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Abstract. Common fixed point results for generalized Z-nonexpansive subcompatible
maps have been obtained in the present work. Some useful invariant approximation
results have also been determined by its application. These results extend and general-
ize various existing known results with the aid of more general class of noncommuting
mappings.
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1. Introduction

Fixed point theorems have been applied in the field of invariant approximation
theory since the last four decades and several interesting and valuable results
have been obtained.

Meinardus [7] was the first to employ a fixed-point theorem of Schauder to
establish the existence of an invariant approximation. Further, Brosowski [2]
obtained an interesting result and generalized the Meinardus’s result. Later,
several results [4, 11, 16] have been proved in the direction of Brosowski’s result
[2]. In the year 1988, Sahab et al [8] extended the result of Hicks and Humpheries
[4] and Singh [11] by considering one linear and the other nonexpansive map-
pings. Al-Thagafi [1] generalized result of Sahab et al [8] and proved some results
on invariant approximations for commuting mappings. The introduction of non-
commuting maps to this area by Shahzad [9, 10] further extended Al-Thagafi’s
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results and obtained a number of results regarding invariant approximation. Re-
cently, using compatible maps Jungck and Hussain [6] unified, and generalized
the results said above.

Some attempts have been made to find existence results on common fixed
point theorem and to generalize Z-nonexpansive subcompatible maps which is
further applied to prove some useful invariant approximation results. In this way,
results of Jungck and Hussain [6] are unified, and generalized with the aid of
more general class of noncommuting mappings instead of compatible mappings.
Some known results of Al-Thagafi [1], Brosowski [2], Meinardus [7], Sahab et al
[8] and Singh [11, 12] are also extended by considering Ciric’s contraction type
condition and more general class of noncommuting mappings in normed spaces.
In this way, an approach has been made to give a new direction to the line of
investigation initiated in [2].

2. Preliminaries
We need the following definitions.

Definition 2.1. [13] Let M be a subset of a metric space X. Let z9 € X. An
element y € M is called a best approzrimant to xg € X, if

d(xo,y) = dist(zg, M) = inf{d(zo, 2) : z € M}.
Let Pa(xo) be the set of best M—approximants to o and so
Prm(zo) = {z € M : d(xg, 2z) = dist(zg, M)}.

Definition 2.2. [13] Let X be a metric linear space. Then a nonempty subset
M in X is said to be convex, if Az + (1 — Ny € M, whenever z,y € M and
0<A<L.

A subset M in X is said to be starshaped, if there exists at least one point
p € M such that the line segment [x, p] joining x to p is contained in M for all
x €M (thatis de + (1 = N)p e M, forallz € M and 0 < X\ < 1). In this case
p is called the starcenter of M.

Each convex set is starshaped with respect to each of its points, but not
conversely.

Definition 2.3. [5] A pair (T,Z) of self-mappings of a metric space X is said
to be compatible, if d(TZTx,,ITx,) — 0, whenever {x,} is a sequence in X such
that Txy,,Ix, —t € X.

Every commuting pair of mappings is compatible but the converse is not
true in general. Jungck introduced the concept of weakly compatible maps as
follows.
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Definition 2.4. [6] A pair (Z,7T) of self-mappings of a metric space X is said
to be weakly compatible, if they commute at their coincidence points, i.e., if
Tu =Zu for some uw € X, then TZu = ZTu.

It is easy to see that compatible maps are weakly compatible.

Definition 2.5. Suppose that M is p-starshaped with p € F(I) (set of fized
point) and is both T - and T-invariant. Then T and T are called R-subcommuting
on M, if for all x € M there exists a real number R > 0 such that d(Z7x,TZx) <
(®)d(((1 = k)p + kTx),Zz) for each k € (0,1]. If R = 1, then the maps are
called 1-subcommuting. The T and T are called R-subweakly commuting on M,
if for all x € M there exists a real number R > 0 such that d(ZTxz,TIx) <
Rd(Zx, [p, Tx]), where [p,z] ={(1 —k)p+ka:0<k <1}

Definition 2.6. Suppose that M is p-starshaped withp € F(I), define \,(Z,T)
= {\Z,T:):0 <k <1} where Tox = (1 — k)g+ kTz and \(Z,Ti) = {{xn} c

M : lim, Tz, = lim, Tpz, =t € M = lim, d(Z7 yxn, TpIx,) = O}. Then T
and T are called subcompatible [14,15] if

limd(ZT z,,TZx,) =0
for all sequences x,, € \,(Z,T).

Obviously, subcompatible maps are compatible but the converse does not
hold, in general, as the following example shows.

Ezample 2.7. Let X = R with usual norm and M = [1,00). Let Z(z) =2z — 1
and 7 (z) = 22, for all z € M. Let p = 1. Then M is p-starshaped with Zp = p.
Note that Z and T are compatible. For any sequence {x,} in M with lim,, z,, =
2, we have, lim,, Zx,, = lim,, T%xn = 3 € M hence lim,, HI’T%JJ" - T%Ian =0.
However, limy, [|Z7 ¢, — 7 Zxy,|| = 0. Thus Z and 7 are not subcompatible maps.

Note that R-subweakly commuting and R-subcommuting maps are subcom-
patible. The following simple example reveals that the converse is not true, in
general.

Ezample 2.8. Let X = R with usual norm and M = [0,00). Let Z(x) = % if
0<z<landZz=zifr=1andT(z)=3if0<z<land Tz =z?ifz =1
Then M is 1-starshaped with 71 = 1 and A (Z,7) = {{z,} : 1 <z, < 00},
Note that Z and 7 are subcompatible but not R-weakly commuting for all R > 0.
Thus Z and 7 are neither R-subweakly commuting nor R-subcommuting maps.

The weak commutativity of a pair of selfmaps on a metric space depends on
the choice of the metric. This is true for compatibility, R-weak commutativity
and other variants of commutativity of maps as well.

Ezample 2.9. Let X = R with usual norm and M = [0, 00). Let Z(z) = 1+z and
T(x) =2+2° Then |Z7z —TZz| =2z and |Zz — Tz| = |2? — x + 1|. Thus the
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pair (Z,T) is not weakly commuting on M with respect to the usual metric. But
if X is endowed with the discrete metric d, then d(Z7z,7Zz) =1 =d(Zz,Tx)
for > 1. Thus the pair (Z,7) is weakly commuting on M with respect to the
discrete metric.

Throughout this paper F(7) (resp. F(Z)) denotes the set of fixed points of
mapping 7 (resp. 7).

The following result will also be used in the sequel.

Theorem 2.10. [6, Theorem 2.1]. Let M be a subset of a metric space
(X,d), and let T and T be weakly compatible self mappings of M. Assume
that 1T (M) C Z(M), clT (M) is complete, and T and T satisfy

d(Tz,Ty)

< hmax{d(Zz,Zy),d(Tx,Zx),d(Ty,ZIy),d(Ty,Zx),d(Txz,Ty)}. @1)

forallz,ye M and 0 < h <1, then MNF(T)NF(ZI) is a singleton.

3. Main Results

First, a general result in common fixed point theory for a more general class of
noncommuting mappings is presented below.

Theorem 3.1. Let M be a nonempty p-starshaped subset of a normed space X .
Suppose that (T,T) are subcompatible self-mappings of M such that clT (M) C
IZ(M), and T is affine with p € F(T). If T is continuous and T and I satisfy

|72 Tyll < max {|| Tz — Tyl dist([Tw, p], Ta), dist([ Ty, p], Ty).
(3.1)
dist([Ty, p), Tw), dist([ T, p], Ty) },

forallz,y € M, then F(T)NF(Z) # 0, provided one of the following conditions
holds:
(1) T (M) is compact and T is continuous;

(2) M is complete, F(T) is bounded and T is a compact map;
(3) M is bounded and complete, T is hemicompact and T is continuous;
(4)

4) X is complete, M is weakly compact, T is weakly continuous and T — T is

demiclosed at 0;

(5) X is complete, M is weakly compact, T is completely continuous and T is
continuous.

Proof. Choose a sequence {k,} C (0,1) with k, — 1 as n — oco. Define for each
n > 1 and for all z € M, a mapping 7,, by

Tox =k, Tx+ (1 —ky)p.
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Then each 7, is a self-mapping of M and for each n, cl7,(M) C Z(M) since
T is affine, p € F(Z) and cl7 (M) C Z(M). The subcompatibility of the pair
(Z,7T) implies that

0 <lim||7,Zxm —Z7 nom|
<limky||TZxm —I7T x| + Um(1 — ky)||p — Zp||
= O,

for any {x,,} C M with lim,, 7,,z,, = lim,,, Zx,, =t € M.

Thus (7,,,7Z) are compatible and hence weakly compatible on M for each n.
Also

[ 7nz — Toy||
= knl|Tz — Tyl
< ky max{||Zz — Zy||, dist([T =, p], Zz), dist([T y, p, Zy),
dist([Ty, p], Zx), dist([Tz, p], Zy)}
< ko max{|Zz — Tyl | Tz — Zal, | Toy — Tyl | oy — Zal, | Toe — Ty}
< ko max{|Zz — Ty|, | Tz — Zal, | Toy — Tyl | oy — Zal, | T — Ty}

for all z,y € M.

(1) Since cl7 (M) is compact, cl7,(M) is also compact. By Theorem 2.10,

for each n > 1, there exists y, € M such that y, = Zy, = T,y,. The

compactness of cl7 (M) implies that there exists a subsequence {7y} of

{Ty,} such that Ty,, — y as m — oco. Then the definition of 7,,y,, implies

Ym — ¥, so by the continuity of 7 and Z we have y € F(7) N F(Z). Thus

FT)NF(Z) #0.

As in (1), there is a unique y, € M such that y, = T,yn = Zyn. As 7T is

compact and {y,} being in F(Z) is bounded so {7y,} has a subsequence

{Tym} such that {Ty,} — y as m — oo. Then the definition of 7, ym

implies y,, — y, so by the continuity of 7 and Z we have y € F(7) N F(Z).

Thus F(T)NF(Z) £ 0.

(3) As in (1) there exists y, € M such that y, = Zy, = Tpy,. And M is
bounded, s0 ¥, — Tyn = (1 — (kn) ) (yn — p) — 0 as n — oo and hence
d(Yn, Tyn) — 0 as n — oo. The hemicompactness of 7 implies that {y,}
has a subsequence {y;} which converges to some z € M. By the continuity
of 7 and 7 we have z € F(T)NF(Z). Thus F(T)NF(I) # 0.

(4) As in (1) there exists y, € M such that y, = Zy, = T,yn. Since M is
weakly compact, we can find a subsequence {y,} of {y,} in M converging
weakly to y € M as m — oo and as 7 is weakly continuous so Zy = y. By
(3) Zym — Tym — 0 as m — oo. The demiclosedness of Z — 7 at 0 implies
that Zy = Ty. Thus F(T)NF(Z) # 0.

~
[\
—
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(5) Asin (4), we can find a subsequence {y.,} of {y,} in M converging weakly
toy — M as m — oo. Since 7 is completely continuous, 7y, — Ty as
m — oo. Since kn — 1, Ym = TYm = kmTym + (1 — kn)p — Ty as
m — oo. Thus Ty, — T2y as m — oo and consequently 72y = Ty implies
that 7w = w, where w = Ty. Also, since Zym, = ym — 7y = w, using the
continuity of Z and the uniqueness of the limit, we have Zw = w. Hence
FT)NF(Z) #0. ]

An immediate consequence from Theorem 3.1 is the following

Corollary 3.2. Let M be a p-starshaped subset of a normed space X, and let
T and T be continuous self-maps of M. Suppose that T is affine with p € F(T),
clT (M) C Z(M) and that cIT (M) is compact. If the pair (T,T) is R-subweakly
commuting and satisfies (3.1) for all z,y € M, then F(T)NF(ZT) # 0.

As an application of Theorem 3.1, we obtain the following more general
results in invariant approximations theory with the aid of a more general class
of noncommuting, namely, subcompatible mappings.

Theorem 3.3. Let X be a normed space and T,7 : X — X. Let M be a subset
of X such that T(OM) C M and xo € F(T)NF(T). Suppose T is affine on
Prm(zo), p € F(T), Pam(zo) is closed and p-starshaped, T(Pa(xo)) = Pam(xo),
and c1T (Pam(xo)) is compact. If the pair (T,T) is continuous, subcompatible and
satisfies

|Zz — Zao|| if y = o,
Tz — Tyl < maX{HIx — Tyl dist([Tw, pl, Tx), dist([Ty, p], Zy),  (3.2)
dist([Ty, pl, To), dist(Tw,p], Zy) }, if y € Pa(o),
for all x € Ppq(zo) U{zo}, then Pa(zo) NF(T)NF(T) # 0.

Proof. Let y € Paq(zo). Then y € OM and so Ty € M, because T(OM) C M.
Now since 7 xg = xg = Zxg, we have

1Ty —woll = 1Ty — Txoll < Ty — Lol = [Ty — zol| = dist(zo, M).

This shows that Ty € Paq(zg). Consequently, 7(Pa (z0)) € Pm(zo) =
Z(Pm(zo)). Now Theorem 3.1 guarantees that

Pu(zo) NF(T)NF(T) # 0.

Define C%(z¢) = {z € M : Iz € Pm(xo)} and DM (29) = Pum(xo) N
CIM (xo)

Theorem 3.4. Let X be a normed space and T,7 : X — X. Let M be a subset
of X such that T(OM) C M and xo € F(T)NF(T). Suppose T is affine on
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D* = D%, (z0), p € F(T), D* is compact and p-starshaped, Z(D*) = D*, T is
nonezpansive on Paq(xo) U {zo} and T (D*) is compact. If the pair (T,T) is
continuous, subcompatible on D* and if T and I satisfy

|Zz — Zxol if y = o,
iTo—Ty| <{  wax{ITe — Tyl [T p], To), dis( Ty ). Ty), (3.3
dist([Ty, p|, Tz), dist([T z, p],zy)} ify € D*,
for all x € D* U {m}, then Pa(xo) N F(T) N F(T) # 0.

Proof. First, we show that 7 is a self map on D*, ie., 7 : D* — D*. Let
y € D*, then Ty € D*, since Z(D*) = D*. By the definition of D*, y € OM.
Also Ty € M, since T (OM) C M. Now since Txg = xo = Zxy,

1Ty = zoll = 1Ty — Twoll <7y — Zaol|.

AS I.IO = Xy,
1Ty — Toll < [|Zy — wol| = dist(xo, M),

since Zy € Paq(xo). This implies that 7Ty is also closest to zq, so Ty € Paq(xo).
As T is nonexpansive on Pag(zo) U {xo},

IZTy — w0l = |T7Ty — Zwo| < (| Ty — 2ol = [Ty — Txo|
< NZy — Zxol| = [Ty — xol|-

Thus, ZTy € Pa(xo). This implies that 7y € CTM () and Ty € D*. So 7 and
T are selfmaps on D*. Hence, all the conditions of Theorem 3.1 are satisfied.
Thus, there exists z € Paq(zg) such that z =Tz =T z. m

Theorem 3.5. Let X be a normed space and T,7 : X — X. Let M be a subset
of X such that T(OM N M) C M and xo € F(T)NF(T). Suppose T is linear
on D* = D%, (o), p € F(T), D* is compact and p-starshaped, I(D*) = D*, T is
nonezpansive on Pa(xo) U {zo}, and cIT(D*) is compact. If the pair (T,T) is
continuous, subcompatible on D* and T and T satisfy (3.3) for all x € D*U{xo},
then Pa(zo) N F(T) N F(Z) # 0.

Proof. Let x € D*. Then, x € Paq(zg) and hence ||z — x| = dist(xg, M). Note
that for any k € (0, 1),

lkxo + (1 — k)z — 20| = (1 — k) ||z — zo|| < dist(zo, M).

It follows that the line segment {kxo + (1 —k)z : 0 < k < 1} and the set M
are disjoint. Thus x is not in the interior of M and so x € dM N M. Since
TOMN M) C M, Tx must be in M. Along with the lines of the proof of
Theorem 3.4, we have the result. ]

Remark 3.6. Tt is observed that Z(Pa(zo)) C Pm(zo) implies Ppaq(zg) C D*
and hence D* = Pa(xg). Consequently, Theorems 3.4, 3.5 remain valid when
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Remark 3.7. Theorem 3.1 - Theorem 3.5 generalize the results of Jungck and
Hussain [6, Theorem 2.3 - Theorem 2.5] in the sense that the more general
noncommuting mappings, namely, subcompatible mappings, have been used in
place of compatible mappings.

Remark 3.8. Similarly, all other results of Jungck and Hussain [6, Theorem 2.9
- Theorem 2.12] hold by using subcompatible mappings instead of compatible
mappings.

Remark 3.9. Theorem 3.1 contains [1, Theorem 2.2], [3, Theorem 1] and [10,
Theorem 2.2].

Remark 3.10. Theorem 3.3 - Theorem 3.5 contain Theorem 3.2 of Al - Tha-
gafi [1], Theorem 3 of Sahab et al [8] and Singh [11, 12] in the sense that more
general noncommuting mappings (subcommuting mappings) and relatively non-
expansive maps have been used in place of relatively nonexpansive commuting
maps.
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