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1. Introduction

Let Ω be a domain (connected, open set) in a Cn. Let the automorphism group
of Ω (denoted by Aut(Ω)) be the collection of biholomorphic self-maps of Ω with
composition of mappings as its binary operation. The topology on Aut(Ω) is that
of uniform convergence on compact sets (i.e., the compact-open topology). The
problem of characterizing domains in C

n by their noncompact automorphism
groups have received much attention in the last few decades, and they are related
to many problems of Analysis in several complex variables (see the reference in
[2, 3, 4, 5, 12, 18, 19] for the development in related subjects). More precisely,
a “characterization of a domain in Cn by its noncompact automorphism group”
means finding a biholomorphic equivalence between our original domain and
some rigid polynomial domain.

Let Ω be a domain in Cn. We say that p∞ ∈ ∂Ω is an accumulating point for
an orbit of Aut(Ω) if there exists a family (hν)ν of automorphisms of Ω and a
point q in Ω such that

lim
ν→∞ hν(q) = p∞.
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Recall that if ∂Ω is smooth, pseudoconvex and of finite type in the sense of
D’Angelo [8] near p∞, then for each compact subset K ⊂ Ω and each neighbor-
hood U of p∞, there exists an integer ν0 such that hν(K) ⊂ Ω ∩ U for every
ν ≥ ν0 (see [4, Proposition 2.1]).

Recently, in [18, 19] we showed theorems of characterizing Ω in the case where
∂Ω is pseudoconvex, finite type in the sense of D’Angelo [8] and smooth of class
C∞ in some neighborhood of p∞ ∈ ∂Ω and the Levi form has rank at least n−2
at p∞.

For convex domains in Cn, by using the scaling technique and the construction
of polydiscs given by McNeal [14, 15], in [10] H. Gaussier proved the following
theorem.

Gaussier theorem. Let Ω be a domain in C
n, and let p∞ be a point of ∂Ω.

Assume that p∞ is an accumulating point for a sequence of automorphisms of
Ω. If ∂Ω is smooth, convex, and of finite type 2m near p∞, then Ω is biholo-
morphically equivalent to a rigid polynomial domain

D = {z ∈ C
n : Re z1 + P (z′) < 0},

where P is a real nondegenerate convex polynomial of degree less than or equal
to 2m.

The nondegeneracy of P is given by condition “{P = 0} without nontrivial
analytic set”.

We would like to emphasize here that the assumption on convexity of domains
in the above-mentioned theorem is essential in his proofs. Thus, there is a natural
question that whether the Gaussier theorem is true for more general domains in
Cn. The aim in this paper is to show that the above theorem holds for linearly
convex domains (not necessary bounded) in Cn.

Recall that ∂Ω is linearly convex near p∞ ∈ ∂Ω if there exists a neighborhood
U of p∞ such that, for all z ∈ ∂Ω ∩ U, the intersection

(z + T 10
z ∂Ω) ∩ (Ω ∩ U) = ∅.

We prove the following

Theorem 1.1. Let Ω be a domain in Cn, and let p∞ be a point of ∂Ω. Assume
that p∞ is an accumulating point for a sequence of automorphisms of Ω. If ∂Ω
is smooth, linearly convex, and of finite type 2m near p∞, then Ω is biholomor-
phically equivalent to a rigid polynomial domain

D = {z ∈ C
n : Re z1 + P (z′) < 0},

where P is a real nondegenerate plurisubharmonic polynomial of degree less than
or equal to 2m.
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We recall the concept of Carathéodory kernel convergence of domains which
is relevant to the discussion of scaling methods (see [9]). Note that, the local
Hausdorff convergence can replace the normal convergence in case the domains
in consideration are convex domains.

Definition 1.2 (Carathéodory Kernel Convergence). Let {Ων} be a se-

quence of domains in Cn such that p ∈
∞⋂

ν=1
Ων . If p is an interior point of

∞⋂
ν=1

Ων ,

the Carathéodory kernel Ω̂ at p of the sequence {Ων} is defined to be the largest
domain containing p having the property that each compact subset of Ω̂ lies in

all but a finite number of the domains Ων . If p is not an interior point of
∞⋂

ν=1
Ων ,

the Carathéodory kernel Ω̂ is {p}. The sequence {Ων} is said to converge to its
kernel at p if every subsequence of {Ων} has the same kernel at p.

We shall also say that a sequence {Ων} of domains in Cn converges normally

to Ω̂ (denoted by limΩν = Ω̂) if there exists a point p ∈
∞⋂

ν=1
Ων such that {Ων}

converges to its Carathéodory kernel Ω̂ at p.

The paper is organized as follows. In Sec. 2, we discribe the construction of
polydiscs around points near the boundary of a linearly convex domain, and
give some of their properties. In Sec. 3, we localize the polydiscs centered at
qν , where q ∈ Ω and (hν)ν is a noncompact sequence of automorphisms of Ω
accumulating to p∞ and qν = hν(q). This allows us to rescale the domain Ω by
a dilation we define there. Then we show that the scaled domains converges to
a rigid polynomial domain. In Sec. 4, we prove the biholomorphic equivalence
between Ω and the limit rigid polynomial domain.

2. Coordinates and Polydiscs of Conrad

In his thesis (see [7]), M. Conrad gave the construction of polydiscs on a linearly
convex domain in Cn and also gave their properties. But these results have not
been published elsewhere. So we give the detailed proofs here for convenience.

The coordinates in Cn are denoted by z = (z1, z
′), where z1 ∈ C and z′ ∈

C
n−1.
Let Ω be a domain in Cn. Assume that ∂Ω is linearly convex, of finite type

2m near a point p∞ of ∂Ω. We may also assume that p∞ = 0. There exists
a neighborhood U of p∞ = 0 in Cn such that Ω ∩ U is linearly convex and is
defined by a smooth function

r(z1, z
′) = Re z1 + h(Imz1, z

′),

where h is a function of class C∞. We may also assume that there exists a real
positive number ε0 such that for every −ε0 < ε < ε0, the level sets {r(z) = ε}
are linearly convex.
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For each ε ∈ (0, ε0/2), q ∈ Ω ∩ U with |r(q)| < ε0/2 and each unit vector
v ∈ Sn−1 := {v ∈ Cn : |v| = 1}, we set

τ(q, v, ε) := sup{ρ > 0 : r(q + λv) − r(q) < ε for all λ ∈ C with |λ| < ρ}.

It is easy to see that τ(q, v, ε) is the distance from q to Sq,ε := {r(z) = r(q)+ε}
along the complex line {q + λv : λ ∈ C}. To every point q ∈ Ω ∩ U and every
sufficiently small positive constant ε we associate

(a) A holomorphic coordinate system (z1, z2, . . . , zn) centered at q and preserving
orthogonality,

(b) Points p1, p2, . . . , pn on the hypersurface Sq,ε and,
(c) Positive real numbers τ1(q, ε), τ2(q, ε), . . . , τn(q, ε).

The construction proceeds as follows. We first set

e1 :=
∇r(q)
|∇r(q)| and τ1(q, ε) := τ(q, e1, ε).

Working with sufficiently small ε, there exists a unique point p1 in Sq,ε where
this distance is achieved. Choose a parameterization of the complex line from q
to p1 such that z1(0) = q and p1 lies on the positive Re z1 axis. By the choice of
real axis for z1, we have ∂r

∂x1
(q) = 1 and thus, if U is small enough,

∂r

∂x1
(z) ≈ 1 for all z ∈ U.

We also have
τ1(q, ε) ≈ ε, (1)

where the constant is independent of q and ε. Now consider the orthogonal com-
plement H1 of the span of the coordinate z1 in C

n. For any γ ∈ H1 ∩ S
n−1,

compute τ(q, γ, ε). Because of the assumption of finite type, the largest such dis-
tance is finite and is achieved at a vector e2 ∈ H1∩Sn−1. Set τ2(q, ε) := τ(q, e2, ε).
Let p2 ∈ Sq,ε be a point such that p2 = q+τ2(q, ε)e2. The coordinate z2 is defined
by parameterizing the complex line from q to p2 in such a way that z2(0) = q and
p2 lies on the positive Re z2 axis. For the next step, define H2 as the orthogonal
complement of the span of z1 and z2 and repeat the above construction. Contin-
uing this process, we obtain n coordinate functions zj , vectors ej , the numbers
τj(q, ε) and the distinguished points pj(1 ≤ j ≤ n). Let zj = xj + iyj (1 ≤ j ≤ n)
denote the underlying real coordinates. By our parameterization, we immediatly
have

∂r

∂zj
(pk) = 0 and

∂r

∂yk
(pk) = 0 for j > k ≥ 2. (2)

The ε-distinguished polydiscs and their versions scaled by c > 0 are defined
as

cPε(q) = {z ∈ C
n : |zk − qk| < cτk(q, ε) for 1 ≤ k ≤ n}.
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Lemma 2.1. There exists a positive constant c such that
(i) τ1(q, ε) ≤ cε,
(ii) For every j ≥ 2, τj(q, ε) ≤ cε1/2m.

Proof. (i) It is obvious.
(ii) Suppose that there exist a constant C, a number j, a point q ∈ Ω∩U and

ε > 0 such that τj(q, ε)2m+1 ≥ C.ε. Since ε ≥ r(q +λej)− r(q) for all λ ∈ C with
|λ| < τj(q, ε), it follows that τj(q, ε)2m+1 ≥ C.(r(q + λej) − r(q)) for all λ ∈ C

with |λ| < τj(q, ε).
Consequently, there exists the complex line C 
 λ �→ q + λej which has order

of contact greater than 2m with Sq,0. This is absurd hence (ii) is proved.

Using the linear convexity of the level sets {r(z) = ε}, we obtain a complete
localization of polydiscs given by the following two lemmas.

Lemma 2.2. There exists a positive constant c1 such that, for all q ∈ Ω ∩ U
and 0 < ε < ε0/2,

c1Pε(q) ⊂ {r(z) < r(q) + ε}. (3)

Proof. We show that (3) holds for c1 = 1
4n . Let (z1, z2, . . . , zn) be the coordinates

associated to q and ε by the above construction. For each z ∈ Pε(q), we define

h(z) =
n∑

k=1

|xk| + |yk|
τk(q, ε)

,

where xk = Re zk, yk = Imzk. It is easy to see that h(z) < 1, ∀z ∈ c1Pε(q).
We now prove that, for any boundary point Q ∈ Sq,ε ∩ U ∩ Pε(q), h(Q) ≥ 1
and this completed the proof. Suppose that h(Q) < 1. Let H be the complex
tangent space to Sq,ε at Q. Then, there exists a vector X ∈ Cn, X �= 0 such
that H = {z ∈ Cn :< z, X >=< Q, X >}. Without loss of generality, we assume
that Xk �= 0 for k = 1, 2, . . . , n. Otherwise, we consider the point Q̃ ∈ H ∩Pε(q)
in U ∩ {z : zk = 0 if Xk = 0} with

Q̃ :=

{
0 if Xk = 0
Qk otherwise.

Since the complex dimension of H is n−1 and Xk �= 0 for 1 ≤ k ≤ n, there exist
points zk = λkek ∈ H with λk ∈ C for 1 ≤ k ≤ n. Thus

|zk| ≥ τk(q, ε) (1 ≤ k ≤ n). (4)

The hyperplane is now represented by

H =

{
z = z1 +

n∑
k=2

αk(z1 − zk), αk ∈ C

}
.
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Since Q ∈ H, Q = z1 +
∑n

k=2 αk(z1 − zk) with some complex numbers
α2, α3, . . . , αn. Thus

Q1 =

(
1 +

n∑
k=2

αk

)
z1
1 and Qk = −αkzk

k , k = 2, . . . , n. (5)

If h(Q) < 1, then 1 > h(Q) =
∑n

k=1
|xk|+|yk|
τk(q,ε) =

∑n
k=1

|Qk|
τk(q,ε) . By (5) and (4), we

have
|Q1|

τ1(q, ε)
< 1 −

n∑
k=2

|Qk|
τk(q, ε

≤ 1 −
n∑

k=2

|αk|. (6)

However, by (5) we have

|Q1| = |1 +
n∑

k=2

αk||z1| ≥ |1 +
n∑

k=2

αk|τ1(q, ε). (7)

By (6) and (7) we also have

1 −
n∑

k=2

|αk| > |1 +
n∑

k=2

αk| ≥ 1 −
n∑

k=2

|αk|.

This is a contradiction.

Lemma 2.3. There exists a constant c2 > 0 such that

c2Pε(q) ⊃ {r(z) > r(q) − ε}.

Proof. By using the implicit function theorem and a linear change of coordinates
which does not destroy the linear convexity, it follows that

r(z) − r(q) = Re z1 + h1(z′) + h2(Imz1, z
′). (8)

Since Sq,0 is linearly convex, h1(z′) ≥ 0. Moreover,

|h2(Imz1, z
′)| � |Imz1|. (9)

By (1), for z ∈ Pε(q), we have

r(z) − r(q) ≥ Re z1 + 0 − C|Imz1| � −|z1| � τ1(q, ε) ≈ −ε.

The proof is complete.

Lemma 2.4. There exists a constant C > 0 such that, for every q ∈ Ω ∩ U ,

Γq ∩ Ωq,0 ∩ U = ∅,

where Γq := {z ∈ Cn : γq(z) = Re [∂r(q)(z − q)] − C|Im[∂r(q)(z − q)]| ≥ 0};
Ωq,ε := {r(z) < r(q) + ε}.
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Proof. By (9) and (8), there exists a positive constant A such that, for every
z ∈ Ωq,0 ∩ U , we have

0 ≥ r(z) − r(q) ≥ Re z1 − A|Imz1|.

By the choice of coordinates, ∂r(q) = (1, 0, . . . , 0) and thus, γq(z) = Re z1 −
C|Imz1|. Taking C ≥ A, we get γq(z) ≤ Re z1 −A|Imz1| < 0, ∀z ∈ Ωq,0 ∩U and
hence, Γq ∩ Ωq,0 ∩ U = ∅.

Remark 2.5. The constant c is invariant under any linear change of coordi-
nates.

Lemma 2.6. (i) For every j ≤ n, ∂r
∂zj

(pj) is real.
(ii) There exists a positive constant c such that, for every j ≤ n∣∣∣∣ ∂r

∂zj
(pj)

∣∣∣∣ ≥ c
τ1(q, ε)
τj(q, ε)

.

(iii) If j ≤ n − 1, then ∂r
∂zk

(pj) = 0 for all k > j.

Proof. (i) and (iii) is deduced from the above construction.
(ii) In the coordinates (z1, z2, . . . , zn), x1, which is the real normal axis to Sq,ε

at p1, is a small perturbation of the real normal axis to ∂Ω at p∞. Restricting
U if necessary and using the form of the function r, we may assume that for all
q in U and all sufficiently small ε,

1
2
≤
∣∣∣∣ ∂r

∂x1
(p1)

∣∣∣∣ ≤ 2.

This proves (ii) for j = 1. Consider now the cones Γpk
for k = 2, . . . , n. By (i)

we have Im∂r(pk)pk = 0. Set

αk := τ1(q, ε)
∂r

∂z1
(pk).

Then |αk| ≈ τ1(q, ε) and Imαk
∂r
∂z1

(pk) = 0. For a suitable (and independent of
q, ε) constant c > 0, wk ∈ Sq,ε, where wk := (cαk, 0, . . . , 0). By Lemma 2.4, we
have γpk

(wk) ≤ 0, i.e.,

Re
∂r

∂z1
(pk)cαk ≤ Re

∂r

∂zk
(pk)τk(q, ε). (10)

Since Re ∂r
∂z1

(pk)cαk ≈ | ∂r
∂z1

(pk)|2τ1(q, ε) � τ1(q, ε), this implies that (ii) holds
for k = 2, . . . , n.
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3. Scaling of Ω ∩ U

In this section we use the Gaussier’s method in [10] to claim the convergence of
scaled domains.

We assume that p∞ is an accumulating point for a sequence of automorphisms
of Ω. Then there exist a family (hν)ν≥0 of automorphisms of Ω and a point q in
Ω such that

lim
ν→∞ hν(q) = p∞.

For convenience we use the following notation

qν = hν(q),
εν = −r(qν).

The new coordinates (zν
1 , . . . , zν

n), the positive numbers τν,1, . . . , τν,n and the
points pν

1 , . . . , pν
n are the ones associated with qν and εν .

The change of coordinates from the canonical system to the system (zν
1 , . . . , zν

n)
is the composition of a translation Tν and of a unitary transform Aν . (Aν ◦Tν)−1

is defined in a fixed neighborhood of the origin. The corresponding defining func-
tion rν is defined by

rν := r ◦ (Aν ◦ Tν)−1.

It is given in a fixed neighborhood of 0 by

rν(z) = −εν + Re

⎛⎝ n∑
j=1

aν
j zj

⎞⎠+
∑

2≤|α|+|β|≤2m

Cν
αβz′αz′β + O(|z|2m+1),

where α = (α2, . . . , αn), |α| = α2 + . . . + αn and z′α = zα2
2 . . . . .zαn

n . We note
that O(|z|2m+1) is independent of ν.

Let r ◦A be the limit of rν when ν goes to infinity. A is a unitary transform,
and the convergence is C∞ on a fixed compact neighborhood of p∞. Then, for
every j less than or equal to n and for every multi-indices α and β sayisfying
2 ≤ |α| + |β| ≤ 2m, there exist two complex numbers aj and Cαβ such that

lim
ν→∞ aν

j = aj and lim
ν→∞Cν

αβ = Cαβ .

Let us consider the dilation

Λν(z) := (τν,1z1, . . . , τν,nzn)

and the function
r̃ν =

1
εν

rν ◦ Λν .

The function r̃ν has the following form
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r̃ν(z) = −1 +
1
εν

Re

⎛⎝ n∑
j=1

aν
j τν,jzj

⎞⎠+
1
εν

∑
2≤|α|+|β|≤2m

Cν
αβτα+β

ν z′αz′β

+ O((εν)1/2m|z|2m+1),

where τα+β
ν = τα2+β2

ν,2 . . . ταn+βn
ν,n .

Proposition 3.1. The functions r̃ν are smooth and plurisubharmonic, and there
exists a subsequence of (r̃ν)ν that converges uniformly on compact subsets of Cnto
a smooth plurisubharmonic function r̃ of the form

r̃(z) = −1 + Re

⎛⎝∑
j≥1

bjzj

⎞⎠+ P (z′),

where P is a plurisubharmonic polynomial of degree less than or equal to 2m.

Proof. The functions r̃ν are smooth by the construction, and are obtained
as affine transformations of the plurisubharmonic function r. Hence they are
plurisubharmonic. This means that the function r̃ is also smooth and plurisub-
harmonic as the limit of smooth plurisubharmonic functions r̃ν .
Since O((εν )1/2m|z|2m+1) converges to zero on compact subsets of Cn when ν
goes to infinity, we must only study the convergence in the space of polynomials
of degree less than or equal to 2m. Since this space is of finite dimension, all the
norms are equivalent and hence, there exists a positive constant d1 such that,
for every ν ≥ 1,

sup
j,α,β

{|aν
j |τν,j , |Cν

α,β |τα+β
ν

}
≤ d1 sup

|ω|≤C

∣∣∣∣∣∣Re

⎛⎝∑
j

aν
j τν,jωj

⎞⎠+
∑
α,β

Cν
α,βτα+β

ν ω′αω̄′β
∣∣∣∣∣∣ ,

where C := min{c1, c2}; c1, c2 are given in Lemmas 2.3 and 2.4. This implies
that there exists a positive constant d2 such that, for every ν ≥ 1,

sup
j,α,β

{|aν
j |τν,j , |Cν

α,β |τα+β
ν

} ≤ d2 sup
z∈CPεν (qν)

∣∣∣∣∣∣Re

⎛⎝∑
j

aν
j zj

⎞⎠+
∑
α,β

Cν
α,βz′αz̄′β

∣∣∣∣∣∣ .
Using Lemmas 2.2 and 2.3, we obtain

sup
z∈CPεν (qν)

|r(z)| ≤ 2εν.

On the other hand, using Lemma 2.4 and the definition of polydiscs Pεν (qν), we
have

sup
z∈CPεν (qν)

O(|z|2m+1) ≤ εν .
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All these estimates provide a constant d3 independent of ν such that

sup
j,α,β

{|aν
j |τν,j , |Cν

α,β |τα+β
ν

} ≤ d3εν .

Consequently, we can extract from the sequence (r̃ν)ν a subsequence that con-
verges to the function r̃ given by Proposition 3.1, where bj are complex numbers.

Let Ων be the image of Ω ∩ U under the change Λ−1
ν ◦ Aν ◦ Tν . Proposition

3.1 implies that the family Ων converges to the domain D̃ = {r̃(z) < 0} in the
sense of the Carathéodory kernel convergence.

4. Final Result

Let us cosider the mapping fν from h−1
ν (Ω ∩ U) to Ων defined by

fν = Λ−1
ν ◦ Aν ◦ Tν ◦ hν .

We know that limν→∞ h−1
ν (Ω ∩ U) = Ω and we showed in Sec. 3 that

limν→∞ Ων = D̃.

Lemma 4.1. The family (fν)ν is a normal family.

Proof. Let ej = Λ−1
ν (pν

j ) for every ν ≥ 1 and j ≥ 1. We now consider the
coordinates which are defined in Sec. 1. and depend on ν. In such coordinates
(z1, . . . , zn), pν

j = (0, . . . , 0, τν,j , 0, . . . , 0) and so ej = (0, . . . , 0, 1, 0, . . . , 0). More-
over,

∂r̃ν

∂zj
(ej) =

τν,j

εν

∂rν

∂zj
(pν

j ).

Using part (ii) of Lemma 2.6, we obtain a positive constant d4 such that∣∣∣∣∂rν

∂zj
(pν

j )
∣∣∣∣ ≥ d4

εν

τν,j
.

We conclude that there exists a positive constant d5 such that , for all sufficiently
large ν, ∣∣∣∣∂r̃ν

∂zj
(ej)

∣∣∣∣ ≥ d5. (11)

Part (iii) of Lemma 2.6 then implies that, for every k > j and sufficiently large
ν,

∂r̃ν

∂zk
(ej) = 0.

Using estimates (11), we can show that the family (f1
ν )ν of the first compo-

nents of the mappings fν is a normal family. Indeed, for every ν, e1 is a point in
∂Ων . By Lemma 2.4, we have
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γe1(z) ≤ 0 for all z ∈ Ων , i.e.,(
∂r̃ν

∂x1
(e1)

)
(Re z1 − 1) ≤ C.

∣∣∣∣ ∂r̃ν

∂x1
(e1)Im z1

∣∣∣∣ .
Let K be a compact subset of Ω. For each sufficiently large ν, K is a compact
subset of h−1

ν (Ω ∩U) and so fν(K) is a compact subset of Ων . Then every point
ω in K satisfies the inequality(

∂r̃ν

∂x1
(e1)

)
(Re f1

ν (ω) − 1) ≤ C.

∣∣∣∣ ∂r̃ν

∂x1
(e1)Im f1

ν (ω)
∣∣∣∣ .

Using condition (11), we may assume that

Re f1
ν (ω) − 1 ≤ C.|Imf1

ν (ω)|.

Consequently, the family (f1
ν )ν is normal. However, for every ν ≥ 1 we have the

equality f1
ν (q) = 0. Then we may extract from (f1

ν )ν a subsequence, still called
(f1

ν )ν , that converges to a holomorphic mapping f1 : Ω → C.
Let us show now that (f2

ν )ν is a normal family. By Lemma 2.4, we have

γe2(z) ≤ 0 for all z ∈ Ων , i.e.,

Re
(

∂r̃ν

∂z1
(e2)z1

)
+

∂r̃ν

∂x2
(e2)(Re z2 − 1)

≤ C.|Im
(

∂r̃ν

∂z1
(e2)z1

)
+

∂r̃ν

∂x2
(e2)Imz2|.

However,

lim
ν→∞

∂r̃ν

∂x2
(e2) =

∂r̃

∂x2
(e2);

lim
ν→∞

∂r̃ν

∂z1
(e2)f1

ν (ω) =
∂r̃

∂z1
(e2)f1(ω).

Using condition (11) again, we may assume after a translation that, for all ω in
K and sufficiently large ν,

Re f2
ν (ω) − 1 ≤ C.

∣∣Imf2
ν (ω)

∣∣ .
Then the family (f2

ν )ν is normal and there exists a subsequence which converges
to a holomorphic mapping from Ω to C. Repeating this process, we obtain, after
extraction, the family (fν)ν converges to a mapping f from Ω to ¯̃D.

In order to prove Theorem 1.1, we need the following proposition which is a
generalization of the Greene-Krantz theorem [11].

Proposition 4.2. Let {Ai}∞i=1 and {Ωi}∞i=1 be sequences of domains in a com-
plex manifold M with limAi = A0 and limΩi = Ω0 for some (uniquely
determined) domains A0, Ω0 in M . Suppose that {fi : Ai → Ωi} is a sequence
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of biholomorphic maps. Suppose also that the sequence {fi : Ai → M} converges
uniformly on compact subsets of A0 to a holomorphic map F : A0 → M and the
sequence {gi := f−1

i : Ωi → M} converges uniformly on compact subsets of Ω0

to a holomorphic map G : Ω0 → M .Then one of the following two assertions
holds.

(i) The sequence {fi} is compactly divergent, i.e., for each compact set K ⊂ A0

and each compact set L ⊂ Ω0, there exists an integer i0 such that fi(K)∩L = ∅
for i ≥ i0, or

(ii) There exists a subsequence {fij} ⊂ {fi} such that the sequence {fij} converges
uniformly on compact subsets of A0 to a biholomorphic map F : A0 → Ω0.

Proof. Assume that the sequence {fi} is not divergent. Then F maps some point
p of A0 into Ω0. We will show that F is a biholomorphism of A0 onto Ω0. Let
q = F (p), we have

G(q) = G(F (p)) = lim
i→∞

gi(F (p)) = lim
i→∞

gi(fi(p)) = p,

where the next to last identity is by uniform convergence. Take a neighborhood
V of p in A0 such that F (V ) ⊂ Ω0. But then uniform convergence allows us
to conclude that for all z ∈ V it holds that G(F (z)) = limi→∞ gi(fi(z)) = z.
Hence F|V is injective. By the Osgood’s theorem, the mapping F|V : V → F (V )
is biholomorphic.

Consider the holomorphic functions Ji : Ai → C and J : A0 → C given by
Ji(z) = det((dfi)z) and J(z) = det((dF )z). Then J(z) �= 0 (z ∈ V ) and, for
each i = 1, 2, . . ., the function Ji is non-vanishing on Ai. Moreover, the sequence
{Ji}∞i=0 converges uniformly on compact subsets of A0 to J . By Hurwitz’s theo-
rem, it follows that J never vanishes. This implies that the mapping F : A0 → M
is open and any z ∈ A0 is isolated in F−1(F (z)). According to Proposition 5 in
[16], we have F (A0) ⊂ Ω0.

Of course this entire argument may be repeated to see that G(Ω0) ⊂ A0.
But then uniform convergence allows us to conclude that for all z ∈ A0 it holds
that G ◦ F (z) = limi→∞ gi(fi(z)) = z and likewise for all w ∈ Ω0 it holds that
F ◦ G(w) = limi→∞ fi(gi(w)) = w.

This proves that F and G are each one - to - one and onto, hence in particular
that F is a biholomorphic mapping.

Proof of Theorem 1.1. It is easy to see that after taking a subsequence, the
following properties occur
(i) (Ων)ν is normally converging to D̃.
(ii) (fν)ν converges uniformly on compact subsets of Ω.
(iii) (fν)−1

ν converges uniformly on compact subsets of D̃.
(iv) If f := lim fν then f(Ω) ⊂ D̃ .
Following Proposition 4.2, we claim that Ω is biholomorphically equivalent to
D̃ = {(z1, z

′) ∈ Cn : −1 + Re (
∑n

j=1 bjzj) + P (z′) < 0}. Using the condition
(11), we see that the constant b1 is different from 0. Then by an affine change of
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coordinates, D̃ is equivalent to the domain D = {(z1, z
′) ∈ Cn : Re z1 + P (z′) <

0}. Since Ω is hyperbolic, D is hyperbolic and by a result of Barth [1], D contains
no nontrivial complex affine line. Then there is no complex line in ∂D and,
according to Theorem 2.1 in [7], D is of finite type and P is nondegenerate.
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