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Abstract. In this paper we present a condition for a polynomial map F := (f1, fa,...,
fn) : R™ — R"™ to be a global polynomial diffeomorphism. To do this we express
a sufficient condition in terms of the Newton polyhedron for a polynomial function
f : R™ — R to be a proper map. We also prove that the fiber f~(A), with large
value |A|, of a proper polynomial f is diffeomorphic to the unit sphere S™™!, if it is
non-empty.
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1. Introduction

Let F := (f1,f2,...,fn) : R® — R™ be a polynomial map. If F is a local
diffeomorphism, then it is not sure that F' is a global diffeomorphism [6]. By
Hadamard’s classical theorem, F' is a global diffeormorphism if and only if F
is a local diffeomorphism and F' is proper. However, it is not trivial to find out
whether the polynomial map F' is proper or not.

Let us mention some previous results on the properness of real polynomial
maps. In 1983, Randall [7] has shown that the polynomial map F is proper
if the highest order homogeneous terms of f; have no non-trivial common real
zeros. In 1996, Cima et al. [2] replaced the notion of homogeneity in the above
condition with quasi-homogeneity and he received the same result. Recently, by
an approach based on the estimation from below of Lojasiewicz exponent at
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infinity of F, Ausina [1] gave a sufficient condition for the properness of F' in
terms of the Newton polyhedra of the component functions of F'.

In this paper we consider the polynomial function f := Z?zl fi%i :R™” — R,
where k;, ¢ = 1,2,...,n, are positive integers. We will show that F' is proper if
the polynomial f satisfies a non-degenerate condition with respect to its Newton
polyhedron at infinity. It seems to us that our condition is close but not identified
with the condition of Ausina [1]. In addition, our proof is based on a completely
different idea. By the way, we also show that the fiber f~!(A), with large value
|A|, of a proper polynomial f is diffeomorphic to the unit sphere S*~1, if it is
non-empty.

2. Proper Polynomial Functions on R™

For every a = (a1, aa, ..., a,) € N we denote by * the monomial 27" .52 ... a0,
We first recall some notations about Newton polyhedra.

Definition 2.1. Let
f(z) = Z anx
aeNn
be a polynomial. Put supp(f) := {o € N"| ay # 0}. The Newton polyhedron at
infinity I'no(f) of f is the convex hull in R™ of {0} U supp(f). Clearly, ' (f) is
a compact convex polyhedron of dimension at most n.

A supporting hyperplane of I'no(f) is a hyperplane minimizing the value of
some linear functions on I's, (f). The faces of the boundary of the Newton poly-
hedron I's, (f) are the intersection of I'»(f) with supporting hyperplanes. They
are compact convex polyhedra of dimension at most n— 1. The vertices are faces
of dimension 0 (i.e., points). The Newton diagram at infinity of f, denoted by
I'(f), is defined to be the union of the closed faces which do not contain 0. For
a face o € I'(f), the polynomial

folx) == Z Aax™

aco
is called the quasi-homogeneous component of f with respect to o.

Definition 2.2. A polynomial f € R[z] is called convenient if for any i =
1,2,...,n, there exists some c; > 1 such that the monomial z}" appears in f
with non-zero coefficient. Note that f is convenient if and only if the Newton
diagram at infinity I'(f) of f intersects each coordinate axis in a point different
from the origin.

A continuous map F' : R®™ — R™ is called proper if the inverse image of a
compact set is also compact. Equivalently, F' : R®™ — R™ is proper if and only if
|lxk]| — oo implies ||f(xg)]] — oo.

We denote by R* the set of non-zero real numbers.
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Theorem 2.3. Let f € R[] be a convenient polynomial. If all quasi-homogeneous
components of f do not vanish outside the coordinate planes, then f is proper.

Proof. There is no loss of generality in assuming that o is a vertex of I'(f)
such that the coefficient a0 of 2z in f is positive. It is shown that all quasi-
homogeneous components of f are strictly positive outside the coordinate planes.
The proof is by induction on the dimension of faces of I'(f).

e Assume that « is a vertex of I'(f). Let o € I'(f) be a face of dimension
1 whose boundary is the union of the vertex a and another one 8 of I'(f).
Then, there exists some ¢ € {1,2,...,n} such that o; # ;. Without loss of
generality, we can assume that «; > ;. Then

fo(l, oz 1) = (aas? +---+a5xf*) :xfi(aax?i_ﬁi +---+ag).
By assumption, the polynomial
h(zi) = anz® P+ +ag

has no non-trivial real zeros. Hence a,.ag > 0 and a; — B; is even. Thus
aq.ag > 0 and «; — f; is even for all ¢ € {1,2,...,n}. This implies that the
coefficient of x® in f is positive, because the union of faces of dimension 1
of I'(f) is connected and a,o > 0. Moreover, since f is convenient, there are
vertices (0,...,¢e;,...,0) € I'(f) with e; > 0 for all ¢ € {1,2,...,n}. This
implies that a; is even for all i € {1,2,...,n}. Consequently, fro} = aqz® is
strictly positive outside the coordinate planes.

e Assume that o € I'(f) is a face of dimension 1 whose boundary is the union
of two vertices « and 3 of I'(f), and that a; > f; for some i € {1,2,...,n}.

Then, for every point #° = (29,29,...,2%) € (R*)", we have

fo (m?,...,xi,...,xg)

= :cf [aa(m?)al .. .x?"fﬁ"’ @) o ag@)P (m%)ﬁ} )
By assumption, the polynomial f,(29,...,2;,...,2%) has no trivial real zeros.
It follows that f,(z9,...,2;,...,22) is strictly positive outside the coordinate
plane x; = 0. Hence f,(2°) > 0. So f, is strictly positive outside the coordi-

nate planes.

e Assume that the claim holds for the dimension k, 1 < k < n—1, we will prove
it for k + 1.

Let o € I'(f) be a face of dimension k + 1. Then, there exist o1 = H; N I'(f)
and o9 = Hy N I'(f) which are contained in the boundary of ¢ such that

Hy :={a e R"|a; =v1} and Hy := {a € R"|o; = 11}

are supporting hyperplanes of I'oo(f) with 141 # vo. Without loss of generality,

we can assume that 17 > vp. Then, for every point 2° = (29,29,...,22) €
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(R*)™, we have

fo (x?,...,xi,...,x%)
= fo, (2}, 1. 20) 2l 4+t foy (2D L)) 22
= [fo, (2f .. 1.20) 2 T ot fy, (2D 1))
Since o and o9 are faces of dimension at most k, we have f,, (z9...1...2%) >
0 and f,,(z9...1...2%) > 0. Clearly, v, and vy are even. Thus f,(29,..., z;,
..,xY) is strictly positive outside the coordinate plane x; = 0, because, by
assumption, the polynomial function f,(z,...,z;,...,2%) has no trivial real

zeros. Hence f,(x°) > 0. This shows that f, is strictly positive outside the
coordinate planes.

Now, we can show the properness of f. Assume on the contrary that f is not
proper. Then there is a sequence {x}72 ; such that

lim ||zg|| = +00 and lm f(zx) = to.
k—oo k—oo

Since f is convenient and all quasi-homogeneous components of f are strictly
positive outside the coordinate planes, by [4, Theorem 3.1], we have f is bounded
below and there are constants c1, ¢a (co > 0) such that

f@)>cte Y o
)

a€eV(f

where V(f) is the set of vertices of I'o(f). Hence

Jm f@) z et lm 3, o
aeV(f)

By the above, for every @ € V(f) we have oy, ¢ = 1,2,...,n, are even.
Moreover, since f is convenient, for any ¢ = 1,2,...,n there exists an a; > 1
such that the monomial z{" appears in ZaeV(f) x®. Therefore tg > ¢1+ca(+00),
a contradiction. So f is a proper map. ]

Remark 2.4. Suppose a polynomial f satisfies the following condition: f(0) =
0, and the highest order homogeneous term fy(z) is strictly positive if and only
if x # 0. Then f satisfies the condition of Theorem 2.3, and hence f is a proper
map. Thus Theorem 2.3 is a generalization of Sakkalis’s result in [9].

The following result is also a generalization of Sakkalis’s one in [9].

Theorem 2.5. Let f : R™ — R be a proper polynomial function, n > 2. Then,
f is bounded from one side. Moreover, the fiber f=1(A) is diffeomorphic to the
unit sphere S*1 for |A| sufficiently large, if it is non-empty.

Here we state the result of Shiota, whose corollary is the last conclusion of
Theorem 2.5.
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Remark 2.6. ([8]) Let f1, f2 be positive proper polynomials on R™. Then there
exists 7 a C'°° diffeomorphism of R™ such that 7 is the identity on a given
bounded subset and that f; o 7 and f2 are equal outside a bounded subset.

Remark 2.7. Let f be a positive proper C*° function on R"™. Assume n # 4,5
and that the set of critical points is bounded. It follows from [8, Lemma 7] that
there exists 7 a C°° diffeomorphism of R™ such that 7 is the identity on a given
bounded subset and for = Zyzl 22 outside a bounded subset. Thus the fiber
f7Y(A), with large value |A|, is diffeomorphic to the unit sphere S*~1, if it is
non-empty. However, it is not sure that the statement of Theorem 2.5 is true if
we replace polynomials with C*° functions.

Theorem 2.5 follows from the following two claims.

Claim 1. Let f : R™ — R be a proper polynomial function, n > 2. Then f is
bounded below or f is bounded above.

Proof. We will prove that if f is not bounded above, then f must be bounded
below.

Let to € R. Since f is proper, the set f~!(to) is compact. Hence it is contained
in a large enough ball B,.. Then the set

{z e R"[f(2) <to}

is bounded. Indeed, if it is not so, then there exists a point z; € R™\B, such
that f(z1) < to. By assumption, there exists a point zo € R™\B, such that
f(z2) > tg. Since n > 2, we can pick a continuous curve ! in R™\B, connecting
x1 and xg. Since f|; is continuous, f(z1) < to and f(z2) > to, there exists
a point zg € [ such that f(zg) = to, a contradiction. This implies that f is
bounded below. [ |

Without loss of generality, we now can assume that f is bounded below.

Claim 2. Let f : R® — R be a proper polynomial function. If f is bounded
below and gradf(z) = Az, ||z|| > r > 1, then A > 0.

Proof. Put
W = {x € R"|gradf(z) = Az, A < 0}.
Note that W is a semi-algebraic set. It is sufficient to show that W is bounded.

On the contrary, suppose that W is not bounded. By Curve Selection Lemma
at infinity [5], there is a meromorphic mapping p : [M,+o0) — R™ such that
p(1) € W for 7 > M and lim, . ||p(7)|| = +00. We can write

p(1) = at® 4 lower order terms in T,

f(p(1)) = br” 4 lower order terms in 7.

Since gradf(p(1)) = A(7)p(7), we have
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2 fp(r)) = tarad f (p(), L (7))
= (Amolr), L(r))
= A plr), L(r)
Thus
ﬁbTﬁfl 4= M) aT® + - - Jaar® 4 ).
Hence

_ 61) B—2a
M= faEa” T

It is clear that o > 0; and since f is a proper map, S > 0. Since f is bounded
below and f is proper, we have f(p(7)) — 400 as 7 — +00, hence b > 0. Thus
A7) > 0 for 7 sufficiently large, a contradiction. n

Proof of Theorem 2.5. For r > 0, let
B, :={z cR"||jz|| <7}, and S'!:={zcR"||z| =r}.

We now put
v(z) = |lgradf (z)|lz + |[z[|gradf(z).
Then

(gradf(z), v(x)) = [lgradf(2)]|[(grad/ (), 2) + l|llgradf (2)]] > o,

(,0(w)) = Nl [(erad £ (@), 2) + lal [l arad ()] > 0.

By Claim 2, if gradf(z) = Az, ||z|| > r > 1, then A > 0. Hence the sign “=" in
the above inequalities cannot happen for all x outside some large ball B,.. Thus
for all z € R™\B,., r > 1, we have

(gradf(z), v(z)) > 0,

(x,v(x 0
Let ()
)= 2 o)
‘We have
(gradf(z),w(x)) > 0, (*)
(o (@) = 3. (4

Let A > max,ep, f(r). For a fixed point xy € SP~1, consider integral curve
x(xo; T) of the vector field w(zx) starting from the point xq. It follows from (**)
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that ||z(zo;7)||> = 7 + 2. Consequently, z(z;7) is defined on the whole of
[0, 4+00).

Since f o x(x0;0) < A and lim;_ f o x(z;T) = 400, there exists a point

T(z9) € (0,+00) such that f o x(xg;7(x9)) = A. From (*) it follows that the
function f o z(xo;7) is increasing when 7 > 0, hence the point 7(z¢) is unique.

Consider the map
G:S" ! — f7HA), v z(rv;T(r)).

It is easy to see that G is a diffeomorphism. [ ]

3. Global Polynomial Diffeomorphisms on R™

Lemma 3.1. Let f : R" — R be a polynomial function and k be a positive
integer. Then the Newton polyhedron at infinity I'so (f*) of f* is the convex hull
of {0} U{ka|a € supp(f)}. Moreover, for every face @ € I'(f¥) there is a unique
face 0 € I'(f),ka €7 for all « € o, such that (fk)g = (fa)k

Proof. (i) Let B be the convex hull of {0} U {ka|a € supp(f)}. We will show
that I, (f*) = B.

We can write

P Y (o) (@) ()

al,a2,...;a”csupp(f)
i1tigt o tir=k

Then for every @ € supp(f*)
a=ia" +ia® + - +ial,

1

where o, a2, ... a" € supp(f), i1 + iz + - +ip =k, 1,42, -+ , i, > 0. Hence

a= %(kal) + %(koﬁ) Foet %(kof) € B.

Thus ' (f*) C B.

We now prove that {ka|a € supp(f)} C I'xo(f*). There are two cases to be
considered:
Casel. o € supp(f) and « is a vertex of ' (f). Let

H :={a e R"|{m,a) := miag + moag + -+ -+ mu, = v}

be a supporting hyperplane of I'n(f) such that H N I'o(f) = {a}. By definition
of supporting hyperplanes, we have

(m,a) =v and (m,a') >v for all &' € I'o(f)\{a}.
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Hence
(m,ka) = kv and (m,@) > kv for all @ € supp(f*)\{ka}.

Thus
(m,ka) = kv and (m,@) > kv for all @ € I (f¥)\{ka}.

This implies that
H := {@ € R"|(m, @) := m1@1 + mo@a + - - - + mp0y, = kv}

is a supporting hyperplane of I',o(f*) and H N I'no(f*) = {ka}. Hence ka €

Lo (f5).
Case 2. « € supp(f) and « is not any vertex of I'no(f). Then

a=i0a! +ia® + - +ia”,

where o, a?,. .., a" are vertices of I'no(f), i1 +ig+- - +i, = 1,141,142, ,ip > 0.
Hence
ko =iy (kat) +ig(ka®) + - - 4 in(ka”) € Tno(f).

Thus B C I'ww(f*), and hence B = ', (f¥).
(ii) Let 7 be a face of I'(f*). Assume that @ = H N I, (f*), where

H:={aecR"|(m,a) = ma@ +maas + - - + mya, = kv}
is a supporting hyperplane of I, (f*). By the above result, we have
H = {a S Rn|<m7a> = myoq + maas + -+ mp, = V}

is a supporting hyperplane of I',o(f). Hence 0 = H N I'so(f) is a face of I'(f).
For every @ € supp(f*), we can write
a =i +iad® + - il
1

where o', a2, ..., a" € supp(f), i1 + iz + -+ + i, = k, i1,i2, -+ ,ir > 0. By
definition of supporting hyperplanes, we have

(m,a) =v for all & € o and (m, ) > v for all « € supp(f)\o.

It follows that (m, @) = kv if and only if a',a?,...,a" € 0. Hence @ € 7 if and
only if at,a?,...,a" € ¢. Thus (fk)gz(fg)k. [ |

Lemma 3.2. Let F := (f1, fo,..., fn) : R* — R™ be a polynomial map and k;,

i =1,2,...,n, be positive integers. Then the Newton polyhedron at infinity of

=3 f . R* = R s the conver hull of {0} UL, {2kiala € supp(fi)}.
i=1

Moreover, for every face @ € I'(f)
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fe=_fh,
where o; is the face of I'(f;) such that 2k;a € T for all a € o;.
Proof. (i) Put
X = UL {2kia|a € supp(f;)}, and C := the convex hull of {0} U X.

First, we prove that X C I'(f). In fact, if it is not so, then there exists an
« € supp(f;) such that @ = 2k;a € I'o(f). For any j = 1,2,...,n, we can write

2k; 15025+ Jm at g1 o? g2 a™ Im
(f](x)) = Z Cle,aQ,...,am X x B .
al,a?,...,amesupp(f;)

jitiz+-+im=2k;

Then the coefficient of * in f can be written as a sum of the real numbers
2y with jiat 4 jaa? + -+ 4 jma™ = @. Since the real number ¢2F is

m
ooy &

positive, it follows that there exists some j € {1,2,...,n} such that
a =2kia = jia' + jo® + -+ fpa,

Whe_re 04‘1,052, s ’am S Supp(fj)a jl +]2+ . +]m = 2kja jlana ce. 7jm > 07 and

A2y I < (. Hence

at,a,. ™

_ J2 J g1 g g
a= Z_kj(ijal) + 2—1%(21@-042) +ot 2—;;(2143]-0/”) =ia' +ihat 44 am,
where @', a%,....am € X, ji +j4+--- 434, =1, 5% ...,50 >0, and m > 2.

We can rewrite
o= )\151 + )\2@2 + -+ Aah

where @', @?,...,a" € X, M+ X+ + X =1, A, 0,...,\ >0, and @ # @
foralll =1,2,...,r.

Without loss of generality, we can suppose that the coefficient of 2 in fis
zero. Then we can write

_ —1 —2 —s
a=mf +pB et
=1 =2 —5
Whereﬂ 76 a'"76 € Xa p1+p2 s+ s = ]-a My 2y - vv s s > 07 al =

—1 —2 —s —lI _
foralll =1,2,...,s.

-1
Assume that the coefficient of 2 in f is zero. Then we can write

A=e7 + eV 4+ + 7
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where 1,72, ... 7 € X, e1 + e+ + 6y = 1, €1,€2,...,¢6, > 0, 31225714‘

—1
2572—1—---—1—21[,7”, zi—i—zé—l—---—l—z;,:1,2%,25,...,211,20, and ¥ ¢ {@, @', }
foralll =1,2,...,p.

‘We continue in this fashion to obtain
—1 —2 —
T=C(10 + (20 4+ (o,

where 3 ,0°,....0° € X, G+ G+ +C =1, Q.G > 0, and all
coefficients of 2° in f are non-zero. Hence @ € I'»(f), a contradiction. Thus
X C I'no(f). This implies that C' C I'o(f). Now, by definition of f and Lemma
3.1, I'no(f) C C. Therefore I'no(f) = C.

(ii) Let o € I'(f). Assume that @ = H N I'no(f), where H is a supporting
hyperplane of I'n, (f). By the above result and Lemma 3.1, H is a supporting hy-
perplane of some Iy, (f2%). We have fy = S2(f2*)5,, where &; = H N oo (f27).
By Lemma 3.1, (f2*")5, = f2* where o; is the face of I'(f;) such that 2k;a € 7;

1,04
for all « € g;. Thus fz=>_ ff];: [ |
Let F : R® — R" be a polynomial map and k;, ¢ = 1,2,...,n, be positive
integers. We denote by I'so(f2%, f2*2 .. f2k) the Newton polyhedron at in-

finity of the polynomial f, and I'( 1%1, 2%2 2k

n
infinity of f, where f = > fi%*.
i=1

y- -y fA%) the Newton diagram at

Definition 3.3. A polynomial map F : R® — R" is called convenient if for
any ¢ = 1,2,...,n, there exist ; > 1 and j € {1,2,...,n} such that the
monomial z{" appears in the polynomial f; with non-zero coefficient. Note that

F is convenient if and only if I'(f2**, f2¥2, ..., f?%») intersects each coordinate
axis in a point different from the origin, where k;, i = 1,2,...,n, are positive
integers.

Theorem 3.4. Let F : R™ — R" be a polynomial map. Assume that
(i) The Jacobian J(F)(xz) # 0 for all x € R™;

(ii) F is convenient; and
(ili) There are positive integers k;, i = 1,2,...,n, such that for any face
g eI 12’“1, cooy f2kn) the terms fi,, have no common real zeros outside the

coordinate planes, where o; is the face of I'(f;) such that k;o € T for all o € 0.
Then F is a proper map and hence a diffeomorphism of R™ onto R™.

Proof. Let us consider the polynomial function

n

F=Y R >R

i=1

By the assumption (ii) and Lemma 3.2, f is convenient. Moreover, it follows from
Lemma 3.2 that if 7 is a face of I'(f), then f& =) fffi, where o; is the face of
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I'(f;) such that 2k;a € @ for all a € ¢;. By the assumption (iii), fz(x) > 0 for all
€ (R*)". So, by Theorem 2.3, f is proper. This implies that F is also proper.
Consequently, F' is a diffeomorphism of R” onto R™ because of the assumption

(i). ]

Remark 3.5. (1) We consider the polynomial map F = (fi, f2) : R? — R2
which is given by

filz,y) =2t —y* +22y® + 22312 falz,y) = 2y’ — 2Py

A simple computation shows that F' satisfies Theorem 3.4 (iii) for k&; = 1 and
ko = 2, but not for ky =1 and kg = 1.
(2) Let F = (f1, f2) : R? — R? be a polynomial map. We will find conditions for
positive integers ki, ko to be satisfying Theorem 3.4 (iii).

Let us consider quasi-homogeneous components fi,, and fs,, with o =
HiNI(f1) and o9 = Hy N I'(f2), where

H ={ac€ R2|<m,a) = miag + maae =11}

and
Hy := {8 € R?|(m, B) := m1f1 + mafz = v}

are supporting hyperplanes of I'no(f1) and I'»(f2), respectively. Note that Hy
and Hy are hyperplanes minimizing the values of the linear function L(«) :=
miag + maas on Iy (f1) and I'o(f2), respectively. Then

e If fi,, and f2,, have some common zeros in (R*)2, then there do not exist
positive integers k; and ko which satisfy the condition (iii) of Theorem 3.4.

e If fi,, and fa,, have no common zeros in (R*)? and every fi,,, i = 1,2,
has some zeros in (R*)Q7 then it is necessary to take ki and ko such that
Vlk'l = V2k2.

e If f1,, has some zeros in (R*)? and f2,, has no zeros in (R*)2, then it is
necessary to take k; and ko such that there exists a vertex 5 € I'(f2) with
(m, kof3) < kyvi. If, on the other hand, f 5, has some zeros in (R*)? and fi »,
has no zeros in (R*)2, a similar reasoning applies. We observe that if o; is a
vertex of I'(f;), then fi,, has no zeros in (R*)2.

Remark 3.6. In [1], Ausina gave a condition on the properness of a polynomial
map F': R® — R™, which seems to be similar to our condition. This condition
is the following:

(B1) f; is convenient for all i = 1,2,...,n; and

(B2) F is non-degenerate at infinity.
Note that

e The condition (iii) of Theorem 3.4 is close but not identified with (B2). In
fact, let F = (f1, f2) : R? — R? with fi(z,y) = 22 + y? — 2%y* + 2245,
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falx,y) = 2y® + 2%y* — 2*y?. Then F is non-degenerate at infinity, but F
does not satisfy Theorem 3.4 (iii). On the other hand, let us consider G =
(g1,92) : R? = R? with gy = ay + 22%y* + 2, go = 2%y + 2*y* +y®. Then G
satisfies Theorem 3.4 (iii) for k&1 = 1 and k2 = 1, but G does not satisfy (B2).

e The condition (ii) of Theorem 3.4 is strictly weaker than (B1). In fact, let H =
(h1,h2) : R? — R? with hy = 2% +y? + 25y* + 22%9°, hy = 29® + 22y* — 2ty?.
It is clear that H is convenient, but ho is not convenient.

Thus, our result does not coincide with Bivia-Ausina’s one.

Corollary 3.7. (Randall, 1983) Let F : R™ — R" be a polynomial map. Assume
that

(i) The Jacobian J(F)(x) # 0 for all x € R™; and

(ii) The highest order homogeneous terms of f; have no non-trivial common real
zeros.

Then F is a proper map and hence a diffeomorphism of R™ onto R™.

Proof. Since the highest order homogeneous terms of f; have no non-trivial com-
mon real zeros, it follows that F' is convenient. Moreover, F' satisfies the condition

(iii) of Theorem 3.4 for k; = %ﬁfdegﬂ‘, i =1,2,...,n. Therefore F' is a
proper map and hence a diffeomorphism of R™ onto R™. ]

Let f € R[z] be a real polynomial and let r, wy, wa, ..., w, be positive
integers. We will say that f is quasi-homogeneous of quasi-degree r with weight
w= (w1, wa,...,wy) if F(A“ 21, A229,..., A 2,) = A" f(21,22,...,2,). Then

if one fixes a weight w, every polynomial can be decomposed as a sum of quasi-
homogeneous polynomials of different quasi-degrees, with weight w. We denote
by f. the quasi-homogeneous component, with weight w, of maximum quasi-
degree of f. If F = (f1, fa,...,fn) : R* — R" is a polynomial map, we also
denote by F,, the map with components (f1.u; f2,w;-- -5 frw)-

Corollary 3.8. (Cima et al., 1996) Suppose F : R™ — R™ is a polynomial map
such that the Jacobian J(F)(x) # 0 for allz € R™, and F,, has no non-trivial real
zeros, for some weight w. Then F' is a proper map and hence a diffeomorphism
of R™ onto R"™.

Proof. Since F,, has no non-trivial real zeros, for some weight w, it follows that
F is convenient. Moreover, F' satisfies the condition (iii) of Theorem 3.4 for k; =
degf 1'd§§g f;'“deg” In where deg,, f; is the quasi-degree of the quasi-homogeneous
componenf j”lw Therefore F' is a proper map and hence a diffeomorphism of R™

onto R™. [ |
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