y1,x1y2, ..., x1y6, x2y1, ..., x2y5, x3y1, ..., x3y3, x4y1, ...,

x4y3, x5y1, x5y2, x6y1, x6y2, x7y1),

and its minimal primary decomposition is

I = (x1, ..., x7) ∩ (x1, ..., x6, y1) ∩ (x1, ..., x4, y1, y2)
∩ (x1, x2, y1, y2, y3) ∩ (x1, y1, ..., y5) ∩ (y1, ..., y6).

By applying 1 we have grade(I) = ht(I) = 5, cd(I) = 7 = projdim (S/(I)).
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3. The third example corresponds to the partition: m ≥ m ≥ ... ≥ m, where m
is repeated n times, and we suppose that m > n. The corresponding ideal I
has minimal primary decomposition

I = (x1, ..., xn) ∩ (y1, ..., ym).

Let Q1 = (x1, ..., xn),Q2 = (y1, ..., ym). We have that

Q1 + Q2 = (x1, ..., xn, y1, ..., ym).

It then follows that Hn
Q1∩Q2

(S) ' Hn
Q1

(S) and
• if n = 1 we have the exact sequence

0 → Hm
Q2

(S) → Hm
Q1∩Q2

(S) → Hm+1
Q1+Q2

(S) → 0,

• if n ≥ 2 then

Hm
Q1∩Q2

(S) ' Hm
Q1

(S), Hm+n−1
Q1∩Q2

(S) ' Hm+n
Q1+Q2

(S).

All others local cohomology modules are zero. Hence grade(I) = ht(I) = n,
cd(I) = m + n − 1 = projdim (S/(I)).

7. Associated Primes of Hi
Q(S)

In this section we will prove the following theorem which describes the associated
primes of Hi

Q(S), for Q a 2-regular monomial ideal.

Theorem 6. Let Q be a 2-regular square free monomial ideal. We set

Ai,Q = {(Qj)/ card Qj = i, },
Bi,Q = {(Dk−1, Pk), card Dk−1 + card Pk = i + 1}.

We say that an element (Dk−1, Pk) ∈ Bi,Q belongs to the set B̃i,Q if (Ds−1, Ps) =
(Qj)+(Qk), for some j, k such that card Qj, card Qk < i. With these notations,
we have

Ass(Hi
Q(S)) = Ai,Q ∪ B̃i,Q.

Before going to the proof we need some definitions and lemmas. Let Q be
any square free monomial ideal and Q = Q1 ∩ ...∩Ql its prime decomposition.
Let Ω = {0, 1}l. For any α ∈ Ω we set Qα = α1Q1 + ... + αlQl, where αiQi = 0
if αi = 0 and αiQi = Qi if αi = 1. Finally we set IΩ,0 := {Qα | α ∈ Ω}.

We apply the following algorithm:
Input: The set IΩ,0.
For i = 1 to l
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Do Step i: Prune the ideal Iα and Iα+εi , for all Iα ∈ IΩ,i−1 such that αi = 0,
where εi is the i−th unit vector and prune means remove both ideals if they are
equal.

Next
Output: The set Ĩ.
Let denote by Ĩt = {Qα ∈ Ĩ | | α |= t}. We illustrate this algorithm with a

Ferrer’s ideal.

Example 2. Let Q be a Ferrer’s ideal, that is Q = Q1 ∩ ... ∩ Qs is its prime
decomposition, where Qk = (Dk, Pk) with

D1 ⊃ ... ⊃ Dl = ∅, ∅ = P1 ⊂ ... ⊂ Pl, D1 ∩ Pl = ∅.

Remark that for any sequence of natural numbers i1 < i2 < ... < ik we have
Qi1 + Qi2 + ... + Qik = Qi1 + Qik . Hence applying the above algorithm, we get

Ĩ1 := {Q1, ...,Ql},

Ĩ2 := {Qk + Qk+1 = (Dk, Pk+1) | ∀1 ≤ k < l},

and Ĩ = Ĩ1 ∪ Ĩ2.

Remark 3. As it was remarked in [1, page 102], and in [2, 3.2] the above algorithm
is the same as the algorithm to pass from the Taylor resolution of the Alexander
dual monomial ideal Q∨ to a minimal free resolution of Q∨. So if Q is a 2-regular
square free monomial ideal, by Proposition 4 we get
1. Ĩ1 = {(Qj)/ card Qj = i},
2. Ĩ2 = {(Dk−1, Pk), card Dk−1 + card Pk = i + 1}.

Following [1] we say that two sums Qi1 + ... + Qit+1 and Qi1 + ... + Qit are
almost paired if ht(Qi1 + ... + Qit+1) = ht(Qi1 + ... + Qit) + 1.

The reader should take care that Qi1 + ...+Qit and Qi1 + ...+Qit+1 can be
almost paired, but it is possible that Qi1+...+Qit+1 and Qi1+...+Q̂iτ +...+Qit+1

are not almost paired, where ̂ means to delete this ideal. In this last case we
will say that Qi1 + ... + Qit+1 is non almost paired.

For any ideal P generated by some variables (linear ideal) and j a natural
integer, let QP,j,P be the set of all ideals of the form Qi1 + ... + Qij ∈ Ĩj such
that Qi1 + ... + Qij+1 is non almost paired, and P + (Qi1 + ... + Qij ) = P.

Example 3. Let

S = K[a, b, c, d, e, f, g],
Q = (cg, dg, cf, df, ce, de, bc, bd, bg, bf, be, ae),
Q = Q1 ∩Q2 ∩Q3 ∩Q4,

where Q1 = (a, b, c, d), Q2 = (b, c, d, e), Q3 = (c, d, e, f, g), Q4 = (b, e, f, g).



368 Dao Thanh Ha and Marcel Morales

We have that (D1, P2) = (a, b, c, d, e), (D2, P3) = (b, c, d, e, f, g) = (D3, P4).
So (b, c, d, e, f, g) = Q2 + Q3 = Q2 + Q4 = Q3 + Q4. Let P := (b, c, d, e, f, g),
then

QP,1,P = {Q2,Q3,Q4},

QP,2,P = {Q2 + Q4},QP,3,P = ∅.

We can now state Proposition 4.3.14 of [1]:

Proposition 5. Let Q be any square free monomial ideal and Q = Q1 ∩ ...∩Qs

its prime decomposition. Let P be a linear ideal. The following are equivalent:
1. P ∈ Ass(Hi

Q(S)).
2. There exists Qi1+...+Qij ∈ QP,j,P such that ht(Qi1+...+Qij) = i+(j−1) =
htP.

Now we are ready to prove Theorem 6.

Let Q be a square free 2-regular monomial ideal. By Theorem linearly-joined.
there exists an ordered sequence of linear ideals Q1, ...,Ql ⊂ S := K[V ],
such that Q = Q1 ∩ ...∩Ql and

1. ∃Di, Pi ⊂ V , with Dl = ∅, P1 = ∅, and for all i = 1, ..., l, Qi = (Di, Pi),
2. D1 ⊃ D2 ⊃ ... ⊃ Dl. (Strictly decreasing) and for all i = 2, ..., l,Di−1 ∩ Pi =

∅,
3. Let Q(k) := (Q1) ∩ ...∩ (Qk) then Q(k−1) + Qk = (Dk−1, Pk).

Applying Theorem 4, for any k = 2, ..., l and a natural number j we have
the following short exact sequence:

0 → Hi
Q(k−1) (S) ⊕ Hi

Qk
(S) → Hi

Q(k)(S) → Hi+1
Q(k−1)+Qk

(S) → 0.

Since Q(k−1) + Qk = (Dk−1, Pk), this exact sequence implies that

Ass(Hi
Q(k−1) (S)) ∪ {Qk, if htQk = i} ⊂ Ass(Hi

Q(k) (S))

and

Ass (Hi
Q(k) (S)) ⊂ Ass(Hi

Q(k−1) (S)) ∪ {Qk, if htQk = i}
∪ {(Dk−1, Pk)if ht(Dk−1, Pk) = i + 1}.

By using induction on the number of prime components of Q we get that

{Qk, | htQk = i} ⊂ Ass(Hi
Q(S)) ⊂ {P | ∃k,P = (Dk−1, Pk), htP = i + 1}.

Now remark that (Dk−1, Pk) = Qj +Qk for some j < k. Let ∆j be the comple-
ment of Dj in Dj−1.

1. If Pk−1 ⊂ Pk then (Dk−1, Pk) = Qk−1 + Qk.
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2. If Pk−1 6⊂ Pk let j < k be the smallest number such that Pj ⊂ Pk and
Pj+1 6⊂ Pk, it follows then that ∆r ⊂ Pk for all j + 1 ≤ r ≤ k − 1, then
(Dk−1, Pk) = Qj + Qk.

By Proposition 5, P ∈ Ass(Hi
Q(S)) if and only if there exists some non

almost paired sum Qi1 + ... + Qij such that

P + Qi1 + ... + Qij = P, htQi1 + ... + Qij = i + (j − 1) = htP.

So by applying Remark 3 we have two cases
1. htP = i and in this case j = 1,P = Qi1 , or
2. htP = i+1, in this case P = (Dk−1, Pk) for some k, and j = 2, htQi1+Qi2 =

i + 1 = htP so Qi1 + Qi2 = P with the condition htQi1 < i and htQi2 < i,
so P ∈ B̃i,Q.

For Ferrer’s ideals the situation is much simpler.

Theorem 7. Let Q be a Ferrer’s ideal, Q = Q1 ∩ ... ∩ Ql its minimal prime
decomposition as introduced before, where Qi is generated by a set of variables
Qi such that Qk = Dk ∪ Pk with

D1 ⊃ ... ⊃ Dl = ∅, ∅ = P1 ⊂ ... ⊂ Pl, D1 ∩ Pl = ∅.

We set Ai,Q = {(Qj)/ card Qj = i, } , Bi,Q = {P := (Dk−1, Pk), card Dk−1 +
card Pk = i + 1}. Then Ass (Hi

Q(S)) has no embedded primes, more precisely

Ass(Hi
Q(S)) = Ai,Q ∪ {P ∈ Bi,Q | 6 ∃ j, P ⊃ (Qj)and card Qj = i}.

Proof.
1. If P ∈ Bi,Q and there is no j, such that P ⊃ (Qj) with card Qj = i, then

P is non almost paired since P = Qk−1 + Qk, and htQk−1 < i, htQk < i.
Hence by Proposition of Alvarez, P ∈ Ass(Hi

Q(S)).
2. Let P ∈ Ass(Hi

Q(S)) such that htP = i + 1. Then P = Qj + Qk, with
j < k and Qj + Qk is non almost paired, that is htQj < i and htQk < i.
So P = Qj + Qk = (Dj , Pk). Suppose that there exist some Qt, t 6= j, k,
htQt = i, with P ⊃ Qt, that is P = (Dj , Pk) ⊃ (Dt, Pt). Since D1 ∩Pl = ∅,
this implies that j < t < k and Dj must properly contain Dt, and Pk must
properly contain Pt, so htP ≥ htQt + 2. This contradicts the assumption
that htP = htQt + 1. �

Example 4. Let
S = K[a, b, c, d, e, f, g],

and

Q = (cg, dg, cf, df, ce, de, bc, bd, bg, bf, be, ae)
= (a, b, c, d)∩ (b, c, d, e)∩ (c, d, e, f, g)∩ (b, e, f, g).
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Set Q1 = (a, b, c, d),Q2 = (b, c, d, e),Q3 = (c, d, e, f, g),Q4 = (b, e, f, g). We have
(D1, P2) = (a, b, c, d, e), (D2, P3) = (b, c, d, e, f, g) = (D3, P4). So (b, c, d, e, f, g) =
Q2 + Q3 = Q2 + Q4 = Q3 + Q4 and Q2 + Q4 is a non almost paired sum. We
get

Ass(H4
Q(S)) = {Q1,Q2,Q4}, Ass(H5

Q(S)) = {Q3,Q2 + Q3}.

In particular Ass(H5
Q(S)) has an embedded associated prime.

We give some easy corollaries of Proposition 5.

Let x be a new variable. In general it is not easy to relate the associated
primes of Hi

Q(S[x]) and Hi
Q+(x)(S[x]), but for a square free monomial ideal this

will be given by the following corollary:

Corollary 3. Let Q ⊂ S be any square free monomial ideal in some set of
variables Γ and ∆ be a set of variables disjoint from Γ. Let P be a linear ideal.
The following are equivalent:
1. P ∈ Ass(Hi

Q(S)).
2. (P, ∆) ∈ Ass(Hi

(Q,∆)(S)).
The proof is immediate from the above proposition by using the definition

of the sets QP,j,P.

Corollary 4. Suppose that Q = Q1 ∩ Q2 has only two prime components,
with Q1 generated by D1 := ∆2 ∪ D2, and Q2 generated by D2 ∪ P2 such that
D1 ∩ P2 = ∅. Then Ass (Hi

(Q)(S)) is given by the (possible empty) set

{Q1, if htQ1 = i} ∪ {Q2, if htQ2 = i}
∪ {(D1, P2)if ht(D1, P2) = i + 1, htQ1, htQ2 < i}.

The claim follows from Proposition 5, since in this case, the only non possible
empty sets QP,j,P are non empty for j = 1 or j = 2. For j = 1 we have only
the sets QQk,1,Qk for k = 1, 2, and QQk,1,Qk = {Qk, } if htQ1 = i or empty.
For j = 2 we have that Q1 + Q2 = (D1, P2) and if ht(D1, P2) = i + 1, the set
Q(D1,P2),2,(D1,P2) will be non empty and equal to {(D1, P2)} ifQ1+Q2 = (D1, P2)
is non almost paired, that is if we have that htQ1, htQ2 < i.

Remark 4. Using the results in this section we can deduce informations on
the Lyubeznik’s numbers and the Bass numbers. Since they are straight conse-
quences of [2], we refer the reader to this paper.
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