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1. Introduction, Definitions, and Results

Let f and g be two nonconstant meromorphic functions defined in the open
complex plane C. If for some a € CU {o0}, f — a and g — a have the same
set of zeros with the same multiplicities, we say that f and ¢ share the value
a CM (counting multiplicities). Let m be a positive integer or infinity and a €
CU{oc}. We denote by E,,)(a; f) the set of all a-points of f with multiplicities
not exceeding m, where an a-point is counted according to its multiplicity. If for
some a € CU{oo}, Ey)(a; f)=Eu(a; g) we say that f, g share the value a CM.
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We will use the standard notations of value distribution theory:

(see [8]). We denote by T'(r) the maximum of T'(r, f) and T'(r, g). The notation
S(r) denotes any quantity satisfying S(r) = o(T(r)) as r — oo, outside of a
possible exceptional set of finite linear measure. For any constant a, we define

O(a; f) =1 hmjup%'

In 1999 Lahiri [9] studied the problem of uniqueness of meromorphic func-
tions when two linear differential polynomials share the same 1-points. In the
same paper [9] regarding the nonlinear differential polynomials Lahiri asked the
following question.

What can be said if two nonlinear differential polynomials generated by two
meromorphic functions share 1 CM?

Since then the progress to investigate the uniqueness of meromorphic func-
tions which are the generating functions of different types of non-linear differen-
tial polynomials is remarkable and continuous efforts are being put in to relax
the hypothesis of the results. (cf. [1]-[7], [13]-[18]).

In 2001 Fang and Hong [7] proved the following result.

Theorem A. Let f and g be two transcendental entire functions and n(> 11)
be an integer. If f*(f —1)f and g"(g—1)g share 1 CM, then f =g.

In 2002 Fang and Fang [6] improved and supplemented the above theorem by
proving the following theorems.

Theorem B. Let f and g be two nonconstant entire functions and m(> 3),
n(> 8) be two positive integers. If E,,)(1; f*(f — 1)f') = E(1;9"(g — 1)g/),
then f = g.

Theorem C. Let f and g be two nonconstant entire functions and n(> 9) be
an integer. If By (13 f*(f = 1)f) = Eyy(1;g"(g — 1)g ), then f = g.

Theorem D. Let f and g be two nonconstant entire functions and n(> 14) be
an integer. If Euy(L; f*(f — 1)f') = Ey)(Lig"(g — 1)g'), then f = g.

In 2004 Lin and Yi [17] further improved Theorem A as follows.

Theorem E. Let f and g be two transcendental entire functions and n(> 7) be
an integer. If f*(f —1)f and g"(g —1)g share 1 CM, then f = g.

The following example shows that the above theorems are not valid when f
and g are two meromorphic functions.
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Example 1.1.
(n+2) e +...4elthz

(m+1)1+e*+...+enth)z

f(z) =

and
M+2) 1+e*+...4e™

9(2) = (n+1)1+e*+...+ent)z’
Clearly f(z) = e*g(z). Also f*(f —1)f and ¢g"(g—1)g share 1 CM but f # g.

We note that in the above example ©(co; f) = O(o0;g) = 0. So to replace
entire functions by meromorphic functions in the above mentioned theorems
definitely some extra conditions are required.

For meromorphic functions Lin and Yi [17] proved the following result.

Theorem F. Let f and g be two nonconstant meromorphic functions such that
O(o0; f) > nLJrl and n(> 11) be an integer. If f*(f —1)f and g"(g—1)g , share
the value 1-CM, then f = g.

In 2005 Lahiri and Sahoo [15] proved the following theorem for the uniqueness
of non-linear differential polynomials.

Theorem G. Let f and g be two transcendental meromorphic functions such

that ©(co; f) > 0, O(00;g9) > 0, O(o0; f) + O(o0; g) > %_H and n(> 11) be an

integer. If Ezy(1; f*(f — 1)f) = E3)(1;9"(g — 1)g '), then f = g.

Lahiri and Sahoo [15] also gave the following example to show that the con-
dition ©(o0; f) + O(oc0; g) > —+- is sharp in Theorem G.

n+1
Example 1.2. Let
2)(1 — pntt 2)(1 — pntt 2(e* — 1
PR T ) PO VT s B V)
(n+1)(1 — hnt2) (n+1)(1 — hnt2) e? —a

2me
n+2

Clearly T'(r, f) = (n 4+ 1)T(r,h) + O(1) and T'(r,g) = (n+ 1)T'(r,h) + O(1).
Further we see that h # «,a? and a root of h = 1 is not a pole of f and g.

Hence O(o0; f) = O(o0;g) = =27. Also (L — L) = g"+i( - L)

and f"(f —1)f =g"(g—1)g but f #g.

where o = exp(=X%) and n is a positive integer.

In the direction of Theorem C Lahiri and Mandal [13] proved the following
theorem for meromorphic functions.

Theorem H. Let f and g be two transcendental meromorphic functions such

that ©(o0; f)+6(00; g) > ni-l—l andn(> 17) be an integer. IfEQ)(l;f"(ffl)f') =

By (1;9"(g — 1)g), then f = g.

Recently the present first author [3] has improved Theorem H by significantly
reducing the lower bound of n. In [3] Banerjee proved the following theorem.
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Theorem 1. Let f and g be two transcendental meromorphic functions such that

O(o0; f) + O(o0; g) > %4_1 and n(> 14) be an integer. If Ey(1; f*(f — nf) =

By (1;9"(g — 1)g), then f = g.

In 2002 Fang [5] first considered the uniqueness of entire functions corre-
sponding to more generalized non-linear differential polynomials and proved the
following result.

Theorem J. Let f and g be two nonconstant entire functions and let n, k be
two positive integers with n > 2k + 8. If [f*(f — 1)]® and [¢g"(g — 1)]*) share
1 CM, then f=g.

Recently Bhoosnurmath and Dyavanal [4] also considered the uniqueness of
meromorphic functions corresponding to the k-th derivative of a linear polyno-
mial expression.

In the paper we will prove two theorems, the second of which will not only
improve Theorem J by reducing the lower bound of n and at the same time
relaxing the nature of sharing the value 1 but also improve Theorem D and
Theorem C. Our first theorem will improve and supplement Theorem G and
Theorem I. The following theorems are the main results of the paper.

Theorem 1.3. Let f and g be two transcendental meromorphic functions and
n(> 1), k(> 1), m(> 1) be three integers such that ©(co; f) + O(c0;g) > =.
Suppose for two finite nonzero constants a and b E,,) (1; [fr(af +b)]®) =
E,y (1 [g™(ag + b)]®). If m > 3, O(cc; f) > 0, O(c0;g9) > 0 and n > 3k + 9
or if m 2 and n > 4k + 11 or if m = 1 and n > 7k + 15, then ei-
ther f = g or [f™(af + b)]®[g"(ag + b)]®) = 1. When k = 1 the possibility
[f™(af +b)]*®)[g"(ag + b)]*) =1 does not occur.

Puttingn=101+1,a = IJ%Q, b= 71% and k£ = 1 in the above theorem we can

immediately deduce the following corollary.

Corollary 1.4. Let f and g be two transcendental meromorphic functions and
(> 1), m(> 1) be two integers such that ©(oo; f) + O(c0; g) > H%l' Suppose for
two finite non-zero constants a and b E,y,) (1; = 1)f’> =E,) (1;gl(g - 1)g/>.

If m >3, O(co; f) >0, O(co;9) >0 and Il > 11 orif m =2 and | > 14 or if
m=1andl > 21, then f =g.

Remark 1.5. Since Theorems G and I can be obtained as special cases of The-
orem 1.3, clearly Theorem 1.3 improves them.

Remark 1.6. In Theorem 1.3 for m = 3 if we take n > 3k + 10 then the
conditions O(oo; f) > 0 and O(o0; g) > 0 can be removed.

Theorem 1.7. Let [ and g be two non-constant entire functions and n(> 1),
k(> 1), m(> 1) be three integers. Suppose for two non-zero constants a and b
Epy (L [f"(af +0)]®) = E, (1;[g"(ag + b)]®). If m > 3 and n > 2k +6 or
ifm=2andn > %Jr? orifm=1andn > 4k + 10, then f = g.
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Puttingn=101+1,a = l-|+2’ b= 7H-L1 and k£ = 1 in the above theorem we can

immediately deduce the following corollary.

Corollary 1.8. Let f and g be two nonconstant entire functions and (> 1),
m(> 1) be two integers. Suppose for two non-zero constants a and b

By (17(F = Df") = By (139" 9= 1)g ).
Ifm>3andl>T7Torifm=2andl>9 orifm=1andl > 13, then f =g.

Remark 1.9. Clearly Corollary 1.8 improve and supplement Theorem C and
Theorem D.

Though we use the standard notations and definitions of the value distribution
theory available in [8], we explain some definitions and notations which are used
in the paper.

Definition 1.10. ([15]) For a € C U {oco} we denote by N(r,a;f |= 1) the
counting function of simple a points of f. For a positive integer m we denote by
N(r,a; f |< m) (N(r,a; f |> m)) the counting function of those a points of f
whose multiplicities are not greater (less) than m where each a point is counted
according to its multiplicity.

N(rya; f|<m) (N(r,a; f |>m)) are defined similarly, where in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f |< m), N(r,a;f |> m), N(r,a;f |< m) and N(r,a; f |> m)
are defined analogously.

Definition 1.11. Let m be a positive integer and for a € C, E,)(a; f) =
E,)(a;g). Let zo be a zero of f(z) — a of multiplicity p and a zero of g(z) — a
of multiplicity g. We denote by N (r,a; f) (Np(r,a;g)) the reduced counting

function of those a-points of f and g for whichp > ¢ >m+1(¢ > p > m + 1),

by N;’”“(r, a; f) the reduced counting function of those a-points of f and g for

which p = ¢ > m + 1, by Nj=mi1(r, 1;g) the reduced counting function of f
and g for which p > m +2 and ¢ = m + 1. Also by Ny>pmi1(r,a; f | g # a)

(Ng>m+1(r,a;9 | f # a)) we denote the reduced counting functions of those
a-points of f and g for which p >m+1and ¢=0 (¢ >m+ 1 and p=0).

Definition 1.12. We denote by N(r,a; f |= k) the reduced counting function of
those a-points of f whose multiplicities are exactly k where k > 2 is an integer.
For k = 1 we refer Definition 1.10.

Definition 1.13. ([11]) Let a,b € C U {oo}. We denote by N(r,a;f | g = b)
the counting function of those a-points of f, counted according to multiplicity,
which are b-points of g.
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Definition 1.14. ([11]) Let a,b € C U {oo}. We denote by N(r,a;f | g # b)
the counting function of those a-points of f, counted according to multiplicity,
which are not the b-points of g.

Definition 1.15. ([11], cf.[20])
denote by N,(r,a; f) the sum N

Clearly Ni(r,a; f) = N(r,a; f).

For a € CU {oco} and a positive integer p we
(rya; f)+ N(roa; f [=2)+...+ N(r,a; f |> p).
Definition 1.16. Let a,b € C U{oo}. Let p be a positive integer. We denote by
N(r,a;f|>p| g=0b) (N(r,a;f| >p| g #b)) the reduced counting function
of those a-points of f with multiplicities > p, which are the b-points (not the
b-points) of g.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel. Let
F', G be two nonconstant meromorphic functions. Henceforth we shall denote by
H the following function

F+2) o p(keD) G+2)  oqk+D)
H = ( Ft1) — ple) _ 1) - < Gkt Gl _ 1) :

(1)

Lemma 2.1. ([8]) Let f be a non-constant meromorphic function, k a positive
integer and let ¢ be a non-zero finite complexr number. Then

T(r, f) < N(r,o0i f) + N, 0: f) + N (rye /) = N (7,0: £ ) + 5(r, )
< N(r,00; f) + N (1,0, f) + N (T, g f(’“)) — No (T, 0; f(’““))
+5(r f),

where Ny (r,O;f(k“)) is the counting function of the zeros of f 1) which are
not the zeros of f(f*) —c).

Lemma 2.2. ([12]) If N(r,0; f®) | f # 0) denotes the counting function of
those zeros of %) which are not the zeros of f, where a zero of f*) is counted
according to its multiplicity, then

N(r,0; f®) | f £0) < EN(r,00; f) + N(r,0; f |< k) + kN (r,0; f |> k) + S(r, f).

Lemma 2.3. ([21]) Let f be a nonconstant meromorphic function and p, k be
positive integers, then

Ny(r,0; f®) < Ny (r, 05 f) + kN (7, 005 ) + S(r, f).

Lemma 2.4. Let E,)(1; f) = E,,y(1;9) and 2 <m < co. Then
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N(r,l;f |= 2)+2N(7’,1;f |= 3)+...+(m71)N(r,1;f |=m)
+mNy 1 ) A mNL (1 f) 4+ (m+ DNL(r 1 g)

+mNgsm1(r,Lig| f#1)

< N(’I‘,l,g) - N(’I‘,Lg)

Proof. Since E,,)(1; f) = E,,)(1;g), we note that common zeros of f — 1 and
g — 1 up to multiplicity m are same. Let zo be a 1-point of f with multiplicity p
and a 1-point of g with multiplicity ¢g. If ¢ = m + 1 the possible values of p are
as follows (i) p = m + 1, (ii) p > m + 2, (iii) p = 0. Similarly when ¢ = m + 2
the possible values of p are (i) p =m + 1, (ii) p =m + 2, (iii) p > m + 3, (iv)
p =0.If ¢ > m+3 we can similarly find the possible values of p. Now the lemma
follows from the above explanation. [ ]

Lemma 2.5. Let Ey)(1; f) = E1)(1;9). Then

— — —(2 — —
2Np(r,1; f)+2 NL(Tal;g)+NSE(Ta1;f)+N922(T71§g | f#1) = Nysa(r,1;9)

< N(r,1;9) — N(r, 1; g).

Proof. Since Ey)(1; f) = E4)(1;g) the simple 1-points of f and g are same. Let
zp be a 1-point of f with multiplicity p and a 1-point of g with multiplicity q.
If ¢ = 2 the possible values of p are as follows (i) p = 2, (ii) p > 3, (iii) p = 0.
Similarly when ¢ = 3 the possible values of p are (i) p = 2, (ii) p = 3, (iii) p > 4,
(iv) p = 0. If ¢ > 4 we can similarly find the possible values of p. Now the lemma
follows from the above discussion. [ |

Lemma 2.6. Let Ey(1; f) = Ey)(1;9). Then

N0, 0; )+ 5N (r 001 ) = 5 No(r,0: £) + S0, ),

|~

Nyss(r,15f | g#1) <

where Ng(r, 0; f') is the counting function of those zeros of f/ which are not the
zeros of f(f — 1), each point is counted according to its multiplicity.

Proof. Using Lemma 2.2 we get

Nyss(r 1, f | g#1)
< N(r,1;f|>3)

< INGof I f=1)

2
< SN0 | f#£0) = 5Na(r0: )
< SN00:) + 5N (001 1) — 3 No(r,0: ) + 5(r, ).
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Lemma 2.7. Let E1)(1; f) = Eyy(1;9). Then

Nf>2(ra 1,9) + Nf22(ra ]-, f | g 7& 1)

SN(TaO,f) +N(T,Oo,f) 7N€B(7’,O,fl) +S(T7f)
Proof. We note that a 1-point of f with multiplicity 2 is counted atmost once
in the counting function N>o(r,1; f | g # 1). Also since a 1- point of f with
multiplicity > 3 may or may not be a 1 point of g, those 1-points of f are counted
only once, either in N yso(r,1;9) or Ny>ao(r,1; f | g # 1). So using Lemma 2.2
we get

Nys2(r1;9) + Nyso(r, 1 f [ g #1) S N(r,1; f > 2)
N(r,0; f | f=1)
N(r,0:f | f #0) = Ne(r,0;f)
N(r,0; f) + N(r,00: f)
- N@(Tao;fl) +S(T7f)

IN

IN A

|
Lemma 2.8. Let Ey)(1; f) = E1)(1;9). Then
Npza(r, 1 £ [ g # 1) < N(r,0; f) + N(r,00; f) = Na(r, 0; f ) + S(r, f).
Proof. Using Lemma 2.2 we get
Niso(r, 15 f|g#1) < N(r, 15 f [>2)
< N(r,05 f) + N(r,00: f) = Neo(r,0: ) + S(r. f)-
|

Lemma 2.9. ([19]) Let f be a nonconstant meromorphic function and P(f) =
ag+ai1f+asf?+ ... +anf", where ag,ai,as...,a, are constants and a, #0.
Then T'(r, P(f)) =nT(r, f)+ O(1).

Lemma 2.10. Let f and g be two nonconstant meromorphic functions. Then
" (af +0)]Pg"(ag + )P # 1,
where n, k =1 are two positive integers and n(> 3k +9).

Proof. We note that when k = 1, according to the statement of the lemma we
have to prove

fr an+ 1) f +nbl g™ aln+1)g +nblg # 1,

which can be proved in the line of the proof Lemma 2.7 in [15]. [ |
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Lemma 2.11. Let f and g be two nonconstant entire functions. Then

[f"(af + )P [g"(ag + b)]™ #£1,

where a and b are nonzero complex numbers; n, k are two positive integers and
n(> k).

Proof. We omit the proof since the proof can be found in the proof of Theorem
2 in [5]. [ |

Lemma 2.12. Let f and g be two nonconstant meromorphic functions such
that

O(ccs )+ O(oxig) > -
where n(> 3) is an integer. Then

f*(af +b)=g"(ag +b)
implies f = g, where a, b are non-zero constants.

Proof. We omit the proof since it can be carried out in the line of Lemma 6 in
[10]. ]

3. Proofs of the Theorems

Proof of Theorem 1.3. Let F = f"(af +b) and G = g"(ag + b). It follows that
Epy (1, F®) = B,y (1;GW) .

Case 1. Let H # 0.

From (1) we get

N(r,o0; H) 2)
< N(r,00; F) + N(r,00;G) + N, (r, 1; F(k))
+ Ny, (r, 1;G(k)> + Nptsme1 (7«, 1L, E® | gk 2 1)
+ NGwsm1 (73 LGW | P 2 1) +N (r,O;F(k) |> 2)
+N (r,O;G(k) > 2) +Ng (T,O;F(lﬂrl)) + N, (r,O;G(kJrl)) 7
where Ng (r,0; F(k“)) is the reduced counting function of those zeros of F(*+1)

which are not the zeros of F*) (F(k) — 1) and Ng (r,O;G(k‘H)) is similarly
defined.

Let zo be a simple zero of F*) — 1. Then z is a simple zero of G®) — 1 and
a zero of H. So

N (7‘, 1, F® |= 1) < N(r,0;H) < N(r,00: H) + S(r, F) + S(r,G)  (3)
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Subcase 1.1. m > 2
Using Lemma 2.4, (2) and (3) we get

N (r, 1; F(’“)) +N (r, 1; G(k)> (4)
<N(r,1,F |—1)+N(r,1,F 1= ) N(r,l,F 1= )
+ N (115 F9) + N (R 1,6D) 4 Npoos g (n 1 F® | 60 £1)
+ N (R 1G0) N (11:60)
< N(r,00; F) + N(r, 00, G) + (r.O;F(k) > 2) v N (r.O;G(k) > 2)
4T (r, G"“’) + 2N o st (7", 1, F® | W) 1)
— (= DNgw s per (nLGE | F8 1) + N (7,0, F+D)
+Ng (r, 0; G(k“)) +S(r, F) + S(r,G).
So in view of (4), from Lemma 2.1 we have
T(r,F)+T(r,G) (5)
< 2N(r,00; F) + 2N (r,00; G) + Niy1(r, 0; F) + Ni11(r,0; G)
+N<r 0; F® |> 2) +N(r 0;G® |> 2) +T(r,G) + kN(r, 00; G)
+ 2N po s (r, 1, F® | Gk £ 1)
— (m = 1) Ngwrsmei (r, 1,G® | PR 2 1) +Ng (T,O;F(k+1)>
+ N, (r, 0; G(’““)) N (7", 0; F<k+1>) A (r, 0; G(’““))
+S(r, F) + 8(r, G).
We note that
Nys1 (r, 0 F) + N (r 0; F®) |> 2) + N, (r 0; F(’““)) (6)
< Npsa(r,0;F) + N (T,O;F(k) >2|F = 0)

+N (r,O;F(k) > 2| F # 0) + Ny (r,o;F<k+1>)

IN

Niy1(r,0; F) + N (r,0; F |> k +2) + Ng (T’O;F(kJrl))

< Nk_l’_Q(r,O;F) +N0 (’I‘,O;FUH_I)) .

Clearly a similar expression holds for G also.
Using (6) in (5) we get



Certain Non-linear Differential Polynomials 107
T(r,F) < 2N(r,00; F) + (k 4+ 2)N(r,00; G) + Ngy2(r,0; F) (7)
+ Nk+2(ra 0; G) + QNF(k)Zerl (’I", 1 F(k) | G(k) 7é 1)

—(m— 1)Nc(k)2m+1 (r, 1; G*) | F) 1) +S(r,F)+ S(r,G).

In a similar way we can obtain
T(r,G) < (k+2)N(r,00; F) + 2N (r,00; G) + Ng12(r,0; F) (8)
+ Niy2(r,0;G) + 2NG(k)2m+1 (r, L,GW | pk) 1)
—(m— 1)NF(k)Zm+1 (7"7 L; F® | G # 1)
+S(r,F)+ S(r,G).
While m > 3, in view of Lemma 2.9, adding (7) and (8) we get for € > 0
(n+1I{T(r, f) +T(r,9)} (9)
< (k+4)N(r, 005 f) + 2{(k + 2)N (1,05 f) + Niy2(r, 0;af +b)}
+ (k +4)N(r, 001 g) + 2{(k + 2)N(r, 05 9) + Ni42(r,0;ag + b)}
+5(r, f) +5(r,9)

< (Bk+10—(k+4)0(c0; f) +e)T(r, f) + (3k 4+ 10 — (k4 4)
O(o03g) +)T(r,g) + S(r, f) + S(r. ).

That is

(n—3k—94+(k+4)0(c0; f) —e)T(r, f)
+(n—3k—9+4+ (k+4)0(o0;9) —e)T(r,9)
< S(r, f)+ S(r,9).

Since n > 3k + 9, choosing 0 < & < min{O(o0; f); O(c0; g)}, we get a contradic-
tion from above. While m = 2, in view of Lemmas 2.3, 2.6 and 2.9, adding (7)

and (8) we get
(n+1)[T(r, f)+T(r,g)] (10)

- (% N g) N(r, 00 f) + 2{(k + 2N (1, 0; f) + Niya(r, 0;af + b))

((k+ 1)N(r,0; f) 4+ Niyo(r, 0; af+b)) <% + g) N(r,00;9)

N po| =

{(k+2)N(r,0;9) + Ni42(r,0;ag + b)}
((k+1)N(r,0; g) + Niyo(r,05ag + b)) + S(r, f) + S(r, g)

??‘ N |

+
+
+

L2V 10+ (104 F) T+ S0.0) + 5(00),
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which is a contradiction since n > 4k + 11.
Subcase 1.2. m = 1. Using Lemma 2.5, (2) and (3) we get

N(r,l;F(k)) +N(r,1;G(k)> (11)

IN

N (7’, L F® |= 1) + N, (r, 1;F(k)) + N, (r, l;G(k))

+ Npwrsa (7", 1, F® | gk £ 1) TN (7", 1: G(’“)) +N (r, 1; G(k))

IN

N(r,00; F) + N(r,00;G) + N (r.O; F® > 2) +N (7’.0; G |> 2)
T (r, G“f)) + 2N b 5 (r, 1, F® | gk £ 1) + N ptas (r, 1; G(k)>
+ Ng (r, 0; F(k+1)> + Ng (r, 0; G(Hl)) +S(r, F) + S(r,G).
So in view of (6) and (11) from Lemmas 2.1, 2.3, 2.7 and 2.8 we have
T(r,F)+T(r,G)
< 4N(r,00; F) 4+ 2N (r,00; G) + Ni12(r,0; F) + Niio(r,0;G)
+T(r,G) + kN(r,00;G) + 2N (r, 0; F(k)> +S(r, F)+ S(r,G)
< (2k +4)N(r,00; F) + (k 4+ 2)N(r,00; G) + Ng12(r,0; F)
+ 2Np 41 (1,05 F) + N2 (r, 0, G) + T(r, G) + S(r, F) + S(r, G).
Using Lemma 2.9 we get from above for € > 0

(n+ DT, f) (12)
< (Bk+11—(2k+4)0(c0; f) +e)T(r, f) + 2k +5 — (k+2)O(00; g) +€)
T(r,g)+ S(r, f)+5(r,g)
< (Tk+16 — (k+2)O(o0; f) — (k +2)O(o0; g9)
— (k+2)min{O(o0; f),O(c0; 9)} +2e)T(r) + S(r, f) + S(r, g).

In a similar manner we can obtain

(n+1)T(r,g) (13)
< (Tk+16 — (k + 2)O(o0; f) — (k + 2)O(0o0; g)
— (k +2) min{O(o0; f), O(c0; 9)} +2¢) T'(r) + S(r, f) + S(r, 9).

Combining (12) and (13) we get

(n =Tk =15+ (k+2)O(c0; f) (14)
+(k +2)0(00; 9) + (k + 2) min{O(o0; f), O(00;9)} — 2¢) T'(r)
< S(r).
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Since n > Tk + 15, O(o0; f) + O(c0; g) > % and € > 0 are arbitrary, (14) implies
a contradiction.

Case 2. Next we suppose that H = 0. Then by integration we get from (1)

1 bG® ta—b
Fk 1~ Gk —1

(15)

where a, b are constants and a # 0. From (15) it is clear that F*) and G(*) share
1 CM and hence Ej3) (1; F(k)) = k) (1; G(k)). So in this case always n > 3k + 9.
We now consider the following subcases.

Subcase 2.1. Let b# 0 and a # b.

If b = —1, then from (15) we have

)y =@
S p—
Therefore o o o
N (r,aJr 1;G(k)) =N (r,oo;F(k)) = N(r,o0; f).
Since a # b = —1, from Lemma 2.1 we have

(n+ 1D)T(r,g) +O(1)

T(r,G)

< N(r,00;G) + Niy1(r,0;G) + N(r,a + 1; G + S(r, Q)
< N(r,00; f) + N(r,00;9) + Ni41(r,0; G) + S(r, G)

< T(r, )+ (k+3)T(r,9) + S(r,g).

Without loss of generality, we suppose that there exists a set I with infinite
measure such that T'(r, f) < T(r,g) for r € I.
So for r € I we have

(n—k=3)T(r,g9) < S5(r.9),

which is a contradiction for n > 3k + 9.
If b # —1, from (15) we obtain that

1 —a
) _ <1 + g) - bQ[G(k) + (a — b)/b]'

Therefore
N (7‘, (b—a)/b; G(k)> =N (7“, o0; FM — (1 + 1/b)> = N(r,00 f).

Using Lemma 2.1 and the same argument as used in the case when b = —1 we
can get a contradiction.

Subcase 2.2. Let b # 0 and a = b.

If b = —1, then from (15) we have
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FROGH =

that is
[f(af +b)]®[g" (ag + b)]*) =1,

which is impossible by Lemma 2.10 when k£ = 1.
If b # —1, from (15) we have

1 bG )
F®E — (1+b)GH -1

Hence from Lemma 2.3 we have
N (r, 1/(1+b); G(k))
N (7“, 0; F(k))

Nit1(r,0; F) + kN (r, 005 f).

N

From Lemma 2.1 we have

(n+1)T(r,9) +O(1)
=T(r,G)

I /\

N(r,00;G) + Ngy1(r,0; G)+N( T W) +S(r,G)

EN(r,00; f) + N(r,00; 9) + Nkx1(r,0; F) + Npi1(r,0; G) + S(r, G)

<
< 2k +2)T(r, f)+ (k+3)T(r,g) + S(r,9),

which is a contradiction for n > 3k + 9 for r € I.
Subcase 2.3. Let b= 0. From (15) we obtain

Fe éG +p(2), (16)

where p(z) is a polynomial of degree at most k. We claim that p(z) = 0. Other-
wise noting that f is transcendental in view of Lemma 2.3 we have

(n+ 1)T(r, f)+ O(1) (17)
=T(rF)
< N(r,0; F) + N(r,00; f) + N(r,p; F) + S(r, F)
< N(r,0; F) + N(r,00; f) + N(r,0; G) + S(r, F)
< 37(r, f) + 2T(r, ) + S(r, ).

Also from (16) we get

T(r,f) =T(r,g)+S(r f),



Certain Non-linear Differential Polynomials 111

which together with (17) implies a contradiction. So

1
F=_G. (18)

Differentiating (18) k times we get

) — Law
a

The above equation together with the fact that F*) and G*) share 1 CM yields
a = 1. Hence (18) becomes
F=dG.

So from Lemma 2.12 we get f = g. ]

Proof of Theorem 1.7. We omit the proof since instead of Lemma 2.10 using
Lemma 2.11 and proceeding in the same way the proof of the theorem can be
carried out in the line of the proof of Theorem 1.3 and Theorem 2 of [5]. |

Acknowledgements. The authors are grateful to the referee for his/her valuable
suggestions and comments towards the improvement of the paper.

References

1. A. Banerjee, Meromorphic functions sharing one value, Int. J. Math. Math. Sci.
22 (2005), 3587—-3598.

2. A. Banerjee, On uniqueness for non-linear differential polynomials sharing the
same 1-points, Ann. Polon. Math. 89 (2006), 259-272.

3. A. Banerjee, A uniqueness result on some differential polynomials sharing 1 points,
Hiroshima Math. J. 37 (2007), 397-408.

4. S. S. Bhoosnurmath and R.S. Dyavanal, Uniqueness and value-sharing of mero-
morphic functions, Comput. Math. Appl. 53 (2007), 1191-1205.

5. M. L. Fang, Uniqueness and value sharing of entire functions, Comput. Math.
Appl. 44 (2002), 823-831.

6. C. Y. Fang and M. L.Fang, Uniqueness of meromorphic functions and differential
polynomials, Comput. Math. Appl. 44 (2002), 607-617.

7. M. L. Fang and W. Hong, A unicity theorem for entire functions concerning dif-
ferential polynomials, Indian J. Pure Appl. Math. 32 (2001), 1343-1348.

8. W. K. Hayman, Meromorphic Functions, The Clarendon Press, Oxford, 1964.

9. 1. Lahiri, Uniqueness of meromorphic functions when two linear differential poly-
nomials share the same 1-points, Ann. Polon. Math. 71 (1999), 113-128.

10. I. Lahiri, On a question of Hong Xun Yi, Arch. Math. (Brno) 38 (2002), 119-128.

11. I. Lahiri and A.Banerjee, Weighted sharing of two sets, Kyungpook Math. J. 46
(2006), 79-87.

12. I. Lahiri and S. Dewan, Value distribution of the product of a meromorphic func-
tion and its derivative, Kodai Math. J. 26 (1) (2003), 95-100.

13. I. Lahiri and N. Mandal, Uniqueness of nonlinear differential polynomials sharing
simple and double 1-points, Int. J. Math. Math. Sci. 12 (2005), 1933-1942.

14. 1. Lahiri and R.Pal, Nonlinear differential polynomials sharing 1-points, Bull. Ko-
rean Math. Soc. 43 (2006), 161-168.



112

15.

16.

17.

18.

19.

20.

21.

Abhijit Banerjee and Pranab Bhattacharjee

I. Lahiri and P.Sahoo, Uniqueness of non-linear differential polynomials sharing
1-points, Georgian Math. J. 12 (2005), 131-138.

W. C. Lin, Uniqueness of differential polynomials and a problem of Lahiri, Pure
Appl. Math. 17 (2001), 104-110 (in Chinese).

W. C. Lin and H.X.Yi, Uniqueness theorems for meromorphic function, Indian J.
Pure Appl. Math. 35 (2004), 121-132.

H. Qiu and M. Fang, On the uniqueness of entire functions, Bull. Korean Math.
Soc. 41 (2004), 109-116.

C. C.Yang, On deficiencies of differential polynomials II, Math. Z. 125 (1972),
107-112.

H. X. Yi, On characteristic function of a meromorphic function and its derivative,
Indian J. Math. 33 (1991), 119-133.

Q. C. Zhang, Meromorphic function that shares one small function with
its derivative, J. Inequal. Pure Appl. Math. 6 (2005), Art.116 [ ONLINE
http://jipam.vu. edu.av/).



