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Abstract. In this paper we have shown that the little Bloch space By cannot be complemented
in B and hence C(D) cannot be complemented in L (D). Further, we have obtained some closed
subspaces of L°°(D) that can be complemented in L°° (D). As a consequence of these results
we have shown {T}, : ¢ € h°°(D)} can be complemented in £(L2) and {hy : ¢ € (D)}
cannot be complemented in £(L2, (L_Z)g) Here Ty is the Toeplitz operator on the Bergman
space L2, hy is the little Hankel operator from L2 into (L2)o = {f : f € L2, f(0) = 0} and

h*°(D) is the space of bounded harmonic functions on the unit disk D.
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1. Introduction

Let D = {z € C: |z] < 1}. The Bloch space B of D is defined to be the space of
analytic functions f on D such that

[ flls =sup{(1—[z]*)|f(2)] : z € D} < 0.

It is not difficult to check that |||z is a complete semi-norm on B. The space B
can be made [9] into a Banach space by introducing the norm

I = 1£O) + ([ f]ls-
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1
Let dA(z) = —dxzdy be the normalized area measure on D. For 1 < p < 400,

™
LP(D, dA) will denote the Banach space of Lebesgue measurable functions f on
D with

= [ If(Z)IpdA(z)]% < oo

L> (D, dA) will denote the Banach space of Lebesgue measurable functions f
on D with

[fllec = ess sup {|f(2)] : z € D} < +o0.

For 1 < p < oo, the space LE(D) is defined to be the subspace of LP(D, dA)
consisting of analytic functions. For 1 < p < oo, LE is a closed subspace [9] of
LP(D,dA). The Bergman space LZ(D) (in case p = 2) is a Hilbert space and the
inner product on L?(DD) is given by the formula

(f.9) = / f(2)g(2)dA(2), f.g € L2(D).

Let P be the orthogonal projection from L?*(ID, dA) onto L? (D). The operator P
is called the Bergman projection. It is shown in [9] that the Bergman projection
P is a bounded linear operator from L>°(D) onto B. The little Bloch space
of D, denoted by By, is the closed subspace of B consisting of functions f with
(1—|21*)f'(2) — 0 as|z| — 1. The space of bounded analytic functions on D will
be denoted by H>° (D). It is not so difficult to verify that H>* C B, || fllz < || ]l
for all f in H* and neither By is contained in H*® nor is H*° contained in Bj.
Let f(z) = Y. panz™. Then f € B implies |a,| < 2| f|g,n = 1,2,... and
f € By implies a, — 0 as n — oo (see [9]).

2. Uncomplemented Subspaces

In this section we show that the little Bloch space By cannot be complemented
in B, hence C'(D) cannot be complemented in L> (D). We shall use the following
lemma to prove these results.

Lemma 2.1. [1] If f(2) = Y07 anz™ is a Hadamard gap series, that is,
Ant1 = ¢, for some constant ¢ > 1 and all n, then f € B if and only if
{an} is bounded; f € By if and only if a, — 0 as n — oo.

Theorem 2.2. The little Bloch space By cannot be complemented in B.

Proof. Define a map T : B — I* by T(f) = (azn)$2, for f(2) = 3 anz™. The
n=0

n=1

map T is well-defined [9] and is a bounded linear operator from B to the Banach
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space [*° of bounded complex sequences with the supremum norm. Further from
[9] it follows that if f € By, then Tf € cp, the subspace of {* consisting of
sequences which tend to zero. By Lemma 2.1, the linear map S : [*® — B
defined by S((ax)2,) = 325°, axz?" is a well-defined, bounded linear operator
and S maps ¢y into By. Now suppose there exists a projection @) from B onto By.
Then M =ToQoS is a bounded linear operator from I* into ¢y and M? = M.
To see that M is onto, let (ax)32, € co. Let f(2) = 325, axz2 . Then f € By
by Lemma 2.1 and Tf = (ax)3,,Qf = f. Moreover, S((ax)32,) = f. Hence
(ToQoS)(ar)52, = (ar)7,. Thus M is a bounded projection from [*° onto cg.
But it is known [5] that ¢y cannot be complemented in [°°. Hence By cannot be
complemented in B. [ |

Corollary 2.3. The algebra C(D) of complex valued continuous functions on the
closure of D cannot be complemented in L (D).

Proof. Suppose there exists a bounded projection @ from L> (D) onto C(D). Let
i be the inclusion map from B into L>°(D). It is known [9] that the Bergman
projection P maps C(D) onto By. Thus M = P o Q o i is a bounded linear
operator from B onto By and M? = M. Hence M is a bounded projection from
B onto By. By Theorem 2.2, such projection does not exist. It therefore follows
that there is no bounded projection from L°°(D) onto C(D) and C(D) cannot
be complemented in L*°(D). [ |

Remark 2.4. Let Cy(D) be the subalgebra of C(D) consisting of functions f
with f(z) — 0 as |z| — 17. It is known [9] that the Bergman projection maps
Co(D) onto By. By a similar argument as in Corollary 2.3, one can show that
Co(D) cannot be complemented in L>°(D).

Let h*° (D) be the space of bounded harmonic functions on D. Let T denote
the unit circle in the complex plane C. Suppose f € L?(T) and I is an interval
contained in T. We write the mean of f over I as

1
ﬁ:mlﬂﬂﬁ

where |I| denotes the length of I. The function f is said to have bounded mean
oscillation on T if

1 3
wmmywyhﬂﬂu@—ﬁﬁﬂ < oo,

Let BMO (abbreviated for BMO(T)) denote the space of all functions f €
L?(T) having bounded mean oscillation. It can be checked that BM O is a Banach
space modulo constants. Let BM O A be the intersection of BM O with the Hardy
space H? and let BMOA(D) be the space consisting of harmonic extensions
of functions in BMOA. Tt is known [9] that an analytic function on D is in
BMOA(D) if and only if it is the Bergman projection of a bounded harmonic
function on D.
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Theorem 2.5. BMOA(D) can be complemented in B.

Proof. Let i be the inclusion map from B into L*°(D). It is shown in [6, 7]
that h>°(D) can be complemented in L>°(D). Let @ be the bounded projection
from L*°(D) onto h*°(D). By [9], the Bergman projection P maps h* (D) onto
BMOA(D). Thus M = P o Qo i maps B onto BMOA(D) and M? = M. Thus
M is a bounded projection from B onto BMOA(D) and therefore BMOA(D)
can be complemented in 5. [ |

Given f € L*(T), the harmonic extension of f to D denoted by f(z) is defined

as 9
1 ™

J?(Z):% f(O)P.(6)do, z € D,

1— | |2 ew 4z . )
where P,(0) = ———»= = Re (| —; is the Poisson kernel of D. It follows
e

[1— ze|? —z

that f(z) is harmonic in . Moreover, if a,, are the Fourier coefficients of f, then
o0 o0
= Z an™ + Z a_pz".
n=0 n=1

Conversely, if f(z) is an analytic function on D with

1 2m

- 0 pdo
sup 5 |f(re”)|Pdf < +oo,

then Fatou’s theorem [3] implies that the limit f(6) = lim, ;- f(re??) exists for
almost every @ (with respect to df), f(0) € HP, and the harmonic extension of
f(0) to D is precisely f(z). Thus, the harmonic extension (the Poisson extension)
establishes an one-to-one correspondence between HP of T and the space of
analytic functions f(z) on D with

1 2m

- 6 pdo
sup o |, | f(re”)|PdO < oo

and
L
P = Su —/ re’ .
1y =sm 5 [ (7

We let HP(D) denote the space of analytic functions on I which are harmonic
extensions of functions in HP. We shall not distinguish between HP(D) and
HP(T). Since H?(T) is a closed subspace of the Hilbert space L?(T), there exists
an orthogonal projection from L?(T) onto H?(T). We shall denote this projection

by P. Let P be the composition of P with the harmonic extension; that is,
Pf = Pf for all f € L*(T). Clearly P maps L?(T) onto H?(D) and Pis a
projection in the sense that P when applied to functions in H 2(T) is simply the
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Poisson extension and P is called the Szegd projection. Let L>°(T) be the space
of all essentially bounded, measurable functions on T and

1 2m

H“(T)—{qﬁeL“(T):% ) (b(ew)emedt?—(),n—1,2,3,...}.

Let hg (D) be the space of all bounded harmonic functions on ) which can
be extended to D = T continuously. Let A(D) be the disc algebra consisting of
all functions which are continuous on the closed unit disk and analytic at each
interior point. The space A(D) is a Banach space under the supremum norm

[flloc = supy. < [ £(2)]-

Theorem 2.6. There exists no bounded projection from h (D) onto A(D).

Proof. Tt is possible to identify the functions in A(D) with their boundary values,
thus obtaining an isomorphism between A(D) and the Banach space of contin-
uous functions on the unit circle such that f02ﬂ f(0)ei?do = 0,n = 1,2,3,....
This algebra of continuous functions is also denoted by A. It is known [4] that
there exists no bounded projection from C(T) onto A. Notice that by taking
harmonic extensions of functions in C'(T) and A, we shall obtain the classes
hgg (D) and A(D) respectively.

Let T'be a map from C(T) onto hgy (D) such that T'f = . Suppose there exists
a bounded projection @ from A% (D) onto A(D). Let S be the map from A(D)
onto A such that Sg = § where g(e?’) = lim,_,- g(re?’). Then M = SoQoT
maps C(T) onto A and M? = M. Hence M is a bounded projection from C(T)
onto A. But such map M does not exist (see [4]). ]

It is not so difficult to check that if f € L?(T) then the Bergman projection
of the harmonic extension of f is equal to the harmonic extension of the Szego
projection of f. Thus if the Szego projection P would have mapped C(T) onto

A then P f= Pf where P is the Bergman projection and P would have been
the projection from A (D) onto A(D).

The space VMO (vanishing mean oscillation) is the subspace of BMO con-
sisting of functions f such that

1
lim —/ 6) — fr1%2de = 0.
Jim o [1760) = 11

Clearly, VMO is closed in BMO and VMO contains C(T), the space of
continuous functions on T. Let VMOA be the intersection of VMO with H?2.
Let VM OA(D) be the space of harmonic extensions of functions in VMOA. Tt is

shown in [9] that BMOA = PL>(T),VMOA = PC(T), PL>*(T) = BMOA(D)

and PC(T) = VMOA(D). We shall show below that VMOA(D) cannot be
complemented in BMOA(D) and hX (D) cannot be complemented in h> (D).
But first we shall prove the following lemma.
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Lemma 2.7. C(T) cannot be complemented in L>(T).

Proof. Since h*>°(D) can be complemented (see [6, 7]) in L*°(D), there exists
a bounded projection M from L*(D) onto h*(D). Let S : h>*°(D) — L*=(T)
be such that Sf = f where f(e®) = lim,_,,- f(re’). Suppose there exists a
bounded projection @ from L>(T) onto C(T). Define T from C(T) onto C(D)
as Tg = g where g is the harmonic extension of g into D. Then it follows that U =
ToQoSoM is amap from L>(D) onto C(D) and U? = U. It happens since if f is
continuous on the unit circle, then f, the harmonic extension of f is continuous
on the closed disk, harmonic in the interior. That is, f € C(D) N h>(D) if
f € C(T). Thus we obtain a bounded projection from L>°(ID) onto C(D) and by
Corollary 2.3 such map does not exist. Hence there exists no bounded projection
from L*°(T) onto C(T). [ |

Corollary 2.8. VMOA(D) cannot be complemented in BMOA(D).

Proof. Since PL*(T) = BMOA(D) and PC(T) = VMOA(D), hence VMO A(D)
can be complemented in BMOA(D) if and only if C'(T) can be complemented
in L*°(T). By Lemma 2.7, there exists no bounded projection from L*°(T) onto
C(T). Thus VM OA(D) cannot be complemented in BMOA(D). [

Corollary 2.9. The space h (D) cannot be complemented in h* (D).

Proof. Tt is established in [9] that an analytic function on D is in BMOA(D)
if and only if it is the Bergman projection of a bounded harmonic function
on D and an analytic function on D is in VMOA(D) if and only if it is the
Bergman projection of a harmonic function on D which extends to 0D continu-
ously. That is, Ph*°(D) = BMOA(D) and Ph¥ (D) = VMOA(D) where P is the
Bergman projection. Hence hZ¥ (D) can be complemented in A*°(D) if and only
if VMOA(D) can be complemented in BMOA(D). By Corollary 2.8 VMOA(D)
cannot be complemented in BMOA(D). Thus Ay (D) cannot be complemented
in h*° (D). [ |

3. Complemented Subspaces of the Space of Bounded Linear
Operators

For 1 < p < oo, the Besov space B, of D is defined to be the space of analytic
functions f in D such that

Ifll5, = [/D(l — PP )PdN)| " < oo,

dA
where dA\(z) = ﬁ is the Mobius invariant measure on . It is easy to
-z
show that |||/, is a complete semi-norm on B,,. The space B, becomes a Banach
space with the norm
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Il = 1O+ [ fll, -

Let £(H?, (H?)*) be the space of all bounded linear operators from the Hardy
space H? into ( 2)L (the orthogonal complement of H? in L?). For ¢ € L>°(T),
define Hy : HX(T) — (H*(T))* as Hyf = (I — P)(¢f). The operator Hy is
called the Hankel operator with symbol ¢. Notice that Hy is linear, bounded
and ||Hg|| < ||¢]|co- The Hankel operator Hy can also be defined with symbol
f € L*(T). In general, Hy is only densely defined with domain containing H>.
One can show that H is bounded precisely when Hy = H,, for some g € L>(T).

Given 1 < p < oo, we define the Schatten p-class of the Hilbert space H,
denoted by S,(H) or simply Sy, to be the space of all compact operators T
on H with its singular value sequence {\,} belonging to I (the p-summable
sequence space). It is known that .S, is a Banach space [9] with the norm

1T, = (; IAn|p> %

Theorem 3.1. The linear space {Hf : f € By} can be complemented in the
Schatten p-class Sp,1 < p < oo in L(H?, (H?)?1).

e™ n > 0 is the standard orthonormal basis for

Proof. The functions e, (t) =
> 1,n € Z, is an orthonormal basis for (H?)*. Let
1, let

H?%(T) and €, (t) = e~ n
T € L(H?,(H*)?1). For n >

1 n
= E § Ten k> en
k=1

The boundedness of T implies that {¢,} is a bounded sequence; thus the
following series defines an analytic function on D

o0
= g tn2"
n=1

If T is a bounded linear operator from H? into (H2)%, then T(z) is in the
Bloch space B of D and if 1 < p < 0o, then the mapping o defined by o(T) = T
maps the Schatten class S, into the Besov space B, and the map o is bounded
(see [9]). Further if p > 1 and f is in H?, then Hj is in the Schatten class
Sy if and only if f is in the Besov space By [9]. Define a map p from B, onto
{Hf: f € By} by p(g) = Hy. It is not difficult [9] to see that p is bounded and
|H7ll, < cllfls, where ¢ is a constant. Hence p o o maps S, in L(H?, (H?)")
onto {H : f € B,}. It also follows easily that (po0)* = poo. Thus Q = poo
is a bounded projection from S, onto {Hy: f € By} and {Hf: f € By} can be
complemented in S, for 1 < p < oo. ]
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Let £(L?) be the space of bounded linear operators from the Bergman space
L? into itself. For ¢ € h*> (D), define the Toeplitz operator T, : L2 — L2 as
Ty f = P(¢f) where P is the Bergman projection. Notice that T} is bounded with
1Tl < ||¢lloo- Similarly for ¢ € L*°(T), one can define the Toeplitz operator
By from H?(T) into itself as By f = P(ipf), where P is the Szego projection
from L?(T) onto H?(T). Functions in L°(T) correspond via Poisson integral to
bounded harmonic functions on D) and the radial limits of functions in 2>°(D)
belong to L*°(T) (see [9]).

Hence there is an one-to-one correspondence between h*°(D) and L*°(T).
Let £(H?) be the set of all bounded linear operators from H?(T) into itself.
The functions u,(z) = v/n+ 12", n =0,1,2,--- form an orthonormal basis for
L2(D) and {e, () }2°, = {€}22, form an orthonormal basis for H%(T). In the
following theorem we shall prove the existence of a bounded projection from
L(L2) onto {T : ¢ € h>*(D)}.

Theorem 3.2. There exists a bounded projection from L(LZ) onto {Ty : ¢ €

1 (D)}.

Proof. The set of functions u,(z) = v/n+ 12", n € Z,(the set of nonnegative
integers), z € D form an orthonormal basis for L2(D). Also every bounded
harmonic function f on ID can be written in the form f = f1 + fo = Yoo panz"+
S La—nZ", f1, f2 € H*(D) (see [9]).

This implies

Then we have

Try, Um
<f ) >
—  a — A _
= { Up —F— Uk, Uy, ) + { Un Uk, Um
> n-+1 > N m-+1 N
- <k2_0ak“"+k\/ m’“m> . <Z““k+m\/ m“>

ag if m =mn;

n+1 .
Am—n4/ if m > n;
= m+ 1

m+1 .
a_(n—m) TI,—H ifm < n.

Thus the matrix of a Toeplitz operator with bounded harmonic symbol f is
of the above form where ay,k € Z is the kth Fourier coefficient of f(e'?) =
lim, ;- f(re).

Define W from H?(T) onto L2(D) as We,, = u,,n = 0,1,2,... where {e, }>°,
is the standard orthonormal basis for H%(T) and {u,}3%, is the standard or-
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thonormal basis for L2 (D). It is not difficult to show that W is a unitary operator
from H?(T) onto L2 (D) and it induces a map o from £(L2(D)) into £(H?) given
by o(T) = W*TW.

In [2], it is shown that there is a positive linear projection 2 from L(H?)
onto {By : ¥ € L*(T)} such that 2(By) = By for all ¢p € L>(T). Let N
be the additive semigroup of all positive integers and let A be a Banach limit
on N. Thus A is a state on the commutative C*—algebra [*°(N) (whose value
at a bounded sequence (an)n>1 is denoted by A,ay,) which has the additional
property Apant1 = Anan, (an) € 1°°(N). Let U denote the bilateral shift defined
on the basis {e, }nez of L?(T) by Ue,, = eni1,n € Z. 1t is well known [8] that
U is a unitary operator and for z,y € H? A € L(H?), we may define the form

A straight forward application of the Schwarz lemma yields a unique operator
II(A) € L(H?) such that

(II(A)z,y) = A, (U™ AUz, y),

U*II(A)U = II(A) and define 2(A) = II(A) which is a Toeplitz operator By
on the Hardy space for some 9 € L>(T). As we have seen if ¢ € h*°(D) then
the matrix of the Toeplitz operator Ty on the Bergman space has a special
form and it follows easily that if A = W*T,W, ¢ € h*°(D) then Q(W*T,W) =
0(A) = I[(A) = B; where ¢(e'?) = lim,_;- ¢(re'®) belonging to L*(T). For
more details see [2].

We have already seen that there is an one-to-one map p from {By : ¢ €
L>(T)} onto {T} : ¢ € h>*(D)} such that p(By) = Ty where ¢ € h%(D) is
the harmonic extension of 1. Hence p o 2 o o is a map from L£(L2(D)) onto
{Ty: ¢ € h>*D)}and (poR00)?=pooo. Hence {Ty : ¢ € h°°(D)} can be
complemented in £(L2(D)). It is not difficult to verify that {T}, : ¢ € h>°(D)} is
closed in £(L2(D)). [ ]

Let (L2)o = {f : f € L2, f(0) = 0}, the subspace of L?(ID, dA) consisting of
all complex conjugates of functions in L2 (D) which vanish at the origin. Let P
be the orthogonal projection from L? onto (L2)o. For i € L>®(DD), define the
little Hankel operator hy : L2 — (L2)g as hyf = P(¢f). The operator hy, is
linear, bounded and ||hy|| < ||¥||oo. Further, it is not difficult to show [9] that
{hg + ¢ € (D)} = {hpg : ¥ € h*(D)} = {hg : g € BMOA(D)}. There
are many equivalent ways of defining little Hankel operator on the Bergman
space. For ¢ € L>°(D), we can define Sy : L2 — L2 as Sy f = P(J(¢f)) where
J : L*(D,dA) — L*(D,dA) is such that Jf(z) = f(z). Notice that JS, = hy
and J is unitary. Similarly, one can define I'y : L2 — L2 as I'yf = P(¢Jf). It
is easy to verify that Sy = I';4. We shall refer all these operators hg, Sy, I'y as
little Hankel operators on the Bergman space.

Recall that we had defined the Hankel operator on the Hardy space as follows:
For ¢ € L>(T), the Hankel operator Hy : H> — (H?)* = (H?), is defined as
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Hyf = (I — P)(4pf), where P is the Szegd projection from L2(T) onto HZ(T).
One can also define Hankel operators on the Hardy space in the following way:

For ¢ € L>(T), define E, : H*(T) — H*(T) as Eyf = P(J(¢f)) where J :
L*(T) — L*(T) is defined as Jf(e*) = f(e™"). The operator Ey is unitarily
equivalent to some Hy, ) € L>=(T).

It is also easy [9] to see that {Hy : ¢ € L>(T)} = {Hf: f € BMOA} since
PL>(T) = BMOA.

If $ € H*(D), then hy = 0. In fact, hy = 0 if and only if ¢ € (L2)*.
For ¢ € H°(D), and ¢(z) = Y poyd(—k)z", the matrix of h, with respect
to the orthonormal basis {u,}2, = {Vn+ 12"}52 of L2(D) and {u,}52, =
{Vn—+1z"}22, of (L2)o is given by

Vit Wi+ 1~

(hoj, 1) = == O+, = 0,120 = 1,23,

Here (E(—k) is the kth Taylor coefficient of ¢. Therefore, hy = DoC D2 where
D, is the diagonal matrix given by Dy = diag(1, v2,v/3,V4,...) and ¥ (e??) =
220:0 %H(E(_k)efik(-)'

The function {/):is the convolution on the circle of ¢(ei?) = S22 ¢(—k)e~ 0
with the function ¢y (e?) = Y7 ) Zge ™ and Cy is the operator in £(L7, (L2)o)
having a classical Hankel matrix with symbol ¢ € L*°(T). That is,

~

<C$un,ﬂm> =Y(—(m+n)) = <H1Zemt,efimt>,n =0,1,2,....m=1,2,3,...,

~

J(—k) is the kth negative Fourier coefficient of J and H 3 is the Hankel operator
on the Hardy space with symbol {/)v Thus we have verified that if ¢ € H>®(D)
then h¢ = DQCJDQ.

Now let ¢(e') = 37° ) p(—k)e~*0 € H>(T). Let
Nieioo I~ —ik0 _ T
V() = kZ:l k—H(b(—k)e = ok

where % denotes convolution. Let C; be the operator from L2 into (L2)y such
that

~

<C$un,ﬁm> =Y(—(m+n)) = <H$em9, e N n=01,2,...,m=1,2,3,....
It is not difficult to verify that DQCJDQ is a little Hankel operator on the
Bergman space. In fact, D;C;Dy = hg, where hy € L(L2,(L2)) is the little

Hankel operator with symbol ¢, the harmonic extension of 5 into D. Notice that
¢ € H>(D). Such is the case if we replace H>*(D) by BMOA(D) and H>*(T) by
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BMOA. That is, the matrix of hy,p € BMOA has a special form. Let L be a
map from {hg : ¢ € BMOA(D)} onto {Hg : ¢ € BMOA} such that L(hg) = Hg

where ¢(e?) = lim ¢(re'?) a.e.. Notice that L is a linear, bijective, bounded
r—1-

map and Lil(Hg) = hg where ¢ is the harmonic extension of 5 into D. Further,

¢ € BMOA(D) if and only if § € BMOA.

Theorem 3.3. The space {hy : ¢ € h™(D)} cannot be complemented in
L(L2,(L2)o). That is, there exists no bounded projection from L(L2,(L2)o) onto
{hg : ¢ € h°(D)}.

Proof. Suppose to the contrary there exists a bounded projection {2 from
L(L2,(L2)) onto {hy : ¢ € h®(D)}. We have already defined a bijective,
bounded linear map L from {hg : ¢ € h*°(D)} = {hy : ¢ € BMOA(D)} onto
{Hy e L®(T)} ={Hy: f € BMOA}.

For T € L(H?, (H2)) , let t_(miny = (Te™ e n = 0,1,2,...,m =
1v/ 1
12,3, Lot ey = YO IWVREL 93 n=01,2,.... De
m+tn+1 _

fine a map @ from L(H? (H?2)y) into L(L2,(L2)y) as &(T) = W, where
(W, Um) = Cmnt—(m+4n),n =0,1,2,...,m =1,2,3,.... Since |¢;| < 1 for all
n=0,1,2,...,m=1,2,3,..., hence W € L(L2, (L2)g). Tt therefore follows that
M = Lof2o®is amap from L(H?, (H?)o) into {Hy : ¢ € L=(T)} and M? = M.
The map M is onto. For, suppose ¢ € L>(T). Let ﬁ(b =79g,9 € BMOA. Let g
be the harmonic extension of g into . Then L(hs) = Hg = H§_¢ = Hg. Thus M
is a bounded projection from L(H?, (H?2)) onto {Hy : ¢ € L(T)}. But such a
map M does not exist (see [8]). Hence there exists no bounded projection from
L(L2,(T2)o) onto {hy : & € h=(D)}. .

4. On Certain Subspaces of L*°(D)

A function ¢ € L>°(DD) is said to satisfy the condition (*) if there exists a compact
subset M of D such that ¢ is continuous on D — M. Let F(D) = {¢ € L>(D) :
¢ satisfies (x)}.

Notice that every element of F(ID) is continuous off a compact subset of D

and also continuous on T. Clearly, F'(D) is an algebra but not closed. Let F'(D)
be the closure of F(D) in L>°(D). Let

Ip={¢ e L>D): }ii% €ss sup 176<|z|<1|¢(z)| = 0}.

Let V(D) = F(D)/Iy. In Theorem 4.1, we shall show that F(ID) cannot be
complemented in h*° (D).
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Theorem 4.1. There exists an isometrical *~isomorphism from V(D) onto C(T)
and there exists no bounded projection from h*(D) onto F (D).

Proof. Notice that for every ¢ € F(D),lim, ;- ¢(re??) exists for all € [0, 27].
Let ¢ represent the radial limit of ¢ in F(D). Clearly ¢ € C(T) for every
¢ € F(D). By definition, for every function ¢ € F (D), there exists a sequence
{¢n} of functions in F(D) such that nlinolo l[¢n, — @]loo = 0. Hence it follows that

1My, oo |0n — @mlloe = 0. Thus we have limy, n—so [|[¢n — dmllec = 0 which
implies that the sequence {¢7n} is a Cauchy sequence in C(T), hence converges
in C(T). Let it converge to ¢ in C(T). Clearly ¢ is independent of the choice
of the sequence {¢,}, thus is well-defined. We shall call 5 the boundary value
function of ¢ in F(D). Now, the map ¢ +— 5 is a *— homomorphism of F (D)
onto C(T) with Iy as the kernel. Hence by the first isomorphism theorem the
map ¢+ Iy — ¢ is a *-isomorphism of F(D)/I onto C(T). Further we know for
¢ € F(D),

9l = ess sup c5lé(2)] > 116l

Hence we have that
|\¢+Io|\: mf IWJHoo_ mf IWJHoo [91loo-

Further, let g be a harmonic function in ¢+ Iy. Then ||¢+ || < [|g]lcc = ||9]lco =
H(bHoo Hence the map ¢ + Iy — ¢ is an isometrical *-isomorphism of F(D)/I,
onto C(T).

Let R be the map from F (D) onto C(T) defined as R(¢) = ¢. We have already
seen that there exists an isometrical isomorphism T from h>(ID) onto L>*(T). In
fact, if ¢ € h*(D) then T¢ = ¢ where ¢(e?) =lim,_;- ¢(re®) and ¢ € L(T)
(see [4]). Further if e L® (T), T ~14 = ¢ where ¥ is the harmonic extension
of {/)v into D.

Suppose there exists a bounded projection @ from h>°(D) onto F(D). Then
M = RoQoT!is amap from L®(T) onto C(T) and M? = M. Hence M is
a bounded projection from L>(T) onto C(T). Such map M does not exist by
Lemma 2.7. The theorem is proved. [ ]

Let
Jo={p € F(D): ¢(e) =0 for all § € [0, 27]}.

It is easy to check that the closure of Jy in L>° (D) is I. For, let © be any element
in /o. Then for every € > 0, there exists § > 0 such that ess sup; _s.,|<1/0(2)| <

e. Let, now, ¢ : D — C be defined by

- 0if1 -0 < 2| < 1;
‘W)—{@(z) 2] <1-3.

Then ¢ is in Jy and [|© — ¢|o < €.
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We shall now introduce another closed subalgebra of L°°(D) which can be
complemented in L (D). Let

LY (D) = {¢ € L=(D) : ¢ is continuous and lim ¢(re’) exists a.e. on T}.

r—1-

Let 5 represent the radial limit function of ¢ in LEF (D). A complex valued
function ¢ on D is said to satisfy the condition (**) if there is a compact subset
M of D such that ¢ is essentially bounded on M, bounded and continuous
on the complement of M in D and lim ¢(re'?) exists almost everywhere in

R

—1
T. Then we define G(D) = {¢ € L>(D) : ¢ satisfies (xx)}. That is, G(D) is
the set of those functions in L°°(D) which behave like L (D) functions off a
compact subset of D. Clearly, the radial limit of functions ¢ € G(D) exists a.e.

and let ¢(e’) = lim ¢(re'®). It is casy to see that G(D) is an algebra but not
r—1-

closed. Let G(D) be the closure of G(D) in L (D). For ¢ € G(D), there exists
a sequence {¢,} in G(D) such that lim ||¢, — ¢||cc = 0. Hence it follows that

lim  ||¢n — dmllee = 0. Thus, we have that lim [|¢, — e = 0, which

implies that the sequence {¢7n} is a Cauchy sequence and hence converges in
L>(T). Let it converge to ¢ in L>(T). Clearly, ¢ is independent of the choice
of the sequence {¢,}, thus is well defined. We, henceforth, call 5 the boundary
value function of ¢ in G(D). Now we shall relate ¢ € G(D) to ¢ in L>=(T). To
do this, we define the following subset of G(D). Let

Ko={pcGD):¢=0a.e. onT}
It is not difficult to check that Ky is a closed ideal of G(D). Let W(D) =
G(D)/K,.

Theorem 4.2. There exists an isometrical *-isomorphism from W (D) onto
L>(T) and the space G(D) can be complemented in L (D).

Proof. We have seen that the map ¢ — 5 is a *— homomorphism of G(D) onto
L*>°(T) with kernel Ky. Therefore, by the first isomorphism theorem the map

¢+ Ko — ¢ is a x— isomorphism of G(D)/Ky = W (D) onto L*°(T). Further, it
is easy to see that for ¢ € G(D), [[¢|lcc = ess sup , pl|P(2)] > [|¢]|oo. Hence

Kol = inf > inf [|g]lee = [|]lo-
¢ + Kol geégKOIIgIIoo_gegngoﬂgIIoo l| bl oo

Further, if h is a harmonic function in ¢ 4+ Ky, then

¢+ Koll < [[hllsc = l[2lloc = lI¢loo-

Hence the map ¢+ Ko — 5 is an isometrical *— isomorphism of G(D)/ K, =
W (D) onto L*>*(T) and ||¢ + Kol|| = ||$]] co-
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Let S be the homomorphism from L (T) onto G(D) defined by S¢ = ¢ where
¢ is the harmonic extension of ¢ into D. Define a map T : h> (D) — L*(T)
as Tf = f where f(e"®) = lim,_,- f(re'). Notice that if ¢ € L>(T) then
T 1 = 1])\, the harmonic extension of ¢ into . The map T is bijective, linear
and bounded. Let @ be the bounded projection [6, 7] from L*°(D) onto h>°(D).
Then M = SoT o(Q is a map from L>®(D) onto G(D), M is bounded, linear
and M? = M. Thus M is the required bounded projection from L°°(D) onto
G(D). [ |
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