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Abstract. Given an exactly controllable time-invariant linear control system on a Hilbert

space, the distance from the given system to the set of not approximately controllable systems

is the norm of the smallest perturbation that makes the given system not approximately

controllable. In this paper, the distances when both or only one of the system operators is

perturbed are formulated in terms of optimization problems depending on a complex variable.

In some cases, these optimization problems can be reduced to depend on one real variable, as

well as the real and complex radii are shown to be equal. The obtained results in this paper

also generalize the recent work of [6, 12].
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1. Introduction

Let X and U be some Hilbert spaces. In this paper, we consider the following
time-invariant linear system

ẋ(t) = Ax(t) + Bu(t), t ≥ 0, (1)

where A ∈ L(X), and B ∈ L(U, X). The problem of the controllability of dy-
namical systems has attracted attention since 1960s. Exact controllability refers
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to the ability of a system to transfer the state vector from one specified vector
value to another in finite time. In particular, the systems (1) is called exactly
controllable if for every x0, x1 ∈ X, there exist an input vector u(t) and a real
t1 > 0 such that x(0) = x0 and x(t1) = x1. First important contributions are
of Kalman and Hautus, see e.g. [1, 8, 11, 18], that the system (1) is exactly
controllable if and only if rank [A − λI, B] = n for all λ ∈ C. This result is often
called Hautus test.

It is worth to remark that there is another notion of controllability, approxi-
mate controllability, which means that for every x0, x1 ∈ X and arbitrary ε > 0,
there exist an input vector u(t) and a real t1 > 0 such that x(0) = x0 and
‖x(t1) − x1‖ < ε. From the definitions, it is easy to see that exact controllability
implies approximate controllability. For finite dimensional systems, approximate
controllability is equivalent to exact controllability. However, for infinite dimen-
sional systems, the equivalence is not true. And some researchers generalized the
Hautus test for the case of infinite dimensional systems in [5, 10, 17].

It is proved in [14] that the subset of the operators (A, B) such that the system
(1) is approximately controllable is not closed as well as not open in the product
topology, but the subset of the operators (A, B) such that the system (1) is
exactly controllable is open. This means that the exact controllability property
is robust, but the approximate controllability property is not.

Over the past decades, problems of robustness of controllability of the system
(1) have attracted a good deal of attention in finite dimensional control the-
ory. One of the most effective and flexible approaches towards those problems
is based on the concept of distance from an controllable system to the set of
not controllable systems, shortly, controllability distance. This concept was first
introduced in [6], in which Eising did research on system (1) when both matrices
A and B are subjected to unstructured perturbations of the form

A 7→ A + ∆A, B 7→ B + ∆B.

In [2], Boley discussed the problem of computation of controllable space. Then
Boley and Wu-Sheng Lu considered the problem of how to extend the small
controllability distance by feedback gain in [3]. Guangdi Hu and Edward J.
Davison gave formulae for the real controllability distance of the system in [9].
In [12], we studied the controllability distances when only the matrix A or B is
perturbed.

However, the investigation of extension of the controllability distance for infi-
nite dimensional systems has not been studied yet. And in this paper, we gener-
alize the results of controllability distances for time-invariant linear systems on
Hilbert spaces. The organization of this work is as follows. In the next section,
we summarize some notations and give some results which will be used in the
remainder. The main results of the work will be presented in Sec. 3. An example
is given in Sec. 4 to illustrate the obtained results.
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2. Preliminaries

Let X, Y be Hilbert spaces, V be a subspace of X and M ∈ L(X, Y ), we denote
the spectrum of M by σ(M ), the adjoint operator by M∗, the null subspace by
N (M ), the range subspace by R(M ), the projection of X onto V by PV and

smin(M ) := min
{√

λ : λ ∈ σ(MM∗)
}

.

If X, Y are finite dimension spaces, smin(M ) is the smallest singular value of the
matrix M . Throughout the paper, we always assume that all spaces considered
are Hilbert spaces. Let A ∈ L(X, Y ) and B ∈ L(U, Y ) then the operator [A, B] ∈
L(X × U, Y ) is defined by

[A, B] (x, u) := Ax + Bu, ∀(x, u) ∈ X × U.

Hautus test is a common approach to derive the controllability distances for
finite dimensional systems, see [6, 9, 12]. The following theorem generalizes the
Hautus test for systems on infinite dimensional spaces.

Theorem 2.1. [5, 10, 17] The system (1) is

(a) exactly controllable if and only if

R ([A − λI, B]) = X, ∀λ ∈ C;

(b) approximately controllable if and only if

R ([A − λI, B]) = X, ∀λ ∈ C.

From the theory of adjoint operator, we generalize a characteristic of the smallest
singular value of matrix M for bounded operator in the following result.

Lemma 2.2. Let A ∈ L(X, Y ), then

inf
‖y‖=1

‖A∗y‖ = smin(A).

Proof. By the definition of adjoint operator,

‖A∗y‖ =< A∗y, A∗y >1/2=< AA∗y, y >1/2 .

Using a well-known fact that inf {< AA∗y, y >: ‖y‖ = 1} = min{λ : λ ∈ σ(AA∗)},
see e.g. [16, 4], we get the proof.

The continuity of smin(.) is obtained as a corollary of the above lemma as
follows.
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Corollary 2.3. Let A and B ∈ L(X, Y ), then

smin(A) − smin(B) ≤ ‖A − B‖ .

Proof. For y ∈ Y with ‖y‖ = 1, we have

‖A∗y‖ ≤ ‖A∗y − B∗y‖ + ‖B∗y‖ ≤ ‖A∗ − B∗‖ + ‖B∗y‖ .

Hence,
inf

‖y‖=1
‖A∗y‖ − inf

‖y‖=1
‖B∗y‖ ≤ ‖A∗ − B∗‖ = ‖A − B‖ .

Thanks to Lemma 2.2, we are done.

The following theorem characterizes the value smin(.) via the range subspace
of its operator argument.

Theorem 2.4. Let A ∈ L(X, Y ), then smin(A) > 0 if and only if R(A) = Y .

Proof. If R(A) 6= Y , then R(AA∗) 6= Y . This means 0 ∈ σ(AA∗), or smin(A) = 0.
Conversely, if R(A) = Y , decompose A = A1π with π : X −→ X/N (A) being

the canonical quotient map and A1 : X/N (A) −→ Y defined by A1(x̃) = Ax
for any x ∈ x̃ ∈ X/N (A). Then A1 has bounded inversion by the open mapping
theorem, so does A∗

1. Hence, AA∗ = A1ππ∗A∗
1 = A1A

∗
1 has bounded inversion.

And this means 0 6∈ σ(AA∗), or smin(A) > 0.

It is remarkable that when X = Cm and Y = Cn, Theorem 2.4 collapses to a
well-known result that smin(A) > 0 if and only if rank(A) = n. And to give the
formulae for controllability distance, we need the following lemma.

Lemma 2.5. Let A ∈ L(X, Y ) satisfying R(A) = Y , then

inf
∆∈L(X,Y )

{
‖∆‖ : R(A + ∆) 6= Y

}
= smin(A).

Proof. First, the condition R(A + ∆) 6= Y means N (A∗ + ∆∗) 6= {0}. Then,
there exists a vector y ∈ Y with ‖y‖ = 1 satisfying A∗y = −∆∗y. From this, we
get

‖∆‖ = ‖∆∗‖ ≥ inf
‖y‖=1

‖A∗y‖ . (2)

By Lemma 2.2, equation (2) implies

inf
∆∈L(X,Y )

{
‖∆‖ : R(A + ∆) 6= Y

}
≥ smin(A). (3)

Second, for arbitrary ε > 0, Lemma 2.2 implies there exists a vector yε ∈ Y
with ‖yε‖ = 1 satisfying ‖A∗yε‖ < smin(A)+ ε. By Hahn-Banach theorem, there
exists Λε ∈ Y ∗ such that ‖Λε‖ = 1 and Λεyε = 1. Choose ∆ε ∈ L(X, Y ) such
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that ∆∗
εy = −(A∗yε)Λεy for all y ∈ Y . It is easy to verify that ‖∆∗

ε‖ = ‖A∗yε‖ ,
and (A∗ + ∆∗

ε)yε = 0 which implies R(A + ∆ε) 6= Y . This means

inf
∆∈L(X,Y )

{
‖∆‖ : R(A + ∆) 6= Y

}
≤ smin(A). (4)

From (3) and (4) the proof is complete.

It is noticeable that Lemma 2.5 collapses to the well-known rank reduction
problem when X and Y are finite dimension spaces, for example see [13, p.415],
that

inf
∆∈Cn×m

{‖∆‖ : rank(A + ∆) ≤ n} = smin(A).

This result is received via singular value decomposition technique, and is the key
tool to derive controllability distance in [6, 9].

Using the same approach to solve the problem when the perturbation occurs
only on operator A or B of the system (1) as in the paper [12], we generalize
Lemma 1.1 in [12] to the following lemma with some change of the format for
being suitable with Hilbert space context.

Lemma 2.6. Let A ∈ L(X, Y ) and B ∈ L(U, Y ) satisfying R [A, B] = Y , then

inf
∆∈L(X,Y )

{
‖∆‖ : R [A + ∆, B] 6= Y

}
= smin

(
PN (B∗)A

)
.

Proof. The condition R [A + ∆, B] 6= Y is equivalent to R
[
PN (B∗)(A + ∆)

]
6=

N (B∗). By setting ∆pr = PN (B∗)∆ ∈ L(X,N (B∗)), we can rewrite the condi-
tion as R

[
PN (B∗)A + ∆pr

]
6= N (B∗). Noting that ‖∆pr‖ ≤ ‖∆‖ and applying

Lemma 2.5, we get the proof.

3. Controllability Distances

3.1. Perturbation on both A and B

In this subsection, we assume that both operators A and B are subjected to
perturbation of the form

A 7→ A + ∆A, B 7→ B + ∆B,

where ∆A ∈ L(X) and ∆B ∈ L(U, X) are unknown operators. Then, the per-
turbed system of system (1) is

ẋ(t) = (A + ∆A)x(t) + (B + ∆B)u(t), t ≥ 0. (5)

Definition 3.1. The controllability distance of the system (1) with respect to
the perturbation on both A and B is defined by
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dAB = inf
∆A∈L(X)

∆B∈L(U,X)

{‖∆A, ∆B‖} : the perturbed system (5)

is not approximately controllable}.

Theorem 3.2. Let the system (1) be exactly controllable, then

dAB = min
λ∈C

smin [A − λI, B] .

Proof. Using Theorem 2.1 and Lemma 2.5, we get

dAB = inf
∆A∈L(X)

∆B∈L(U,X)

{
‖∆A, ∆B]‖ : ∃λ ∈ C,R [A + ∆A − λI, B + ∆B] 6= X

}

= inf
λ∈C

inf
∆A∈L(X)

∆B∈L(U,X)

{
‖∆A, ∆B]‖ : R [A + ∆A − λI, B + ∆B] 6= X

}

= inf
λ∈C

smin [A − λI, B] .

Moreover, by Corollary 2.3, we obtain

|smin [A − λ1I, B] − smin [A − λ2I, B]| ≤ |λ1 − λ2| .

This implies the continuity of smin [A − λI, B] in λ. Noting that smin [A − λI, B]
tends to infinity when |λ| tends to infinity, we complete the proof.

So the controllability distance is formulated as an optimization problem de-
pending on one complex variable. Employing some special structure of the system
operator A, the optimization problem is reduced to depend on one real variable
as follows.

Theorem 3.3. Let the system (1) be exactly controllable.

(a) If A is Hermitian then dAB = min
λ∈R

smin [A − λI, B] .

(b) If A is skew-Hermitian then dAB = min
λ∈R

smin [A − iλI, B] .

Proof.

(a) By Theorem 3.2 and Lemma 2.2, we get

dAB = min
λ∈C

min
‖y‖=1

√
‖(A∗ − λI)y‖2 + ‖B∗y‖2

.

Since A is Hermitian, we have

‖(A∗ − λI)y‖2 = ‖(A∗ − <λI)y‖2 + (=λ)2 ‖y‖2

≥ ‖(A∗ − <λI)y‖2 .

Thus
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dAB = min
λ∈R

min
‖y‖=1

√
‖(A∗ − λI)y‖2 + ‖B∗y‖2 = min

λ∈R
smin [A − λI, B] .

(b) From the fact that A is skew-Hermitian if and only if iA is Hermitian, we
obtain (b).

3.2. Perturbation on only A

In this subsection, we assume that only the system operator A is subjected to
perturbation. Then, the perturbed system of system (1) is

ẋ(t) = (A + ∆A)x(t) + Bu(t), t ≥ 0. (6)

Definition 3.4. The controllability distance of the system (1) with respect to
perturbation on only A is defined by

dA = inf
∆A∈L(X)

{‖∆A‖ : the perturbed system (6)

is not approximately controllable}.

Theorem 3.5. Let the system (1) be exactly controllable, then

dA = min
λ∈C

smin

[
PN (B∗)(A − λI)

]
.

Proof. From Theorem 2.1, we get

dA = inf
∆A∈L(X)

{
‖∆A‖ : ∃λ ∈ C,R [A + dA − λI, B] 6= X

}

= inf
λ∈C

inf
∆A∈L(X)

{
‖∆A‖ : R [A + ∆a − λI, B] 6= X

}
.

Using Lemma 2.6, we can get the proof.

Here, we can also reduce the controllability distance to an optimization prob-
lem depending on just one real variable as in Theorem 3.3.

Theorem 3.6. Let the system (1) be exactly controllable.

(a) If A is Hermitian then dA = min
λ∈R

smin

[
PN (B∗)(A − λI)

]
.

(b) If A is skew-Hermitian then dA = min
λ∈R

smin

[
PN (B∗)(A − iλI)

]
.
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3.3. Perturbation on only B

In this subsection, we assume that only the system operator B is subjected to
perturbation. Then, the perturbed system of system (1) is

ẋ(t) = Ax(t) + (B + ∆B)u(t), t ≥ 0, (7)

Definition 3.7. The controllability distance of system (1) with respect to per-
turbation on only B is defined by

dB = inf
∆B∈L(U,X)

{‖∆B‖ : the perturbed system (7)

is not approximately controllable}.

Theorem 3.8. Let the system (1) be exactly controllable, then

dB = min
λ∈σ(A)

smin

[
PN (A∗−λI)B

]
.

Proof. From Theorem 2.1, we have

dA = inf
∆B∈L(U,X)

{
‖∆B‖ : ∃λ ∈ C,R [A − λI, B + dB ] 6= X

}

= inf
λ∈C

inf
∆B∈L(U,X)

{
‖∆B‖ : R [A − λI, B + ∆B ] 6= X

}
.

Noting that R(A − λI) = X for all λ 6∈ σ(A) and using Lemma 2.6 we can get
the proof.

We also reduce the problem to an optimization problem on just the real case
as in Theorems 3.3 and 3.6. However, if A is Hermitian then all eigenvalues of
A∗ are necessarily real, and if A is skew-Hermitian then all eigenvalues of A∗

have to be pure imaginary. So, the reduction is trivial.

3.4. Real and complex controllability distance

Let X be a Hilbert separable space with orthogonal basis {xi}∞i=1, a vector x ∈ X
is said to be nonnegative if < x, xi > is nonnegative for all i = 1, 2, ... So, we can
consider X as a complex Banach lattice, (see [15]), with the order defined by
x ≥ y if and only if x − y is nonnegative. Hence, we can consider perturbations
of the two different types:

∆ ∈ L(X, Y ) ∆ ∈ LR(X, Y ),

for some Hilbert separable spaces X and Y with their specific orthogonal bases,
see [7] for more about these kinds of perturbations. In particular, the complex
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controllability distance dC
AB, dC

A, dC
B are defined by Definitions 3.1, 3.4 and 3.7.

When ∆A and ∆B are restricted to belong to LR(X) and LR(U, X), we get the
notation of real controllability distance dR

AB, dR
A, dR

B.
By choosing yε to be real and using Hahn-Banach theorem for real op-

erators, see [20, p.249], instead of using Hahn-Banach theorem to construct
∆ε ∈ LR(X, Y ) in the proof of Lemma 2.5, we get the following result.

Lemma 3.9. Let X, Y be some Hilbert separable spaces with their particular
orthogonal bases and A ∈ LR(X, Y ) satisfying R(A) = Y , then for arbitrary
ε > 0 there exists a perturbation ∆ε ∈ LR(X, Y ) satisfying R(A + ∆ε) 6= Y and
smin(A) ≤ ‖∆ε‖ ≤ smin(A) + ε.

We also get the same result for the case when apart of the operator is per-
turbed as in Lemma 2.6.

Lemma 3.10. Let X, Y, U be some Hilbert separable spaces with their particular
orthogonal bases, and A ∈ LR(X, Y ), B ∈ LR(U, Y ) satisfying R [A, B] = Y ,
then for arbitrary ε > 0 there exists a perturbation ∆ε ∈ LR(X, Y ) satisfying
R [A + ∆ε, B] 6= Y and smin[PN (B∗)A] ≤ ‖∆ε‖ ≤ smin [PN (B∗)A] + ε.

From the definition of complex and real controllability distances, we get
dC

AB ≤ dR
AB, dC

A ≤ dR
A and dC

B ≤ dR
B. And the equality can attain in the fol-

lowing theorem.

Theorem 3.11. Let X, U be some Hilbert separable spaces with their partic-
ular orthogonal bases and the system (1), with A ∈ LR(X) symmetric and
B ∈ LR(U, X), exactly controllable, then dC

AB = dR
AB , dC

A = dR
A and dC

B = dR
B.

Proof. By Lemma 3.9, the formula of complex controllability distance in (a) of
Theorem 3.3 means there exists a sequence of couple real operators (∆k

A, ∆k
B),

k = 1, 2, . . ., which make the perturbed system (5) not approximately control-
lable and ‖[∆k

A, ∆k
B]‖ converge to dC

AB. This implies dC
AB ≥ dR

AB . However, from
the definition, we get dC

AB ≤ dR
AB. So, we have dC

AB = dR
AB. And using the same

arguments and Lemma 3.10 for the cases of dA and dB, we complete the proof.

4. Example

Let X = C2 and U = l2(N, C) with their normal orthogonal bases. Consider
system (1) with

A =
[
0 1
1 0

]
, B(u1, u2, . . .) =




∑+∞
i=1

u2i−1√
2i

∑+∞
i=1

2u2i√
2i


 .
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It is easy to check that this system is exactly controllable. By Theorems 3.11,
the real and complex controllability distances are equal. Using Theorems 3.3,

3.6 and 3.8, we get dAB =
√

2, dA = +∞, dB =

√
5
2
. This illustrates for the fact

that dAB ≤ min{dA, dB}, and the strict inequality may occur.
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