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1. Introduction

The understanding of the asymptotic behavior of dynamical systems is one of the
most important problems of modern mathematical physics. One way to attack
the problem for dissipative dynamical systems is to consider its global attractor.
This is an invariant set that attracts all the trajectories of the system. The exis-
tence of the global attractor has been derived for a large class of PDEs (see e.g.
[3, 4, 8] and references therein). One of the most studied gradient partial dif-
ferential equations is the reaction-diffusion equations and systems, which model
several physical phenomena like heat conduction, population dynamics, etc (see
[1]-[10)).

In the survey article [8], the author considered the following problem in a
bounded domain £2 C RY,

ur — Au+ flu)+g(x) =0, z € 2,t >0,
u(z,t) =0,z €002, t >0,
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u(z,0) = up(x), = € 2,

where ug € H}(£2) is given, g € L?(£2). Under some conditions of the nonlinear
term f(u), the author had proved the existence of a global attractor in Hg (£2).
The proof of the main results relies on the existence of a Lyapunov functional
and the compactness of the embedding Ha (£2) «— L?(£2), since 2 is bounded.
In this paper, we will extend these results in two directions: firstly, we consider
a semilinear parabolic system in the potential form; secondly, we let {2 be an
arbitrary (bounded or unbounded) domain in RN (N > 3).

More precisely, in this paper we are interested in the following problem: Con-
sider the semilinear parabolic system in the potential form

U — AU+ VF{U)+G(z) =0, (1)
with boundary conditions
U=0 on 012, (2)
and initial conditions
U(z,0) = Up(z), (3)

where U = (u,v) is the unknown function, Uy = (ug,vo) € H}(£2) x H}(R2) is
given, G = (g1,92) € L*(2) x L*(2), and F : R? — R satisfies the following
conditions.

If 2 is a bounded domain, we assume that

0*F| | 0*F 0’F 2 2
< 3 3
max{‘ ou? |’ ‘&uav ’ ‘ Ov? } S @ (|u| 1ol * 1) ’ 4)
Flu,v) > =5 +0%) - €, (5)
OF  OF .
= —_ > — -
UVFU) “au+“au > —p(u” 4+ v°) — Cy, (6)

where p < A1, A1 is the first eigenvalue of —A in {2 with homogeneous Dirichlet
condition, C; and Cs are nonnegative constants.

In the case {2 is an unbounded domain, instead of the conditions (4)-(6), we
suppose that

0’F 0’F O*F 2 2

< N-2 N-2 ’

max {| 55 ,‘&m |G| b e (i it an). @)

A = inf{[|Vul® s u € HY(Q), |[u]l = 1} > 0, (5)

Flu,v) > =5 +0%), p <, (5”)
oF or

F = — = — frd 9

(0,0) = =-(0,0) = 5~(0,0) =0, (5”)
F F

UVF({U) = ua— —l—va— > —p(u?® + v?). (67

ou ov
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Denote by V the space H}(£2) x H(£2), with the norm

10l = (I9ull? + 1V0l?)*, U = (u,v) € V,

and by H the space L?(£2) x L?(2), with the norm

1P = (1712 +1g12)", F = (f.9) € A.

Hereafter |||, denotes the norm |.||zr() and in the case p = 2 we may omit the
index. We introduce the operator A = Ap, —AD) with domain

(-
D(A)={U € V| AU € H} = (H*(2) N H}(2)) x (H*(2) N H} (2)).

It is well-known that A is a sectorial operator on H with the fractional power
spaces X, in particular X° = H,X'? = V. Then problem (1)-(3) can be
rewritten as an abstract evolutionary equation in V:

%(t) +AU() =-VF(U) -G, UO0)=Up V. (7)

Put
B(U) = %HVUHQ + /F(U)da: (G D) (8)
(%}

The first purpose of this paper is to prove that the solutions U of problem (7)
exists uniquely, globally and satisfies

d
Z2U®) =~ )] (9)
Then if for each Uy = (ug,vo) € V, putting S(¢t)Uy = U(t), the unique solution
with the initial data Uy € V', we obtain a strongly continuous semigroup S(t),t >
0, on V. The second purpose of this paper is to prove the existence of a compact
connected global attractor A of the semigroup S(¢).

Let us describe the structure and methods used in this paper. In Sec. 2, we
recall some definitions and results of theory of infinite dimensional disspative
systems which we will use. Sec. 3 presents results on the existence of a classi-
cal solution U(t) on [0, 4+00) and the existence of a global attractor of (7) in a
bounded domain with the hypotheses (4)-(6). Under the assumption (4), one can
check that VF : V — H is a locally Lipschitzian map. This guarantees the ex-
istence and uniqueness of a local solution. Then, by using condition (5) and the
remarkable fact that the equation admits the natural Lyapunov functional (8),
we are able to prove that the solution exists globally in time and satisfies the en-
ergy equation (9). Besides, we also show that orbits of bounded sets are bounded.
Finally, by proving the asymptotically compact property of the semigroup S(t)
and using the dissipativeness condition (6) for proving the boundedness of the set



52 Cung The Anh and Trinh Tuan Phong

E of equilibrium points, we obtain the existence of a global attractor A. In Sec. 4,
we prove a similar result in the case of an unbounded domain with the hypothe-
ses (47)-(6). The significant difference between the case of a bounded domain
and the case of an unbounded domain is that the embedding Hg (2) — L?({2) is
no longer compact if 2 is unbounded, and this poses some additional difficulties
for the proof of asymptotic compactness of S(¢). Thus, new ideas are needed to
obtain the asymptotic compactness property.

One way to overcome these difficulties is using weighted Sobolev spaces. For
example, Babin and Vishik [2] used this technique to prove the existence of a
global attractor for the equation of the form

g +u—Au= f(u)+g(z), = € RVt >0,
u(0) = ug,up € L*(RY),

with f satisfying f(0) = 0, f(u)u < 0, f'(u) < I, and the growth condition
[f'(w)] < eI+ Ju*),a 2 0if N < 2,a < min{2/(N —2),4/N} if N > 3.
The choice of weighted spaces, however, imposes some severe conditions on the
forcing term g and on the initial data ug. In this paper, we use the method of tail-
estimates, introduced by Wang in [10], to establish the asymptotic compactness
of the semigroup S(t) in the space H = L?(£2) x L?(f2) (see Lemmas 4.2-4.4
below). Then we show that the solutions are actually asymptotically compact in
the natural energy space V = H{(£2) x H}(£2) (see Lemmas 3.4, 3.5). Finally,
repeating the arguments as in the case of a bounded domain, we obtain the
existence of a global attractor of S(¢) in V in the case that (2 is unbounded.

2. Preliminary Results

For convenience of the reader, we begin by summarizing some definitions and
results in [3, 4, 8] which we will use.

2.1. Existence of Global Attractors

Let X be a metric space (not necessarily complete) with metric d. If C C X
and b € X we set p(b,C) := inf.cc d(b,c), and if B C X,C C X we define the
Hausdorff semidistance between the two sets by dist (B, C) := infpep p(b, C).
Let S(t) be a continuous semigroup on the metric space X.

A set A C X is positively invariant if S(t)A C A, for any ¢t > 0. The set A is
invariant if S(t)A = A, for any t > 0.

The positive orbit of z € X is the set vt (z) = {S(t)z|t > 0}. If B C X, the
positive orbit of B is the set

7*(B) = Uz0S()B = Usepy™ (2).
More generally, for 7 > 0, we define the orbit after the time 7 of B by

7 (B) =" (S(7)B).
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Let @ # A C X. We define the w— limit set w(A) of A as
— X
w(A) = Usz07*(5(s)A4)

The subset A C X attracts a set B if dist (S(¢)B,A) — 0 as t — +o0.

The subset A is a global attractor if A is closed, bounded, invariant, and attracts
all bounded sets.

The semigroup S(¢) is asymptotically compact if, for any bounded subset B of
X such that v (B) is bounded for some 7 > 0, every set of the form {S(t,)zy},
with 2z, € B and t,, > 7,t, — 400 as n — 400, is relatively compact.

A continuous semigroup S(t) is a continuous gradient system if there exists
a function & € C°(X,R) such that &(S(t)u) < ®(u),Vt > 0,Vu € X, and
P(S(t)u) = P(u),vt > 0 implies that w is an equilibrium point, i.e. S(t)u =
u YVt > 0. The function @ is called a strict Lyapunov functional.

Let E be the set of equilibrium points for the semigroup S(t). We give the
definition of the unstable set of E' by

WYE)={ye€ X :S5(—t)yis defined for ¢t > 0 and S(—t)y — E ast — oco}.
From Proposition 2.19 and Theorem 4.6 in [8], we have

Theorem 2.1. Let S(t),t > 0, be an asymptotically compact gradient system,
which has the property that, for any bounded set B C X, there exists 7 > 0 such
that v (B) is bounded. If the set of equilibrium points E is bounded, then S(t)
has a compact global attractor A and A = W"(E). Moreover, if X is a Banach
space, then A is connected.

If the global attractor A exists, then (see [3, p. 21]) it contains a global min-
imal attractor M which is defined as a minimal closed positively invariant set
possessing the property

. li+m dist (S(t)y, M) = 0 for every y € X.

Moreover, if M is compact then it is invariant and M = U,cyw(2).

2.2. Sectorial Evolutionary Equations
Assume that A is a sectorial operator on X and there is an a € [0,1) such that
f X% — X is locally Lipschitz continuous. Consider the equation

d

S Au= f(u), t>0, u(0) =ug € X°. (10)
A solution of (10) on [0,7) is a continuous function u : [0,7) — X u(0) = wo,
such that f(u(.)) : [0,7) — X is a continuous function, u(t) € D(A) and u
satisfies (10) on (0,7). One can show that the solutions of (10) coincide with
those solutions of the integral equation
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t

u(t) = e Mug + /e_A(t_s)f(u(s))ds, 0<t<, (11)
0

for which u : [0,7) — X® is continuous and f(u(.)) : [0,7) — X is continuous.
We have the following ([4, Theorem 4.2.1])

Theorem 2.2. Under the above hypotheses on A, f, there is a unique classical
solution u € CO([0, tmax), X*) N C((0, tmax), X) N C°((0, tmax)), D(A)) of (10)
on a mazimal interval of existence [0, tmax(to)). If tmax(uo) < 00, then there is

a sequence t, — t_. (ug) such that ||u(ty)||o — oo.

3. Existence of Global Attractors in Bounded Domains

Theorem 3.1. Assume that F satisfies the conditions (4), (5). Then for any
Up = (uo,v9) € V, the problem (7) has a unique classical solution U €
C°([0,00), V) N CL((0,00), H) N C°((0,00), D(A)). Moreover, for the classical
solution U, ®(U(t)) € C1((0,00)) with

d
ZPU®) = =TI = —lluell* = [[oel|*, ¢ € (0,00).
Proof. We divide the proof into three steps.
Step 1. We prove that VF' is a map from V into H, that is for any (u,v) € V

then g—i(u,v), 2—];(%1)) € L?(02). Indeed, we have

oOF oOF ‘ [ O°F

50 (u,v) — %(u, v)| = W(t’ v)dt

0
|
<CO/(|t|ﬁ o 1) ae

0
< co (Il + o] %2l + Ju])
This implies that

<u,v>\ < \a—%,v)

a_F
ou

ou

+co (Jul ™7 + [0 72 ] + [u])

Repeating the above argument, we obtain that

]

8F 8F _2
%(O,U)‘ < ‘%(0,0)‘+00/<|1€| - +1) dt
0
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oF N
< | — N—2
< \ o <o,o>\ +co (o] ¥ + ol -

Therefore, we have

OF
‘ % (ua U)

< |0F8u(0,0)| + co (|u|% + 0] + o 2 ] + [u] + |v|> .

Using the inequality (a + b)? < 2(a® + b?), we get

2
%(ua U)

<2“9—F<0,O)

‘8F

2

- + 503 (Jul 2 + 0] + o 72 ful? + [ul® + [v]?).

OF
In order to prove a—(u, v) € L?(2), it is sufficient to prove that
u

/|U|ﬁ|u|2dm < 00.
2

Applying Holder’s inequality, we get

4 s
[0l e < ol %2 %, < .
2

because Hg(f2) is continuously embedded into L%(Q) Analogously, we can

F
prove that aa—(u, v) € L?(£2). Thus we can rewrite (1)-(3) as the abstract evo-
v

lutionary equation (7) in V.

Step 2. We prove that the map VF : V — H is Lipschitzian on bounded sets of

V', that is

IVE(ur,v1) = VF(ug, v2) | < M(p)l| (w1, v1) = (uz, v2)lv,

for all u = (u1,u2),v = (vi,v2) € V provided ||Vu;||, ||Vvil| < p, @ = 1,2.
Then, by Theorem 2.2, there exists tmax = tmax(r) > 0 such that, for any
Uy € V, with ||Up|ly < r, equation (7) has a unique classical solution U €

CO([0, tmax), V) N CH (0, tmax), H) N CO((0, tmax), D(A)).
Firstly, note that

[VF(u1,v1) — VF(uz,v2) |13

oF oOF

2 ) - 2|

OF OF 2

+ H—(Ul,vl) — —(U27U2)

ou ou ov ov

Using Lagrange formula, we have
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56
oF oF
%(u271}2) - %(ulﬂh)
O°F
= (UQ — ul)w(ul + 9(U2 — ’U,1),’U1 + 9(’1)2 — ’Ul))

0%F
+(U2 — vl)m(ul + 9(u2 —u1),v1 + 9(1}2 —v))|,0<0<1

< co(fug —ur] + |v2 — 1)) {1 + Jug + 0(ug — uy)|

2 2

V=2 + |vg + O(vg — v1)| T2

< C(lur —uz| + o1 — va]) (1 4 [ur| 77 + [ug| T2 + |ug| 772 + || 752).

This implies that

OF OF 2
—(uy,v1) — %(U%W)

ou

< Cllur —uzl? + o1 — v2|?) (1 + |ur | T2 + Jua| 772 + 01| T2 + [up| 752).

i

Therefore
OF OF 2
H%(ul’ v1) — %(U% v2)

<C [nu —olf} + /Q<|u1|ﬁ + [u2| T2 (Jus — ual? + o1 — va|?)de
[ Qo 75 ol 755 i — s + v2|2>dx] |
Applying Holder’s inequality, we obtain
/Q <|u1|ﬁ + |u2|ﬁ) (Jur — u2* + |v1 — va|?) da

_4 4
< (lhuz = w P, + s = v ) (Ilu1| T F ||“2||§2N2) ’

N-—2 N-—2

and

/ (|U1|ﬁ + |U2|ﬁ> (Jur — ual® + |01 — vo|?) dw
(93

4 4
< (= Py, + llow = el ) (o057 + el 557 ).
N -2 N -2 N-—-2 N-—-2

Since Hg(£2) is continuously embedded into L¥5 (£2), we get

OF OF 2 )
—(u1,v1) — =—(u2,v2)|| < Mi(p)llu—vlly if [V, || Vol < p.

ou ou

Analogously, we have



Global Attractor for a Semilinear Parabolic System 57

2

oF oF .
< Mi(p)llu—vlly i [Vuill, [Voil| < p.

H—(ul,vl) — —(u2,v2)

ov ov

Thus, (12) is proved.
Step 3. We prove that ty.c = +00. Put

1 1
BU) = Bl 0) = 5[ VulP + 3 Vol + [ Fluv)do + (6. V).
7
By computing directly, one can check that ®(U(t)) € C'((0,00)) and

d
ZPU®) = =lluell* = oell*, ¢ € [0, tmax)-

Using the hypothesis (5), we get
SU®) = L1Vul? + 2170l = E(ull? + ol Syenlr;
U®) 2 SIVull” + SIVoll® = S (lull® + [olI%) + (91, u) + (g2,v) = C1l2].
Furthermore, from inequalities

1
lwll* < A—IIIVWIIQ, Vw € Hy(£2),

1
Slwl?+ o lgl® > (g.w), Vg € L(2),e >0,
we have
1 1 I
> > = 24 - 2_ _® 2 2

() > (U (1) > 5IVull* + 5190l — 5= (IVull® + 190

+ (91, u) + (g2, v) — C1]£2

1

n+€ 9 9 1 9
~(1- - — — )],
2( " )(IVuII +IVol?) = 5 IGI% il

WV

Choose € > 0 being small enough, we get

1
2

10y = (IVel> + [ V0l2)* < M, ¥ € [0, tma),

where M is a constant independent of t. This implies that t,,x = +00. Indeed, let
tmax < +00 and limsup |U(¢)||v < 4o0. Then there exist a sequence (¢, ),>1 and

t—tmax
a constant K such that ¢, — ¢, a8 n — 400, and ||U(t,)||lv < K, n=1,2,....
As we have already shown above, for each n € N there exists a unique solution of
the problem (7) with initial data U(t,) on [t,, t, +T*], where T* > 0 depending
on K and independent of n € N. Thus, we can get tpmax < tn + T, for n € N
large enough. This contradicts the maximality of ¢,.x and the proof of Theorem

3.1 is complete. [ ]



58 Cung The Anh and Trinh Tuan Phong

Remark 3.2. From the proof of Theorem 3.1, we see that the function @ is a
strict Lyapunov functional and is bounded below. Moreover, using Taylor for-
mula

OF OF
1] ,0%F 9°F LO°F
+ 5 u W(Gu,@v) + 2uvm(9u,9v) + o W(Gu,@v) , 0<0 <1,

we easily prove that: For all Uy, with ||Up|lv < R, there exists a number M > 0
depending only on R such that ||U(¢)||v < M, Vt > 0. In other words, orbits of
bounded sets are bounded.

In order to prove the asymptotic compactness of the semigroup S(t), we first
note that A is a sectorial operator in the space X = H with the fractional
power spaces X ®. From the properties of a sectorial operator and the fact that
X112 =V, X9 = H (see e.g. [5]), we have the analytic semigroup e~*4 generated
by the operator A satisfying the following estimates

le=Atu|| < Me®||ul|, for all € H and allt > 0,
X|le=ully < Me®t=/2||ul|, for all u € H and all t > 0,

where M and a are two positive constants. Furthermore, we need the following
lemma (see the book by Henry [5, Chapter 7]).

Lemma 3.3. Assume that ¢(t) is a continuous nonnegative function on the
interval (0,T) such that

t

o(t) < cot ™ + ¢ /(t —5) M p(s)ds, t € (0,T),
0

where cg,c1 = 0 and 0 < ~v9,71 < 1. Then there exists a constant K =
K(v1,¢1,T) such that

co
11—

Qﬁ(t) < t_’YOK(PYI;claT)a te (OvT)

Lemma 3.4. Let (Uy)nen be a sequence in V, let U € V, and assume that
U, — U in H. Then S()U,, — St)U in V, uniformly on [to,t1], for all t1 >
to > 0.

Proof. Let t; > 0 be fixed. Since the set {U,|n € N} U{U} is bounded in V,
there exists a positive number R such that ||S(¢)U,|v < R and ||S#)U|lv < R,
for all t € [0,¢1] and for all n € N. Let L be the Lipschitz constant for VF
on the ball of radius R in V. Write U,(t) := S(¢t)U, and U(t) := S(t)U. Set
f:=—-VF —G. For t € [0,1], we have
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t
Un(t) = e U, + / e AU f(Un(s))ds,
0

U(t) = e MU + /e_A(t_s)f(U(s))ds.

It follows that, for all ¢ € (0, ¢1],

t
() =U0)lly < Me*1t™2 | Up=Ull s +MLe™ /(t—s)_%HUn(S)—U(S)HvdS-
0

By the singular Gronwall inequality (see Lemma 3.3), there is a constant C; =
C1(L, M, a,ty) such that for all ¢ € (0,t1],

|Un(t) —U®)|lv < 2Me* t2Cy|U, — Ul|n.

This implies that S(¢)U,, — S(¢)U in V as n — oo, and uniformly on [tg, t1] for
all t; >ty > 0. This completes the proof. [ ]

The next lemma shows, thanks to Lemma 3.4, the asymptotic compactness
of S(t) in V.

Lemma 3.5. Let (Up)nen be a bounded sequence in V' and let (t,)nen be a
sequence of positive numbers, t, — 400 as n — oco. Then there exist a strictly
increasing sequence of natural numbers (ng)ren and a function U € V' such that
S(tn, )Un, — U inV as k — oo. In other words, S(t) is asymptotically compact
in the strong V' topology.

Proof. Fix any positive T'. Since t,, — oo as n — oo, we have t, > T for all
n = ng. Because (U,,) is bounded in V', {S(t,—T)Uy }n>n, is bounded in V. Then
there exist a strictly increasing sequence of natural numbers (ng)gen, nk = no for
all k € N, and a function v € V such that S(t,, — T)U,, —~vinV as k — oc.
On the other hand, since (2 is bounded, the embedding V <— H is compact.
Thus, {S(t, — T)U,} is relatively compact in H. We can therefore choose the
sequence (ng)gen such that S(t,, —T)U,, — v in H. By Lemma 3.4, we have

S(tn)Uny, = S(T) 0 S(tn, —T)Upn, — ST =UinV as k — .
The proof is complete. [ ]
We can now state one of the main results of this paper.

Theorem 3.6. Under the conditions (4)-(6), the semigroup S(t),t > 0, gener-
ated by (7) has a compact connected global attractor A = W™(E) in the space
V = H(2) x H}(92).
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Proof. Firstly, from Remark 3.2 we see that for any bounded set B C X, v7(B)
is bounded, and the function @ defined by (8) is a strict Lyapunov functional.
We now prove that the set F of the equilibrium points of (7) is bounded. Notice
that

E={z=(u,v) € D(A)|Az + VF(z) + G = 0},

so if z = (u,v) is an equilibrium point, we have
(—Az,2)g+ (VF(2),2)u + (G, z)g = 0.
Hence and from (6) it follows that
0= Vel + (VF(2),2)i + (G, 2)m
> V2l — el - Cal2l — Slel — Il

pte€/2 1
> (1 52) 19318 - o6 - e,

where € is chosen such that 1 > M This implies that the set E of the
equilibrium points of (7) is bounded in V On the other hand, by Lemma 3.5, S(t)
is asymptotically compact. Applying Theorem 2.1, one obtains the conclusion of
the theorem. [ |

The following proposition describes the asymptotic behavior of solutions of
(7) as t — o0.

Proposition 3.7. Under the conditions (4)-(6), the semigroup S(t),t = 0, gen-
erated by (7) has a global minimal attractor M, given by M = E, in the space
V = H}(2) x H}(2). Consequently, we have

lim dist(S(¢)y, E) =0 for every y € V.

t——+o0

Proof. The existence of the global minimal attractor M follows immediately
from the fact that the semigroup S(¢) has a compact global attractor (see Sub-
sec. 2.1). We will show that M = E.

It is obvious that £ € M. We now prove that M C E. Indeed, since M =
Uzevw(z), it suffices to show that w(z) C E, for any z € V. Taking a € w(z)
arbitrarily, by the Characterization lemma (see e.g. [8, p.893]), there exists a real
sequence (ty),t, — +oo, such that S(t,)z = u(t,) — a. Since the Lyapunov
functional @ is bounded below, this implies that

d(a) = , ligrn D(u(ty)) = inf {P(S(t)z) = P(u(t))|t = 0},
i.e. @ =const on w(z). Therefore, by the nonincreasing property of the Lyapunov
functional along the orbit S(¢)z and the positively invariant property of w(z),
we conclude that a € E. This completes the proof. [ ]
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4. Existence of Global Attractors in Unbounded Domains

Using the conditions (4)-(5”’) and repeating the arguments used in the proof of
Theorem 3.1, we obtain the existence and uniqueness of the global solution for
problem (1)-(3) in an unbounded domain.

Theorem 4.1. Assume that F satisfies the conditions (4") — (5""). Then for
any Uy = (ug,v9) € V, the problem (7) has a unique classical solution U €
C%([0,00), V) N CH((0,00), H) N C°((0,00), D(A)). Moreover, for the classical
solution U, ®(U(t)) € C*((0,00)) with

d

Z2U®) ==V = =lluell® = Jleel®, £ € (0,00).

If £2 is an unbounded domain, we still have the Lyapunov functional (U (t)),
likely in the case of a bounded domain. This combining with the conditions
(57)-(6) implies that orbits of bounded sets are bounded, and the set E of the
equilibrium points is bounded in V. Thus, in order to prove the existence of a
global attractor A, we only have to prove that the semigroup S(t) is asymptot-
ically compact in V.

Firstly, in Lemma 4.2 below, we prove a tail-estimate of solutions. Then, using
this estimate, we prove the asymptotic compactness of S(¢) in H. Finally, using
Lemmas 3.4-3.5 in Sec. 3., we obtain the asymptotic compactness of S(t) in V.

Lemma 4.2. Let 9 : R —[0,1] be a function of class C' with I(s) =0 for s €
(—00,1] and J(s) = 1 for s € [2,00). Put ¥ = 92, For k € N, define functions

9 :RY — R and 9 : RY — R by

2 2
Ip(z) =1 <|a;€|2)> and 9 (x) =0 (i—L) .

Set Cy = 2v/2sup|? (y)| and Cy = 2v/2sup|¥’ (y)|. Let ¢ € (0,\; — ) be ar-
yER yER
bitrary, p is the constant in (5") and (6'). For each k € N, denote by =
1
max {C2k~2, 2C5k~, Cok™'}, ¢, = 2—€||19kGH%, (0<e<2(A\ —p—q)). Then

for any R > 0,7 € (0,00), and U : [0,00) — V being a positive semi-trajectory
such that |U(t)|l,, < R,Vt € [0,7], we have

/ O ()| U (t, 2)|Pde < R2e™ 29 + (CbpR® + cx)/q, t € [0, 7). (13)
Q

2 2 _ 2 2
Proof. Since Vi (z) = ﬁﬂl ('i—L) z and Vi (z) = ﬁﬂl (%) x, we have
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Firstly, we will prove that for all v = (v1,v2) € V, ¢ € (0, \1),
— (v, 9v)y + q/ﬂﬁk(x)|v(x)|2 — (G, 9v) g
< b /Q {orl? + o f? + 2Jo][Von| + 2fon| Vool } da + %H&GH%{. (14)
Since
- )y +a | Bl@lo@F (G 0w)n

= —(v1, rv1) gy — (v2,9k02) +q/ 19k($)|vl|2d$+Q/ O () |v2|*d
17 o
— (91, Ykv1) — (g2, Ixv2),

we now prove that
— (v1, 9pv1) +q/ﬂz9k(x)|vl|2dx
< [ (o + 200 Voslbd + 5k (15)
Indeed, we have
— (v1, Ipv1) g1 + q/ﬂﬂkvfd:c — (g1, Y,v1)
=— /Q V1 V(9vr )dx + q/ﬂﬂkv%dx — (g1, Vv1)

:_/ |V(1§kvl)|2dm+q/ (o1 )2da — (gl,ﬂkvl)—i—/ [02(V31) (V)
(9] (9] (9]
+ 20195 (Vi) (V1) — v1 (V) Vi | da

_ - € & 1, 5
<= [V@ro1)|* + i||V(19k’01)||2 + =l xv1]* + 19k |?
)\1 2 2¢
+ / {(CFE2) 1 |* + 2C5k™ w1 |[Vor] + (Cok™ ) un || Vor|) Yo
Q
+€/2 _ 1 -
<t [ (P + 2l do - (1= LY |90 + 5 1il?
2 1 €
1. -
< [ {0+ 2ol 9ol do + o
Q €
where 0 < € < 2(A\; — q). Therefore (14) is proved. Similarly, we have
~ (vatuen)iy 4 q [ Du(a)lafde
2

1 -
< bk/ {Jv2]* + 2|v2||Vva |} da + 2—6||19k92||2~ (16)
(9]
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From (15) and (16) we get (14). Since |jv||z” < )\%1Hv||%,, (v, Vo) < )\—11HU||%/,
and (14), we have

1
ey +q [ B@p@P <COE 4 RGP ()
2

forall 0 < g < \,0 < e < 2(A;1 —q). Here C is a constant depending only on (2.
Let Vi : V. — R be a function defined by

1
Vi(U) = 5/ Ui (z)|U (2)|*dz, U €V.
(9]
Then V}, is Fréchet differentiable and
(Vi (U)) (v) = / Ix (@)U (2)o(@)dz, U,ve V.
2

Assume that U : [0,00) — V is a positive semi-trajectory of the semigroup
S(t). It is easy to check that

(Vi oU)(t) = /(Zﬁk(x)U(t,x)(U’(t))(x)da: = (U(t), 90U (t)) .-

Let ¢ € (0,A\; — p) and € > 0 be chosen such that ¢ + u + ¢/2 < A;. Set
ck = 5[0 G|%, we have

(Vi o U) (t) + 2q(Vk o U)(t)
= (Us(1),9:U (1)) +2q(Vi 0 U)(t)

= —(U@®),%U@1)v + q/ﬂﬁ%(mﬂU(tﬂ%m —(G,0:U)
—/QVF(U(t))(x)ﬁk(x)U(t,x)dx

< —(UQ@), 9U(@)v + (q+ 1) /Q Ox(@)|U(8)[*dz — (G, .U (8))
(since UVF(U) > —ulU?)
< ObpR? + ¢y,
Hence it follows that
(Ve o U (t) 4+ 2q(Vi, o U)(t) < Cbp.R* + ¢, Vt € [0,7].

Therefore

CbiLR? +
4 CoRnT ek

V(U () < THRU0) +

t € [0,7].

Lemma 4.2 is proved. [ ]
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Lemma 4.3. Ifa € CH(RY), then the map h: H}(2) — L*(2),u — a|o.u,
is defined, linear and compact.

Proof. Since a € C}(RY), there exists a ball U such that supp a C U. We write
h = hs o hy o hg o hy o hy, where
hy s HY (D) — HIRY), u — @;
hy : Hy(RY) — Hg(U), v — (av)|u;
hy: L*(U) — L*(RY), v — o;
hs : LA (RY) — L3(2), v +— v|g.
It is clear that the maps hi, hy and hs are defined, linear and bounded. We can
easily prove hs is also defined, linear and bounded. Since Hg(U) is compactly

embedded into L2(U), hs is defined, linear, and compact. This implies that h is
a compact linear map. [ |

Lemma 4.4. Let (Uy,) be bounded in V, (t,) be a number sequence such that
lim ¢, = 4+o00. Then there exist a strictly increase sequence (ny) and U € V' such

n—oo

that lim S(tn,)Un, = U in H. In other words, S(t) is asymptotically compact
n—oo
in the strong H topology.

Proof. Since orbits of bounded sets are bounded, we have
ISEULlv < R, ¥t 20, ¥n > 1.
Let o be the Kuratowski measure of non-compactness on H = L?(£2) x L%(12)
a(B) = inf{l > 0 : B admits a finite cover by sets of diameter <[},

where B is a bounded subset of H. Using properties of this measure (see e.g. [8,
p. 910-911]), we have for every k, no,

a{Up(tn)|n € N} < af{(1 — 9%)Up(tn)|n € N} + a{ 9 Uy, (tn)|n € N}
= o{(1 = Yp)Upn(tn)n € N} + a{9:U,(tn)|n = 1o},
where U, (t,) = S(t,)U,. Using (13) and noting that ¢, — ocoasn —
oo and bp — 0ask — oo, we have for any € > 0, there exist k,ng such
that ||0xUn(tn)||l o < €,¥n = ng. Thus
a{Up(tn)n € N} < af(1 — 9%)Un(tn)|n € N} + €.

Since 1 — ¥y € C3(RY), using Lemma 4.3, we have the map U —— (1 — 93U is
compact from V = HE(2) x H}(2) to H = L*(2) x L?({2). Hence

a {(1 — 9)Un(ta)n € N} = 0.
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We therefore obtain that a{U,(t,)|n € N} =0, i.e., {Uy(tn)} is precompact on
H. Lemma 4.4 is proved. [ ]

From Lemmas 4.4, 3.4 and 3.5, we obtain the asymptotic compactness of S(t)
in V. After that, repeating the proofs of Theorem 3.6 and Proposition 3.7, we
obtain

Theorem 4.5. Under the conditions (4')-(6'), the semigroup S(t),t > 0, gen-
erated by (7) has a compact connected global attractor A = W*(E) in the space
V = HY(2) x H} ().

Proposition 4.6. Under the conditions (4')-(6"), the semigroup S(t),t > 0,
generated by (7) has a global minimal attractor M, given by M = E, in the
space V.= H}(2) x HE(2). Consequently, we have

ligrn dist(S(t)y, E) =0 for every y € V.
[ee]

t—

5. Some Remarks

e All the results of this paper remain true if we replace Dirichlet conditions
(2) by homogeneous Neumann conditions, or by mixed boundary conditions
(Robin conditions). Furthermore, we can replace the Laplacian operator by

any second order operator szzl %(aij(ac)%) + ao(z), where a;;,ap are

smooth enough functions of z and the matrix [a;;];; is symmetric, positive
definite, for all z € £2.

e In this paper we are restricted in the case N > 3 for only the clarity of the
presentation. The results of this paper remain true (even in the case N = 1
or N = 2) if the condition (4) (or (4”)) is replaced by the following condition

max {

where 0 < a < % if N >3, and a > 0 is arbitrary if N =1, 2.

0’F
ov?

0%F
ou?

)

0*F
"1 Qudv

} < co(Jul* + Jo]* +1).

e [t is easy to extend the above results, both in a bounded domain and in an
unbounded domain, for a system of the following form

U, — DAU + VF(U) + G(z) =0,

where U = (u1,...,Um), G(x) = (G1(z),...,Gn(z)) € [L2(£2)]™, and D is a
diagonal real matrix D = diag(dy,...,dm), di >0,Vi=1,...,m.
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