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1. Introduction

Let’s denote by L(A, b) the m-dimensional affine subspace of R
n, m ≤ n, defined

by

L(A, b) := {x ∈ R
n|Ax = b} , (1)

where A is a full rank m× n - real matrix and b ∈ R
n.

In this paper R
n is considered as a n-dimensional euclidean space equipped

with the usual scalar product and euclidean distance.
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Given an arbitrary point x ∈ R
n and affine subspace L(A, b), the nearest

point problem in L(A, b) is formulated as follows.

Find x∗ ∈ L(A, b) such that (∀y ∈ L) ‖x− x∗‖ ≤ ‖x− y‖ . (2)

If we denote by PL : R
n → L(A, b) the projection operator from R

n onto L(A, b)
then (2) can be rewritten as x∗ = PLx. This problem is of great practical interest
because it appears in the computational core of several other algorithms (see
[3, 5]). Preferred method for its solution is usually chosen among variants of the
well-known conjugate gradient method [4, 5, 6].

In this paper, we present a new algorithm for solving (2) having better com-
plexity estimate than the one obtained for the conjugate gradient method. This
is based on simple results presented in Sec. 2. The description of this new algo-
rithm and its complexity analysis is given in Sec. 3. In Sec. 4, some preliminary
computational results are discussed.

2. Preliminaries

Denote by Ai the i-th row of A, i = 1, 2, . . . , m. Suppose that m ≤ n and
RankA = m. Let x0 be an arbitrary point in R

n. Consider the following set
{xi}mi=0 which is defined as{

x0 = x0, i = 0,

xi = PHix0, 0 < i ≤ m,
(3)

where PHix0 denote the projections of x0 onto hyperplanes

Hi := {x ∈ R
n |〈Ai, x〉 = bi} .

The following result establishes the relationship between set (3) and the so-
lution x∗ to problem (2).

Proposition 2.1. Suppose that x∗ is the solution to problem (2) and let

0 =
x∗ + x0

2
. (4)

Then

(∀i ∈ N, 0 < i ≤ m) , ‖xi − 0‖ =
1
2
‖x∗ − x0‖ . (5)

Remark 2.2. Proposition 2.1 is a generalization of Theorem 1 in [2] by the
authors and could be proved by the arguments similar to those used in that
paper. Here, we give the proof for the sake of completeness.

Proof. By (4) we have
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(0− xi) =
1
2

((x∗ − xi) + (x0 − xi)) .

This implies

‖(0− xi)‖2 =
1
4

(
‖x∗ − xi‖2 + ‖x0 − xi‖2 + 2 〈x∗ − xi, x0 − xi〉

)
.

Since (x∗ − xi) ∈ Hi and (x0−xi) is orthogonal to Hi, we have 〈x∗ − xi, x0 − xi〉 =
0.
Hence,

‖xi − 0‖2 =
1
4

(
‖x∗ − xi‖2 + ‖x0 − xi‖2

)
. (6)

On the other hand, from the obvious equality:

(x∗ − x0) = (xi − x0) + (x∗ − xi) ,

we have

(x∗ − x0)
2 = (xi − x0)

2 + (x∗ − xi)
2 + 2 〈xi − x0, x

∗ − xi〉 .

Since 〈xi − x0, x
∗ − xi〉 = 0, this implies

‖x∗ − x0‖2 = ‖xi − x0‖2 + ‖x∗ − xi‖2 .

Thus, the equality (6) can be written as

‖0− xi‖ =
1
2
‖x∗ − x0‖ .

The proof is complete

This result has a simple geometrical interpretation. Suppose that the points
{xi}mi=0 are affinely independent and let’s denote by Vm their affine span, and
by Sm the m-dimensional sphere in Vm passing through all the points {xi}mi=0.
Then Proposition 2.1 says that the solution x∗ to (2) must lie on the sphere Sm.
Furthermore, x∗ must be symmetric to x0 with respect to the center O of Sm.
So, (2) will be solved if one knows a way to find the center O. To this end, first,
consider the following simple problem.
Auxiliary Problem. Let a, b and c be three distinct points in R

n and v be
some vector in R

n not orthogonal to (a− b) , i.e. 〈a− b, v〉 	= 0.

Let l(λ) be the straight line defined as

l(λ) := c + λv, λ ∈ R. (7)

Consider the following auxiliary problem:
Find λ∗ ∈ R such that
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‖a− l(λ∗)‖ = ‖b− l(λ∗)‖ . (8)

To solve this problem let’s set

z =
1
2

(a + b) ; w =
a− b

‖a− b‖ (9)

and P be the hyperplane defined by

P := {x ∈ Rn |〈x, w〉 = 〈z, w〉} .

It is clear that a and b are symmetric with respect to P . Thus, the point to be
found l(λ∗), is just the intersection of l(λ) with the plane P .
Consequently, we must have

〈l(λ∗), w〉 = 〈z, w〉 , i.e.

〈c + λ∗v, w〉 = 〈z, w〉 .
Hence, we obtain λ∗ which solves (8)

λ∗ =
〈z − c, w〉
〈v, w〉 . (10)

3. Description of the Algorithm

As mentioned earlier, to solve the nearest point problem (2), it is sufficient to
find the center O of the smallest sphere determined by points (3). This can be
done as follows.

Algorithm 1. (1) Initialization: Generate xi = PHix0, i = 1, 2, 3, ..., m.

(2) Step 1. Set

01 =
1
2

(x1 + x0) ;

e1 =
x1 − x0

‖x1 − x0‖ .

(3) Step k. Calculate⎧⎪⎨
⎪⎩

d = xk −
k−1∑
i=1

〈xk − x0, ei〉 .ei,

ek = d
‖dk‖ .

(11)

Set
a = x0; b = xk; c = 0k−1; v = ek.

Solve problem (8) using (10) to determine
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λ =
〈z − c, w〉
〈v, w〉 ,

where

z =
1
2

(a + b) ; w =
(a− b)
‖a− b‖ .

Calculate 0k = c + λv.
Set k ← k + 1. if (k > m) then goto Stop;
else goto Step k.
(4) Stop O = Om

The solution of the nearest point problem (2) is

x∗ = 2O − x0. (12)

We note that the formula (11) is similar to the one used in the well-known
Gramm-schmidt orthogonalization process. So, the vector {ek}mk=1 are orthonor-
mal. The use of auxiliary problem (8) in each step k guarantee ‖Ok − xk‖ =
‖Ok − xj‖ for all j < k. Therefore, Om is the center of the m-dimensional sphere
passing through points (3).
Complexity analysis. We will estimate the computational complexity ex-
pressed in the numbered of required vector-to-vector multiplications. It is easily
seen that most of the computational cost in the above algorithm arises from
the need to compute the vector ek in (11). At step k, the number of vector-to-
vector multiplications required to compute ek is (k − 1). So, the total number of
vector-to-vector multiplications required by the algorithm is

(1 + 2 + ... + (m + 1)) ≈ m2

2
. (13)

If the matrix A in (1) is square, i.e. m = n, then the subspace L (A, b) is reduced
to a single point which is the solution to the linear system Ax = b. Therefore, the
proposed algorithm can also be used to solve general linear systems. The estimate
(13) shows that it is more efficient than the original conjugate gradient method
which requires, in exact real arithmetic, about n2 vector-to-vector multiplications
to solve a regular linear system of n variables (see, e.g. [4, 6, 1] for more details).

4. Numerical Experiments

The algorithm was tested using MatLab on a set of matrices of size ranging
from n = 50 to n = 1200, taken from the netlib.org website. The exact solution
vector x∗ was chosen to be x∗ = (1, 2, . . . , n) and vector b then was computed
accordingly as b = Ax∗. With the starting point x0 = (0, 0, . . . , 0), we then
applied the algorithm to the resulting linear system Ax = b to obtain the
actual solution x̄. The computational accuracy was estimated as
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Error =
n∑

i=1

|x̄i − x∗
i |2.

The proposed algorithm is computationally stable. In all of our tests, it always
found, in one round, the solution with the average accuracy between 10−8 to
10−15 depending on the value of the condition number of the input systems.
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