Vietnam Journal of Mathematics 37:1(2009) 67-79 Vietnam Journal
of

MATHEMATICS
© VAST 2009

Characterization of Linearly Convex Domains in
C™ by their Noncompact Automorphism Groups

Ninh Van Thu

Department of Mathematics, Hanoi National University
334 Nguyen Trai, Thanh Xuan, Hanoi, Vietnam

Received July 01, 2008

Abstract. In this paper, a theorem on the characterization of linearly convex domains
in C™" by their noncompact automorphism groups is given.

2000 Mathematics Subject Classification: 32M05, 32T25.

Key words: Linearly convex domain, finite type, scaling method.

1. Introduction

Let {2 be a domain (connected, open set) in a C". Let the automorphism group
of 2 (denoted by Aut(£2)) be the collection of biholomorphic self-maps of {2 with
composition of mappings as its binary operation. The topology on Aut({2) is that
of uniform convergence on compact sets (i.e., the compact-open topology). The
problem of characterizing domains in C™ by their noncompact automorphism
groups have received much attention in the last few decades, and they are related
to many problems of Analysis in several complex variables (see the reference in
(2, 3, 4, 5, 12, 18, 19] for the development in related subjects). More precisely,
a “characterization of a domain in C™ by its noncompact automorphism group”
means finding a biholomorphic equivalence between our original domain and
some rigid polynomial domain.

Let 2 be a domain in C". We say that p,, € 02 is an accumulating point for
an orbit of Aut(f2) if there exists a family (h,), of automorphisms of {2 and a
point ¢ in {2 such that

lim h,(q) = poo-
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Recall that if 9f2 is smooth, pseudoconvex and of finite type in the sense of
D’Angelo [8] near p, then for each compact subset K C 2 and each neighbor-
hood U of ps, there exists an integer vy such that h,(K) C 2NU for every
v > 1y (see [4, Proposition 2.1]).

Recently, in [18, 19] we showed theorems of characterizing {2 in the case where
012 is pseudoconvex, finite type in the sense of D’Angelo [8] and smooth of class
C* in some neighborhood of po, € 912 and the Levi form has rank at least n — 2
at Poo-

For convex domains in C", by using the scaling technique and the construction
of polydiscs given by McNeal [14, 15], in [10] H. Gaussier proved the following
theorem.

Gaussier theorem. Let {2 be a domain in C", and let po be a point of 0.
Assume that ps is an accumulating point for a sequence of automorphisms of
0. If 082 is smooth, convex, and of finite type 2m near pso, then (2 is biholo-
morphically equivalent to a rigid polynomial domain

D={zeC":Rez + P(2') <0},

where P is a real nondegenerate convex polynomial of degree less than or equal
to 2m.

The nondegeneracy of P is given by condition “{P = 0} without nontrivial
analytic set”.

We would like to emphasize here that the assumption on convexity of domains
in the above-mentioned theorem is essential in his proofs. Thus, there is a natural
question that whether the Gaussier theorem is true for more general domains in
C™. The aim in this paper is to show that the above theorem holds for linearly
convex domains (not necessary bounded) in C™.

Recall that 02 is linearly convex near ps, € 012 if there exists a neighborhood
U of ps such that, for all z € 92 N U, the intersection

(z+TPoQ)N(2NU) = 0.
We prove the following

Theorem 1.1. Let {2 be a domain in C", and let ps be a point of O2. Assume
that pso is an accumulating point for a sequence of automorphisms of £2. If 012
is smooth, linearly convex, and of finite type 2m near pso, then {2 is biholomor-
phically equivalent to a rigid polynomial domain

D={zeC":Rez + P(2') <0},

where P is a real nondegenerate plurisubharmonic polynomial of degree less than
or equal to 2m.
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We recall the concept of Carathéodory kernel convergence of domains which
is relevant to the discussion of scaling methods (see [9]). Note that, the local
Hausdorff convergence can replace the normal convergence in case the domains
in consideration are convex domains.

Definition 1.2 (Carathéodory Kernel Convergence). Let {{2,} be a se-
o0 o0
quence of domains in C" such that p € [ {2,. If p is an interior point of (] £2,,
v=1 v=1
the Carathéodory kernel {2 at p of the sequence {{2, } is defined to be the largest
domain containing p having the property that each compact subset of {2 lies in
o0
all but a finite number of the domains (2. If p is not an interior point of [\ (2,
v=1
the Carathéodory kernel (2 is {p}. The sequence {2, } is said to converge to its
kernel at p if every subsequence of {2, } has the same kernel at p.

We shall also say that a sequence {2, } of domains in C™ converges normally

to 2 (denoted by lim £2, = 2) if there exists a point p € () §2, such that {2,}
v=1
converges to its Carathéodory kernel 2 at P.

The paper is organized as follows. In Sec. 2, we discribe the construction of
polydiscs around points near the boundary of a linearly convex domain, and
give some of their properties. In Sec. 3, we localize the polydiscs centered at
q”, where ¢ € 2 and (h,), is a noncompact sequence of automorphisms of {2
accumulating to po, and ¢ = h,(q). This allows us to rescale the domain (2 by
a dilation we define there. Then we show that the scaled domains converges to
a rigid polynomial domain. In Sec. 4, we prove the biholomorphic equivalence
between {2 and the limit rigid polynomial domain.

2. Coordinates and Polydiscs of Conrad

In his thesis (see [7]), M. Conrad gave the construction of polydiscs on a linearly
convex domain in C™ and also gave their properties. But these results have not
been published elsewhere. So we give the detailed proofs here for convenience.

The coordinates in C™ are denoted by z = (21, 2’), where z; € C and 2’ €
crn 1.

Let 2 be a domain in C™. Assume that 92 is linearly convex, of finite type
2m near a point po, of 2. We may also assume that p,, = 0. There exists
a neighborhood U of po, = 0 in C" such that 2 N U is linearly convex and is
defined by a smooth function

r(z1,2") = Rez; + h(Imzy, 2'),

where h is a function of class C'*°. We may also assume that there exists a real
positive number €y such that for every —ep < € < €p, the level sets {r(z) = €}
are linearly convex.
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For each € € (0,€60/2), ¢ € 2NU with |r(q)] < €/2 and each unit vector
veS:i={veC": |v] =1}, we set

7(q,v,€) :==sup{p > 0:7(qg + M) —r(¢q) <efor all A e C with |\ < p}.

It is easy to see that 7(g, v, €) is the distance from ¢ to Sy ¢ := {r(z) = r(q)+¢€}
along the complex line {g + Av : A € C}. To every point ¢ € 2N U and every
sufficiently small positive constant e we associate

(a) A holomorphic coordinate system (z1, 22, . .., 2, ) centered at ¢ and preserving
orthogonality,

(b) Points p1,ps,...,pn on the hypersurface Sg . and,

(c¢) Positive real numbers 71(q, €), 72(q, €), . .., Tn(q, €).
The construction proceeds as follows. We first set

e = M and Tl(q,e) = T(Q7617€)'

[Vr(q)l

Working with sufficiently small €, there exists a unique point p; in Sy . where
this distance is achieved. Choose a parameterization of the complex line from ¢
to p1 such that z1(0) = ¢ and p; lies on the positive Re z; axis. By the choice of

real axis for z1, we have 68_3:1(‘1) =1 and thus, if U is small enough,
0
aTT(Z) ~1 forall zeU.
1

We also have
1 (Q7 6) ~ €, (1)

where the constant is independent of ¢ and €. Now consider the orthogonal com-
plement H; of the span of the coordinate z; in C™. For any v € H; N S" ™1,
compute 7(g, vy, €). Because of the assumption of finite type, the largest such dis-
tance is finite and is achieved at a vector e; € H1NS™ ™. Set 72(q, €) := 7(q, 2, €).
Let pg € Sy be a point such that p; = ¢+72(g, €)ea. The coordinate z; is defined
by parameterizing the complex line from ¢ to ps in such a way that z2(0) = ¢ and
p2 lies on the positive Re z5 axis. For the next step, define Hs as the orthogonal
complement of the span of z; and 29 and repeat the above construction. Contin-
uing this process, we obtain n coordinate functions z;, vectors e;, the numbers
7;(q, €) and the distinguished points p;(1 < j <n). Let z; = z;+iy; (1 < j < n)
denote the underlying real coordinates. By our parameterization, we immediatly

have 5 9
T T
il — 0 and —
(pr) and =

= ) > 2.
72 (pr) =0for j >k >2 (2)

The e-distinguished polydiscs and their versions scaled by ¢ > 0 are defined
as
cP.(q) ={2€C" : |z, — qi| < cmx(g,€) for 1 <k <n}.
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Lemma 2.1. There exists a positive constant ¢ such that
(1) 1 (Qa 6) < Ce,
(ii) For every j > 2, 7;(q,€) < cet/?m,

Proof. (i) It is obvious.

(ii) Suppose that there exist a constant C', a number j, a point ¢ € 2NU and
€ > 0 such that 7;(q,€)*™ ! > C.e. Since € > r(q+ Aej) —r(q) for all A € C with
IA| < 7j(g,€), it follows that 7;(g,€)*™ ! > C.(r(q + Aej) — 7(q)) for all A € C
with [A] < 75(g, €).

Consequently, there exists the complex line C 3 A — ¢+ Ae; which has order
of contact greater than 2m with Sy . This is absurd hence (ii) is proved. [ |

Using the linear convexity of the level sets {r(z) = €}, we obtain a complete
localization of polydiscs given by the following two lemmas.

Lemma 2.2. There exists a positive constant ¢y such that, for all g € 2 NU
and 0 < € < €/2,

a1 Pc(q) C{r(z) < r(q) + €}. (3)

Proof. We show that (3) holds for ¢; = 4%. Let (21, 22, ..., zn) be the coordinates
associated to ¢ and € by the above construction. For each z € P.(q), we define

 |zw] + lyk

=1 Tk (Q7 6)

where z, = Rezg, yr = Imzg. It is easy to see that h(z) < 1, Vz € 1 P.(q).
We now prove that, for any boundary point @ € Sy NU N Pe(q), h(Q) > 1
and this completed the proof. Suppose that h(Q) < 1. Let H be the complex
tangent space to Sy at Q. Then, there exists a vector X € C", X # 0 such
that H = {2z € C" :< 2, X >=< @, X >}. Without loss of generality, we assume
that X, # 0 for k = 1,2,...,n. Otherwise, we consider the point Q € H N P.(q)
inUN{z:z,=0if X; =0} with

~ JOif X =0
o Q@ otherwise.

Since the complex dimension of H is n—1 and X # 0 for 1 < k < n, there exist
points z¥ = Ager € H with Ay € C for 1 < k < n. Thus

2% = mlg.€) (L <k < ). (4)

The hyperplane is now represented by

H= {zzlJrZak(zlzk), ag E(C}.
k=2
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Since Q € H, Q@ = 2' 4+ >} _, ax(z! — 2¥) with some complex numbers
Q2,Qs,...,0,. Thus

n
Q1:<1+Zak>z% and Qp = —apzl, k=2,...,n. (5)
k=2

If h(Q) < 1, then 1> h(Q) = Yp_, lettlul — 570 | &L By (5) and (4), we

have N N

Q1] | Qx|
<1l- <1- ol 6
71(q,€) kz:;m(q,e ,;' « )
However, by (5) we have
Qul =11+ arllz'] 2 11+ axlmi(a,e). (7)
k=2 k=2

By (6) and (7) we also have

n n n
1= ag| > 14> g 21> Jayl.
k=2 k=2 k=2

This is a contradiction. [ ]
Lemma 2.3. There exists a constant cg > 0 such that
c2Pe(q) D {r(z) > r(q) — €}.

Proof. By using the implicit function theorem and a linear change of coordinates
which does not destroy the linear convexity, it follows that

r(z) —r(q) = Rez1 + h1(2") + ho(Imzy, 2'). (8)

Since Sy 0 is linearly convex, hq(z’) > 0. Moreover,
|ho(Imz1, 2")| < [Imz . 9)
By (1), for z € P.(q), we have
r(z) —r(q) > Rez1 +0— C|lmzy| 2 —|21] = 11(g, €) = —e.
The proof is complete. [ ]
Lemma 2.4. There exists a constant C' > 0 such that, for every q € 2NU,
I,N2,0NnU =0,

where I'y := {z € C" : v4(2) = Re[0r(q)(z — ¢)] — C/Im[0r(q)(z — q)]| > 0};
Qe :={r(z) <r(g) +¢}.



Characterization of Linearly Convex Domains in C" 73

Proof. By (9) and (8), there exists a positive constant A such that, for every
z € 240N U, we have

0>r(z) —r(q) > Rez; — A|lmz|.

By the choice of coordinates, dr(q) = (1,0,...,0) and thus, v,(z) = Rez —
CImz|. Taking C' > A, we get v4(z) < Rez — A|lmz1| <0, Vz € 2,0NU and
hence, I, N 2,0 NU = 0. ]

Remark 2.5. The constant ¢ is invariant under any linear change of coordi-
nates.

Lemma 2.6. (i) For every j <n, g—;(pj) is real.
(ii) There exists a positive constant ¢ such that, for every j <n

or

a_zj(p]) ch(qae)

Tj (Q7 6)

(iii) If j <m —1, then %(pj) =0 for all k > j.

Proof. (i) and (iii) is deduced from the above construction.

(ii) In the coordinates (21, 22, . . . , Zn), 1, which is the real normal axis to Sy .
at pi, is a small perturbation of the real normal axis to 02 at ps. Restricting
U if necessary and using the form of the function r, we may assume that for all
q in U and all sufficiently small e,

This proves (ii) for j = 1. Consider now the cones I}, for k = 2,...,n. By (i)
we have ImOr(py)pr, = 0. Set

ak = T4, o ()
Then |ak| =~ 71(q,€) and Imakg—;l(pk) = 0. For a suitable (and independent of
q,¢€) constant ¢ > 0, w* € S, ., where w* := (cay,0,...,0). By Lemma 2.4, we
have v, (w*) <0, i.e.,
Re 2L (pe)ean. < Re 2 ()70, ) (10)

Since Re g—;(pk)cak R~ |§—Z7'1(pk)|27'1(q,e) 2 11(q, €), this implies that (ii) holds

~

fork=2,...,n. [ ]
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3. Scaling of 2 NU

In this section we use the Gaussier’s method in [10] to claim the convergence of
scaled domains.

We assume that po, is an accumulating point for a sequence of automorphisms
of 2. Then there exist a family (h,),>¢ of automorphisms of {2 and a point ¢ in
{2 such that

lim h,(q) = poo-

vV—00

For convenience we use the following notation

ql/ = hl/(q)a
e, = —1(q").
The new coordinates (27, ..., zY), the positive numbers 7, 1, ..., 7., and the
points p7,...,py are the ones associated with ¢” and ¢,.
The change of coordinates from the canonical system to the system (27, ..., z%)

is the composition of a translation T,, and of a unitary transform A,. (4, oT,,)*1
is defined in a fixed neighborhood of the origin. The corresponding defining func-
tion r, is defined by

r,:=ro0 (4,0 TV)_l.

It is given in a fixed neighborhood of 0 by

n
o) =—etRe | Dain |+ 3 Cop 0,
J=1 2<]al+|8|<2m

where o = (ag,...,ap), |a| = ag + ...+ a, and 2% = 282... .. z&». 'We note
that O(]z|*™*!) is independent of v.

Let r o A be the limit of r, when v goes to infinity. A is a unitary transform,
and the convergence is C*° on a fixed compact neighborhood of py,. Then, for
every j less than or equal to n and for every multi-indices o and ( sayisfying
2 <la| + |8 < 2m, there exist two complex numbers a; and Cyp such that

Vlirx;@ aj = a; and Vllrr()lo Chs = Cap.

Let us consider the dilation
/11,(2) = (Tl,7121, . ,Ty,nzn)

and the function

7, = —r,0,.
€y

The function 7, has the following form
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1 - 1
Tu(z) = -1+ E—Re Za?Tu,ij + — Z Cgﬁrﬁ“rﬁz’az’ﬁ
v j=1 Y 2<]al+]8]<2m

+0((e)/2" |2,

where 7018 = T;%JFBQ .. .T,fj;;*ﬁ".
Proposition 3.1. The functions 7, are smooth and plurisubharmonic, and there
exists a subsequence of (7)., that converges uniformly on compact subsets of C™to

a smooth plurisubharmonic function 7 of the form

7(z) =—1+Re | Y bz | + P(2),

Jj=>1
where P is a plurisubharmonic polynomial of degree less than or equal to 2m.

Proof. The functions 7, are smooth by the construction, and are obtained
as affine transformations of the plurisubharmonic function r. Hence they are
plurisubharmonic. This means that the function 7 is also smooth and plurisub-
harmonic as the limit of smooth plurisubharmonic functions 7.

Since O((e,)Y/?™|z|>™*1) converges to zero on compact subsets of C" when v
goes to infinity, we must only study the convergence in the space of polynomials
of degree less than or equal to 2m. Since this space is of finite dimension, all the
norms are equivalent and hence, there exists a positive constant d; such that,
for every v > 1,

sup {Jaj|7s,;,|Cc 17t}

7,0,

<d; sup |Re Za;-’ru,jwj +ch,5rg‘+ﬁw’%'ﬁ ,
lwl<C j B

where C := min{c;, ca}; ¢1,¢2 are given in Lemmas 2.3 and 2.4. This implies
that there exists a positive constant ds such that, for every v > 1,

sup {|a’j|7’u,j, |Cg,ﬁ|73+5} <d, sup Re Za'jzj + Z Cg,ﬁz'azj’ﬁ .
j,a,8 2€CPe, (q¥) j a,f

Using Lemmas 2.2 and 2.3, we obtain

sup  |r(2)] < 2e,.
z€CPc, (q")

On the other hand, using Lemma 2.4 and the definition of polydiscs P, (¢”), we
have

sup  O(|z]*™ ) <e,.
2€CPc, (a¥)
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All these estimates provide a constant d3 independent of v such that

sup {|a¥|7,. 5, |CY 5o tP} < dae,.

s &y

Consequently, we can extract from the sequence (7,), a subsequence that con-
verges to the function 7 given by Proposition 3.1, where b; are complex numbers.
|

Let §2, be the image of £2 N U under the change A;* o A, oT,. Proposition
3.1 implies that the family {2, converges to the domain D = {7(z) < 0} in the
sense of the Carathéodory kernel convergence.

4. Final Result

Let us cosider the mapping f, from h, (2N U) to 2, defined by
fv :A;loAVoTyohu.

We know that lim, .o h,'(2 N U) = 2 and we showed in Sec. 3 that
lim, . 2, = D.

Lemma 4.1. The family (f,), is a normal family.

Proof. Let e; = A;l(ij) for every v > 1 and j > 1. We now consider the
coordinates which are defined in Sec. 1. and depend on v. In such coordinates
(21,--+,20), 0§ = (0,...,0,7,5,0,...,0) and so e; = (0,...,0,1,0,...,0). More-
over,
or,
é)zj

Using part (ii) of Lemma 2.6, we obtain a positive constant d4 such that

Ty,; OTy

(ej) = (P%).

€, 0z;

€
>d,—2.

T Ty

‘ or,

We conclude that there exists a positive constant ds such that , for all sufficiently
large v,

‘ar” > ds. (11)

72, (e5)

Part (iii) of Lemma 2.6 then implies that, for every k > j and sufficiently large
V?
or,
6zk

(6]') =0.

Using estimates (11), we can show that the family (f!), of the first compo-
nents of the mappings f, is a normal family. Indeed, for every v, e; is a point in
082,. By Lemma 2.4, we have
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Ve, (2) <0 for all z € 2,,1i.e.,

or, or,

(8;1 (el)) (Rez1 — 1) < C. a—;(el)lm 21
Let K be a compact subset of 2. For each sufficiently large v, K is a compact
subset of h,;1(£2NU) and so f,(K) is a compact subset of £2,. Then every point

w in K satisfies the inequality

(3@ (61)> (Re fiw) - 1) < C. ‘%(elﬂmﬁ(w)"

6$1 1

Using condition (11), we may assume that
Re f)(w) =1 < C.|lmf, (w)|-

Consequently, the family (f!), is normal. However, for every v > 1 we have the

equality fl(g) = 0. Then we may extract from (fl), a subsequence, still called

(f1),, that converges to a holomorphic mapping f!: 2 — C.

Let us show now that (f2), is a normal family. By Lemma 2.4, we have

Ve, (2) < 0 for all z € 2,,1i.e.,

ory ory
< C.Im <021 (62)21) + 8—@(62)Im22|.
However,
. ory _or
Vh_{I;o 6$2 (62 6$2 (62)?
. OF, or
Jim S (e2)f} () = 5 (e2) ' ()

Using condition (11) again, we may assume after a translation that, for all w in
K and sufficiently large v,

Re f}(w) =1 < C.[Imf2(w)|.

Then the family (f2), is normal and there exists a subsequence which converges
to a holomorphic mapping from (2 to C. Repeating this process, we obtain, after

extraction, the family (f,), converges to a mapping f from (2 to D. [ ]

In order to prove Theorem 1.1, we need the following proposition which is a
generalization of the Greene-Krantz theorem [11].

Proposition 4.2. Let {A;}52, and {§2;}32, be sequences of domains in a com-
plex manifold M with lim A; = Ao and lim§2; = (2 for some (uniquely
determined) domains Ag, 20 in M. Suppose that {f; : A; — (2;} is a sequence
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of biholomorphic maps. Suppose also that the sequence {f; : A; — M} converges
uniformly on compact subsets of Ag to a holomorphic map F : Ag — M and the
sequence {g; 1= f;l : £2; — M} converges uniformly on compact subsets of {2
to a holomorphic map G : 29 — M .Then one of the following two assertions
holds.

(i) The sequence {f;} is compactly divergent, i.e., for each compact set K C Ay
and each compact set L C (29, there exists an integer ig such that f;(K)NL = ()
for i > g, or

(ii) There exists a subsequence { f;;} C {fi} such that the sequence { f;,} converges
uniformly on compact subsets of Ag to a biholomorphic map F : Ay — (2.

Proof. Assume that the sequence {f;} is not divergent. Then F' maps some point
p of Ay into £29. We will show that F' is a biholomorphism of Ay onto 2. Let
q = F(p), we have
Glg) = G(F(p)) = lim gi(F(p)) = lim g:(fi(p)) = p,

where the next to last identity is by uniform convergence. Take a neighborhood
V of p in Ap such that F(V) C (2. But then uniform convergence allows us
to conclude that for all z € V' it holds that G(F(z)) = lim; . gi(fi(2)) = 2.
Hence Fjy is injective. By the Osgood’s theorem, the mapping Fjy : V — F(V)
is biholomorphic.

Consider the holomorphic functions J; : A; — C and J : Ay — C given by
Ji(z) = det((df;).) and J(z) = det((dF);). Then J(z) # 0 (z € V) and, for
each i =1,2,..., the function J; is non-vanishing on A;. Moreover, the sequence
{Ji}$2, converges uniformly on compact subsets of Ag to J. By Hurwitz’s theo-
rem, it follows that J never vanishes. This implies that the mapping F' : Ay — M

is open and any z € Ay is isolated in F~1(F(z)). According to Proposition 5 in
[16], we have F(Ap) C $2o.

Of course this entire argument may be repeated to see that G(£2y) C Ay.
But then uniform convergence allows us to conclude that for all z € Ay it holds
that G o F(z) = lim; 0 9i(fi(2)) = z and likewise for all w € (2 it holds that
F o G(w) =lim;_e fi(gi(w)) = w.

This proves that F' and G are each one - to - one and onto, hence in particular
that F'is a biholomorphic mapping. ]

Proof of Theorem 1.1. It is easy to see that after taking a subsequence, the
following properties occur ~

(i) (£2,), is normally converging to D.

(ii) (fv), converges uniformly on compact subsets of 2.

(iii) (f,); ' converges uniformly on compact subsets of D.

(iv) If f :=1lim f, then f(£2) C D .

Following Proposition 4.2, we claim that {2 is biholomorphically equivalent to
D = {(21,2') € C" : =1 +Re(X_]_, bjz;) + P(2') < 0}. Using the condition
(11), we see that the constant b is different from 0. Then by an affine change of
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coordinates, D is equivalent to the domain D = {(z1,2’) € C"* : Rez; 4+ P(%) <

0}.

no

Since {2 is hyperbolic, D is hyperbolic and by a result of Barth [1], D contains
nontrivial complex affine line. Then there is no complex line in dD and,

according to Theorem 2.1 in [7], D is of finite type and P is nondegenerate. W
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