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Abstract. The purpose of this paper is to introduce the concept of AJ’-lacunary strongly
almost convergence with respect to a sequence of moduli and A}~ lacunary almost statistical
convergence and give some relations between these two kinds of convergence. The results
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of Mathematics 34:2(2006) 129 -138).
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1. Introduction

Let w denote the set of all real sequences x = (). Let lo, ¢ and ¢ be respec-

tively the Banach spaces of bounded, convergent and null sequences = = (xx)

normed as usual by ||z||s = sup |zg|. Kizmaz [20] defined the sequence spaces:
k

loo(D) ={z = (z1) : (Azk) € 1oty
(D) =A{z = (zr) : (Bzy) € ¢},

and

co(D) =A{z = (z1) : (Dwg) € co},
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where Az = () — xg41). These are Banach spaces with the norm
[z]|a = |z1] + || A%|| .

Difference sequence spaces have been studied by Colak and Et [4], Et [10], Et
and Esi [11], Vakeel A. Khan [17, 18, 19] and many others.

A linear functional £ on Iy is said to be a Banach limit [1] if it has the
properties:

(i) £(x) >0if 2 >0 (i.e. &, > 0 for all n);
i e)

(ii) £(e) =1, where e = (1,1,...);
(iii) £(Dx) = £(x), where D is the shift operator defined by (Dz,) = (Xpn41).

£
£

Let 8 be the set of all Banach limits on /. A sequence x is said to be almost
convergent to a number L if £(z) = L for all £ € . Lorentz [23] has shown that
x is almost convergent to L if and only if

TjtTjpr+ -+ Tjtk
k+1

tr; = ti;(z) = — L, as k — oo, uniformly in j.
Let f denote the set of all almost convergent sequences. We write f-limax = L

if z is almost convergent to L. Maddox [24] and Freedman et al. [13] have defined
x to be strongly almost convergent to a number L if

k
1
k41 Z |ziv; — L] — 0 k — oo, uniformly in j.
i=0

Let [f] denote the set of all strongly almost convergent sequences. If x is
strongly almost convergent to L, we write [f]-limaz = L. It is easy to see that
[f] C f C loo- Das and Sahoo [8] defined the sequence space

1 & . o
[w(p)] = {x Ew: ] ; |tx;(z) — LIP* — 0 n — oo, uniformly in ]} .

The concept of statistical convergence was first introduced by Fast [12] and
also independently by Buck [3] and Schoenberg [29] for real and complex se-
quences. Further this concept was studied by Salat [27], Fridy [14], Connor [5],
Connor, Fridy, and Kline [6], and many others.

Let N and C be the set of natural numbers and complex numbers, respectively.
If E C N, then the natural density of E (see Freedman et al. [13]) is defined by

5(E) :nm1|{k <n:keE},
n n

where the vertical bars denote the cardinality of the enclosed set. The sequence
x is said to be statistically convergent to L, denoted by stat-limz = L, if for
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every € > 0, the set

{k:|xp — L] > €}
has natural density zero. In this case we write stat-limz, = L.

A sequence of positive integers 6 = (k,) is called “lacunary” if kg = 0, 0 <
kr < kyy1 and h, = k, — k.—1 — o0 as r — o0o0. The intervals determined by

6 will be denoted by I, = (k,—1,k,) and 1, = kkrl' Lacunary sequences have
been studied in [2, 9, 14, 16, 28]. .
A function f : [0,00) — [0, 00) is called a modulus if
1. f(t) =0if and only if t = 0,
2. f(t+u) < f(t) + f(u) for all t,u >0,
3. f is increasing, and

4. f is continuous from the right of 0.

Let X be a sequence space. Then the sequence space X(f) is defined as

X(f) = A{z = (&) : (f(lzx])) € X}

for a modulus f ([25, 26]). Kolk [21, 22] gave an extension of X (f) by considering
a sequence of moduli F' = (fj) i.e.

X(F) =A{z = (xx) : (fu(lzx])) € X}

Let FF = (fx) be a sequence of moduli, p = (px) a sequence of positive real
numbers and let v = (vg) be any fixed sequence of non zero complex numbers
and let m € N be fixed (see [10]). This assumption is made throughout the rest
of this paper.

Now we define the following sequence spaces:

LG(AZLa Fa p)

1
= {3: Ew: 1imh— Z [fe (ATt (x) — L|)]"* = 0, uniformly in j for some L} ;
" kel

1
LY(A™ F,p) = {3: Ew: limh— Z [fx(|AT i (2)|)]”* =0, uniformly in ]} ;
" kel

LF (A7, Fp) = {x € wisup i 3 (ATt () I < oo}.

n3 T kel

-1
where Az = (vpzk), DNprr = (VkT) — Ve1Tke1), and ATy = (A gy —
A™ 1y 1), and so that
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ATxk = Z(—l)l |:T’7:| Vk4+iLk+i-

2. A7* - Lacunary Almost Statistical Convergence

In this section we define the following definitions.
Definition 2.1. Let 0 be a lacunary sequence. A sequence z = (xy) is said to

be A} - lacunary almost statistically convergent to the number L provided that
for every € > 0,

1
limh—|{k €I, : |AYtj(x) — L| > €}| = 0, uniformly inj.

In this case we write [Sp]am-lima = L or 2 — L([Sp]am) and we define
[Solam = {2 € w(X) : [Sp]am-limz = L, for some L}.
If 6 = (2"), then we shall write [S]am instead of [Sp]am.
Definition 2.2. Let 6§ be a lacunary sequence and 0 < g < co. Then a sequence

x = (xk) is said to be AT - lacunary strongly almost convergent to the number
L provided that,

1
lign W kezl |AT g (x) — L|? = 0, uniformly in j.

In this case we write [wg]am-limx = L or x) — L([wg]am) and we define

[we]am = {x € w : [wg]am-limx = L, for some L}.

3. Main Results

Theorem 3.1. Let F = (fi) be a sequence of moduli, then
Ly(A3, Fop) € Lo(A), Fip) © L(A) Fop).

Proof. Let x € Lg(AY", F,p). Then we have
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kel,

< hB S (A7t (x) — L + hB ST (AL
" kel " kel

< hB (| APt (x) — L + Dmax{1,sup [fe (A" L],
" kel,

where suppy = G, H = max(1,G) and D = max(1,2¢71).
k

Thus we get x € L3°(A™, F, p). The inclusion LY(A™, F,p) C Lo(A™, F, p)
is obvious. [ |

Theorem 3.2. Let F = (fi) be a sequence of moduli, and let the sequence (pi) be
bounded. Then LY(A™, F,p), Lo(AT, F,p) and L (A™, F,p) are linear spaces
over the set of complex numbers.

Theorem 3.3. Let 0 be a lacunary sequence.
(4) If a sequence x = (z1) is A - lacunary strongly almost convergent to L, then
it is ALY - lacunary almost statistically convergent to L.

(i0) If © € loo(ATY) is AL - lacunary almost statistically convergent to L, then it
is AT - lacunary strongly almost convergent to L.

(i) loo (AF") N [Sol e = loo (AT) N [wo] Ay,

where loo(AY') = {z € w : sup |A'z| < oo}
k

Proof. (i) Let € > 0 and x5, — L([wg]am). Then we can write

> ATtk (x) — LP > > | A k(@) — LIP
kel, keI,
|[Atr; (@) —L|>e

> Pk e I |AYtg(x) — L| > €}].

Hence z3, — L([Sp]am).

(ii) Suppose that x; — L([Sp]am) and let x € lo(A}'). Let € > 0 be given
and choose N, such that

1

m e\1/p €
{kEIT:|AU ty(xz) — L| > (5) H S% for all m and r > N,

T

and set

1/
Ly, = {k €1, : |A™y(z) — L] > (%) p} :

where K = sup |AJtg;(x) — L|P.
k.j
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Now for all m and » > N, we have

1 m
=3 18Ty @) ~ I

kel,
1 m m
=1 D ATt (@) = LP + Y ATty () — L
kel eIy
k€L, k¢Ly;
1 hpe €
< —(— ) \KP 4+ —h, =«
< gy G B+ gy e =€
Thus (xk) S [’LU(-)]Avm.
The proof of (iii) follows from (i) and (ii). [ |

Theorem 3.4. For any lacunary sequence 0, if lim inf n, > 1, then [S]am C

Proof. If lim inf 7, > 1, then there exists a 6 > 0 such that 1 4+ 6 < g, for

k. 1
sufficiently large r. Since h, = k, — k,._1, we have - < %5 Let zp —

L([Sp] am). Then for every € > 0 and for all m we have
1 m 1 m
o k< ko [O0 (@) = LI 2 e} 2 = [{k € Ir + |A'twj(x) — L] = €}

> (k€ L : | AT (x) — L] = €.

o b
146 hy
Hence [S]am C [So]am. [ ]

Theorem 3.5. For any lacunary sequence 0, if limsup p, < oo, then [Sg]lam C
T

[S]am.

v

Proof. If limsup p, < oo then there exists a 8 > 0 such that n, < 3 for all r. Let

x — L([Sp]am), and for each m > 1 set
E.;=|{ke I :|Atej(x) — L| > €}].

"™ < ¢ for all r > ro and for each

Then there exists an 79 € N such that

m>1. Let K =max{E,; : 1 <r <rg} andrchoose n such that k.1 <n < k,.
Then for each m > 1 we have
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1
k< |[Af () — L 2 €}
1
< [l < b [ ATt (2) — L] 2 €}
r—1
1
< [ {E1j+E2j+"'+Er0j—|—E(T0+1)j—|—~~~—|—Erj}
K L [ Bty Er;
< h,. . Lh,
= kT,1TO + krfl { hrngl o+1 + + h,r
K 1 E,;
< S ) {h, et Ry
< krilro + P (E;I}% I ) {hrg41 + -+ hr}
< + kr - krg
T €E—
o kT*l 0 krfl
< o ro + €py
< khn,l ro + 6[3
Hence [Sp]am C [S]am. -

Theorem 3.6. Let F' = (fi) be a sequence of moduli.

[Solag

Proof. Let x € Lo(A?, F, p). Then

Then Lo(A™, F,p) C

hi Z [fk(|Avmtkj($) - me — 0, as r — oo.

" kel,

For given € > 0 we have

D

kel
[Amty;(z)—L|>e

h% S (10t () — LN > hi 3

kel

3 1Aty ) — L™ >

1
hy
" kel "

>

Y

o S min{ ()17, (0]}

>

Hence x € [Sp]am.

kel
[A7 g () —L|>e

hLTHk < I :|Atgj(x) — L| > €} min{[fk(e)]infpk,

(1A k() = LI

[fi ()]

[fr(e)]}-

Theorem 3.7. [Sylam N AT (loo) = Lo(AY, F,p) Nl (AYY).

Proof. By Theorem 3.6, we need to show that
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[Solam Nl (AYY) C Lo(AT, F,p) Nl (AT).

For each m > 1, let ypm = trm () — L(Sp). Since (k) € loo(AD"), for each m > 1,
there exists K > 0 such that

FelA0 (yiy)] < K, for all Y.

Then, for a given € > 0 and for each m € N, we have

LS AT )

" kel,.
1 m 1 m
= > (A5 kg D] + 5 > [fe (1 AT Y1)
T kel T kel
[A™ tm (z)—L|>€ [A™ g (x)—L|<e

K
< o Hk € L o | A yks] 2 e} + fule).

Hence © € Lo(A™, F,p) N loo(AT). [ |
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