Vietnam Journal of Mathematics 37:2&3(2009) 141-178  vietm

am Jourmnal
of
MATHEMATICS

© VAST 2009

On Nonlinear Boundary Value Problems for
Nonlinear Wave Equations

Nguyen Thanh Long' and Le Thi Phuong Ngoc?

! Department of Mathematics and Computer Science,
University of Natural Science,
Vietnam National University of Ho Chi Minh City,
227 Nguyen Van Cu Str., Dist. 5, Ho Chi Minh City, Vietnam

2 Nhatrang Educational College,
01 Nguyen Chanh Str., Nhatrang City, Vietnam

Received January 20, 2009
Revised June 15, 2009

Abstract. The paper is devoted to the study of existence, stability, regularity in
time variable, asymptotic behavior and asymptotic expansion of solutions of nonlinear
boundary value problems for nonlinear wave equations.

2000 Mathematics Subject Classification: 35C20, 35105, 35L15, 351,20, 35170, 35Q72,
37B25.

Key words: Nonlinear boundary value problem, Nonlinear Kirchhoff — Carrier wave
equation, Faedo — Galerkin approximation, Sobolev spaces with weight, quadratic con-
vergence, high order iterative method, Asymptotic expansion of order N + 1, Expo-
nential decay of solution.

1. Introduction

In this paper, we present recent results of our research group on nonlinear bound-
ary value problems for nonlinear wave equations.

We will consider the initial-boundary value problem for the nonlinear wave
equation
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Lu = ug + Au = f(2,t, 0, ug, ug, [ul]?, ua|?, uel®), s € R CRY, 0<t <T,

(1)

associated with the following boundary condition

Bu=g(z,t), z€ 02, 0<t<T, (2)
and the following initial conditions

u(z,0) = wo(x), ue(z,0) = u1(x), (3)

where B is a linear or nonlinear operator and

a t
A== [ (ot sl ) ] + [ = (o ),
0

Oz
(4)
with u, k, f, g, uy being given functions. In which,
- The case 2 = (0, 1), the nonlinear terms f(z, t, u, ug, ug, |[ul, [uel?, [ue]?)
and p(z,t,u, ug, ug, |ull®, Juz)?, luel|?) depend not only on the variables
x,t,u, ug, ug, but also depend on the following integrals

Jull? = [ Jute, 0 da,
2
ol = [ ot ) o, and 5

e = /Q ez, 0)|2 da.

- The case 2 C RN, N > 1, the nonlinear terms f and p are also defined

as the above case, where the notations ug, uze and |ug||> = Jo ug (2, t)? da

N 2 N 2
mean Vi, = (Ug,, o, Ugy ) , At = Y50 Uz, and ||[Vu|” =370 [, |ug, (2, 1) de,
respectively.

When k =0, f =0, u = a® is a positive constant, 2 = (0, L), (1) has the
form wu;; — a?ug, = 0 and describes the transverse vibrations of an elastic string
with small amplitude without acting of external force. Then, we can see that the
length of the string does not change.

When k=0, 2= (0,L), (1) is related to the Kirchhoff equation

Eh [0
Phutt<P0+— “

a_y(yat)

2
presented by Kirchhoff in 1876 (see [18]). This equation is an extension of the
classical D’Alembert wave equation which considers the effects of the changes in
the length of the string during the vibrations. The parameters in (6) have the
following meanings: u is the lateral deflection, L is the length of the string, h is
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the area of the cross-section, F is the Young modulus of the material, p is the
mass density, and P, is the initial tension.

In [7], Carrier has also established a model of the type

L
phuy = (Po + P1/ u2(y,t)dy> Uz, (7)
0

where p, h, Py and P, are given constants.

One of the early classical studies dedicated to Kirchhoff equations was given
by Pohozaev [70]. After the work of Lions, for example see [21], the equation
(6) received much attention where an abstract framework to the problem was
proposed. We refer the reader to, e.g., Cavalcanti et al. [8] — [10], Ebihara,
Medeiros and Miranda [15], Miranda et al. [59], Lasiecka and Ong [20], Clark [11],
Frota [16], Hosoya, Yamada [17], Larkin [19], Medeiros [54], Menzala [60], Park et
al. [71, 72], Rabello et al. [74], for many interesting results and further references.
A survey of the results about the mathematical aspects of the Kirchhoff model
can be found in Medeiros, Limaco and Menezes [55, 56].

Dmitriyeva [14] considered the following problem in two dimensions

ug + AA*u — || vul® Au+ eus = F(a,t), 2 € 2= (0,7) x (0,7), t>0, (8)

62
U:Z%W:o,xean,wo, (9)

with the initial condition (3), where & > 0, A = $7%h? and v; = cos (v,2;). In
this case, the problem (3), (8), (9) describes the nonlinear vibrations of a square
plate with static load.

Based on the above, we have considered the problem (1)-(3) with some differ-
ent forms of the nonlinear terms u, f. By the fact that it is difficult to consider
the problem (1)-(3) with some initial - boundary conditions in the case p, f
depending not only on the variables z, t, few works were done as far as we know.

In order to solve the ones, see Lions [24], we usually establish a sequence of
“approzimate solutions” which is bounded in an appropriate space. Generally,
the most convenient approximate solutions are obtained by the standard method,
here we choose the method ”Faedo — Galerkin approximation”. The difficulty is
to pass to the limit, this can be overcome in the following way. Using many
different techniques in estimations with respect to every form of p or f, we find
sufficiently many “a priori estimates” on the approximate solutions to obtain-
via compactness argument in which the compact imbedding theorems are used-
strong convergence in appropriate spaces. The passage to the limit is now possible
and the existence of solution follows.

On the other hand, the linearization method for nonlinear terms is usually
used. Let us present this technique as follows. At first, we note that, for each
v = v(z,t) belonging to a suitable function space X, we can give some suitable
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assumptions to obtain a unique solution v € X of the problem with respect to
2 2 2 ~
@yt v, vg, v ([0 o7 [[oel|7) = A=, 1)

and
2 2 2 =
f(@,t, 0,00, v 07 loa |17 [loe]]7) = fz, ).

It is obvious that u depends on v, so we can suppose that u = A\(’U) Therefore,
the above prolem can be reduced to the fixed point problem for the operator
A: X — X. Based on these ideas, with the first term ug being chosen, the usual
iteration u,, = A(um—1), m =1,2,..., is applied to establish a sequence {u,,},
which converges to the solution of the probem, hence we get the existence results
as was stated above.

After this, the conditions are given such that the stability, regularity in time
variable, asymptotic behavior or asymptotic expansion of the solution are estab-
lished.

The paper consists of five sections. In Sec. 2, we consider the nonlinear wave
equation with the Kirchhoff-Carrier operator. Sec. 3 is devoted to the nonlin-
ear wave equation associated with the nonhomogeneous conditions. In Sec. 4,
we consider the linear wave equation associated with two-point boundary con-
ditions. Finally, Sec. 5 is concerned with the nonlinear wave equations involving
convolution.

The results given here were presented in [3, 4, 12, 13, 25-53, 62-68, 79-81].

2. The Nonlinear Kirchhoff-Carrier Wave Equations

In this section we consider the nonlinear wave equation with the Kirchhoff-
Carrier operator

e — g1 (1l o |2 ) e = o, 0, 2 ],
x€eN=(0,1),0<t<T,

Bou = uz(0,t) — hou(0,t) =0, Biu = u,(1,t) + hyu(l,t) =0,

u(xz,0) = uo(x), ue(z,0) =uy(z),

(10)
where pu, f, ug, w1 are given functions satisfying conditions specified later and
ho > 0, hy > 0 are given constants and hg + hy > 0. We shall first associate
with the problem (10) a linear recurrent sequence which is bounded in a suitable
function space. The existence of a local solution is proved by a standard com-
pactness argument [24]. If p € CNTHRY), py € CV(RY), p > po > 0, 1 > 0,
feCNT([0,1] x Ry x R xR3) and f1 € CV([0,1] x Ry x R? x R3), then an
asymptotic expansion of order N 41 in ¢ of the solution is obtained for the right
~ hand side of the form f(z, t, u, tg, us, |ull®, [[uz]?, |Juel|?) +efi(z, t, u, ug, ug,
lull®, lluell®, luel|”) and p stands for p+ e, for e sufficiently small. This result
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is a relative generalization of [4, 28, 31-35, 37, 38, 40, 41, 44, 48, 63, 64, 66-69, 82].

2.1. The FExistence and Uniqueness Theorem

We will omit the definitions of the usual function spaces and denote them by the
notations LP = LP(0,1), H™ = H™ (0,1). The notion of Sobolev space, H™, in
the paper can be found in [24, p. 5].

Let (-,-) be either the scalar product in L? or the dual pairing of a continuous
linear functional and an element of a function space. The notation ||-|| stands
for the norm in L? and we denote by ||-||x the norm in the Banach space X. We
call X’ the dual space of X. We denote by L?(0,7;X), 1 < p < oo the Banach
space of real functions u : (0,7') — X measurable, such that

T 1/?
lull oo,y x) = (/0 Ju(®)% dt) < +oo for 1 < p < o0,

and
||UJHLOO(0’T;X) = ess sup |lu(t)||y for p= o0
0<t<T

Let u( ), ue(t) = W/ (), uw(t) = u”(t) Uz (t) = wu(t), ug(t) = Au(t) denote
2
(m t)7 ot (x t)a %ﬁ (I t)7 61( a 81 (

With f = f(x,t,u um,ut, ] ,Huz} Nuel®) = f(:c t,u,v,w,U, VW)
put le - gia D2f - 6t7 D3f g_ D4f - 8 7D5f = 31{,) Dﬁf - aU’
D7f = W and Dgf = 8W

We make the following assumptions:

( ) ho > 0, hl > 0,

(AQ) (ﬂo,ﬂl) € H? x Hl,
(43)  peCHRY), ult,U,V,W) > pg >0,
(Ay) feC(0,1] x Ry x R x RY).

t), respectively.

Remark 2.1. (i) In this section, the above derivatives of the unknown function
u are defined in the sense of distributions, (see [24, p. 6-7]). So are the derivatives
of the unknown function v in the whole paper.

(ii) The results as it will be said below (Theorems 2.4-2.8) still hold if (A4;)
is replaced by the following assumption:

hozo, hlzo, ho + hy > 0.
We put

a(u,v) = /0 Uy (z)vg ()dz + hou(0)v(0) + hyu(1)v(l). (11)

Then the symmetric bilinear form a(-,-) defined by (11) is continuous on
H' x H' and coercive on H'. In H' we use the equivalent norm
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1/2

ol = (20 + [ 1 ) d) (12)

For each M > 0 and T > 0, we put

W(M,T)={veL>®0,T;H?) : v; € L>°(0,T; H'), vy € L>=(0,T; L?),

13
Foll ey« Notll e omsmy « Totell o gy < 3. (9)

We choose the first term ug = ug. Suppose that
Um—1 € W(M, T) (14)

We associate with the problem (10) the following variational problem and
define the weak solution of (10) as follows.

Find u,, € W(M,T) satisfying the linear variational problem

{ (ull (t), ’u>~+ um(t)a(u,,:(t),v) = (F(t),v) for all v € H!, 15)
um (0) = U, ul,(0) =1y,

where

%,

pn(t) = (s [ )1 [7m 1 (B 1y (B[, ,
Fm(l‘,t) - f(xata umfl(t)a vumfl(t)auén—l(t)a ”um*l(t)” ) (16)
7 tm O [t (B]])-

Definition 2.2. We say that u is a weak solution of (10) if
we W ={ve L®(0,T;H?) :v' € L®(0,T; H'), v" € L=(0,T; L?)}
and for each v € H! one has
(W (0),0) + g (4l el ) aCutt) o
= (f @ty g, [l [l '], 0),

and
u(0) = g, u'(0) = u;.

Remark 2.3. The notion of weak solution of the problems given in next sections
is also defined in the same manner.

We then have the following results, the proofs of which can be found in the
paper [38].

Theorem 2.4. Let (A1) — (A4) hold. Then there exist positive constants M, T
and the linear recurrent sequence {um}y C W(M,T) defined by (14)-(16).
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Theorem 2.5. Let (A1) — (A4) hold. Then there exist positive constants M, T
such that the problem (10) has a unique weak solution uw € W(M,T).

The linear recurrent sequence {un} defined by (14)-(16) converges to the so-
lution u strongly in the space W1(T) = {v € L>=(0,T; H') : v’ € L*°(0,T; L?)}.

Furthermore, we have also the estimation
[t — U||Loo(o,T;H1) + Jlum, — “I||Loo(o,T;L2) < Cky' for all m, (17)
where kr < 1 and C' are positive constants depending only on T, ug, and u;.
Remark 2.6. If the condition (A4) on f is weakened to

(A4) f€CO0,1] x Ry x R3 x R? ) satisfies the conditions
D;f € CO([0,1] x Ry x R¥ xRY), 1<j <8, j#2,

then Theorems 2.4, 2.5 still hold. It is not necessary that f € C1([0,1] x Ry x
R3 x R'i), where the set W (M, T) appearing in (13) is replaced by the following
set

Wi (M, T) = {veWoy(M,T): vy € L>®(0,T;L?)}, (18)

with

Wo(M,T) = {v € L>(0,T; H?) : v, € L®(0,T; H'), vy € L*(Qr),

19
10l e o.errz) < Mo N0l ooty < M ol gy < M} (19

2.2. Asymptotic Fxpansion of the Solutions in a Small Parameter
In this part, let (A1) — (A4) hold. We make more the following assumptions:
(A5) p1 € Cl(Ri)ﬂ M1 (ta U,‘/,W) > 0;
(Ap) f1€CH[0,1] x Ry x R® x R3).
We consider the following perturbed problem, where ¢ is a small parameter,
le] <1:

wi — e (b [l | o] [*) A

= Fo(z, tyu, ug, ug, |ul?) Jue |, Juel?),0 <z < 1, 0 <t < T,
uz(0,t) — hou(0,t) = ux(1,¢) + hyu(l,t) =0,
u(z,0) = uo(x), u(x,0) =ui(x),
(P Fela,ty g, u, [[ull? [fug ]| flue®)

= f@, b g, g, [Ju]? g [l |)

+ef1(@, b, g, ug, ol fJua® el ®),

e (8, [l fua® s uel®)

= gt [l e 1 el ) + a8, el Qa1 1)

Let ugp € W(M,T) be a weak solution of the problem (Fp) corresponding to
e=0.
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We then have the following results, the proofs of which can be found in the
paper [38].

Theorem 2.7. Let (A1) — (Ag) hold. Then there exist constants M > 0 and
T > 0 such that, for every e with |e| < 1, the problem (P-) has a unique weak
solution u. € W(M,T) satisfying the asymptotic estimation

e — U0||Loo(o,T;H1) + Jlul - U6||Loe(o,T;L2) < Clel, (20)
where C' is a constant depending only on pg, ho, h1, T, M, f, f1, p and py.

The next result gives an asymptotic expansion of the weak solution u. of
order N + 1 in ¢, for € sufficiently small. We use the following notations

2 2 2 2 2 2
Flul = f st us ugs g, Jull ™ fua ™ uell™), plu] = s Jell™ fuel™ 7).

Now, we assume that
(A7) e CVHURY), m € CNV(RY), p(t,U,V,W) > po >0, pu(t,U,V, W) >
0,
(As)  feCVTH0,1] xRy xR3x RY), f1 € CN([0,1] x Ry x R¥ x RY).
Let us consider the weak solutions w1, us,..., uy € W(M,T) with suitable
constants M > 0 and T > 0 of the following corresponding problems:
)
w — pluo)Auy = Fifuy), 0 <2 <1,0<t<T,
(Ql) Vuq (O,t) - houl(O,t) = Vul(l,t) + hlul(l,t) =0,
ui(z,0) = uj(z,0) =0,

where
Filur] = mi[f] + mo[f1] + (prlu] + polua]) Aua, (21)

with mo[f], m1[f], polu], p1[n] defined as follows

7T0[f] = f[UQ] = f(x’t7u0a vu07u6a HuOH2 ) HVUOH2 ) ||u6||2)7 (22)
m1[f] = mo[Daflur + mo[Daf] 7 u1 + mo[Ds fluy 4 2mo[De f{uo, u1)

+ 2mo[ D7 f1{(uo, Vu1) + 2mo[Ds fl{ug, u}), (23)
polu] = uluo] = ult, [luol®, [IVuol® , lup)®), (24)

p1lp] = 2po[De ] (uo, u1) + 2p0[D7p)(Vuo, Vur) + 2p0[Dsp) (ug, uh),  (25)
b) with 2 < i < N,

ull — plug)Au; = E[ul], 0<zx<l,0<t<T,
(Qz) Vuz((),t) - houl((),t) = V’U,,L(].,t) + hluz(l,t) = 0,
u;i(z,0) = ui(x,0) =0, i=1,2,..., N,

where

Filw] = mlf]+mioa (i) + ) (o] + pr1[m]) Auig, (26)
k=1
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with m;[f] = m[f, wo, ut, ... us], pilp] = pilp, vo, w1, - .., ui], 2 < i < N defined
by the recurrent formulas

i—1 .

mlf) = 3 S malDs flui s+ muDaf) Vs s+ milDs lud )

(i — k — gH{mk[De fl(uz, wi—g—j)

+
3
ol
)
3
=

Vuj, Vuifk*j> + T [DSf] <u3a u;—k—j>}7 2<i < Na (27)

i—1i—k—1
ol = 237 S G~ k= ) oDl g, i)

—0 j=0
+ pe[Drpl(Vug, Vuwi-k—j) + pr[Dspl(uf, wi_y_;)}, 2 <i < N. (28)

We then have the following results, the proofs of which can be found in the
paper [38].

Theorem 2.8. Let (A1), (A2), (A7) and (Ag) hold. Then there exist constants
M >0 and T > 0 such that, for every e, with |e| < 1, the problem (P:) has a
unique weak solution u. € W (M, T) satisfying an asymptotic estimation up to
order N + 1 as follows

N N
ul — Z elul + [|ue — Z el < e, (29)
i=0 L>=(0,T;L?) i=0 L= (0,T;H?')
where ug, u1, ..., un are the weak solutions of the problems (Fy), (Q1),..., (@n),
respectively.

Remark 2.9. In the proof of Theorem 2.8, there is a great need of the following
lemma on MacLaurin’s expansion.

Lemma 2.10. Let f € CNT1([0,1] x Ry x R® x R3). Put
FIB) = F@,t, by, b, [P el |,

where h = h(x,t) = Z?]:O ui(x,t)et. We have

N

fln] = Z mi[fle" + o(e™), (30)

where the coefficients m;[f] = 25 f[h]
formulas (22), (23) and (27).
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The proof of Lemma 2.10 can be found in the paper [38].

Remark 2.11. In case f € C?([0,1] x Ry x R?), f; € C1([0,1] x Ry x R3) and
N =1, we have also obtained some similar results in the papers [28, 32, 33] for
various fie.

2.8. The Nonlinear Kirchhoff-Carrier Wave Equation Associated with Mized
Nonhomogeneous Conditions and a High Order Iterative Method

The above results (Theorems 2.4- 2.8) still hold for the following nonhomoge-
neous boundary value problem

Utt 7N<t ”umH )uma: - 1' t u Uzautanum“Q)a 0<z< 17 0<t<Ta
t

uz(0,1) = hou(0,t) = 9 ( ), u(l,t) = g1(t),
u(z,0) = uo(x), w(z,0) = us(x),

(31)
where hg > 0 is a given constant and u, f, g, U are given functions satisfying
conditions specified later. In order to solve the problem (31), for all z € [0,1],
z>0and t >0, we put

v(z,t) = u(x t) — p(x, 1),

p(,t) = 5 [(# = 1)go(t) + (hox + 1)g1 (t)], (32)
f(@, b0, 00,00, 2) = f(@,6,0 + 9,00 + @y 00 + 01, 2) = Py

vo(z) = uo(z) — p(x,0), v1(x) = u1(z) — e(z,0),

in which
gO(O) = ua:(ov 0) - hOu(Oa 0) - ﬂ6(0) - hOﬂO(O)v 91(0) - u(]-a 0) = a0(1) (33)

Then problem (31) reduces to the following problem with the homogeneous
boundary conditions:

v — u(t, vz () + pa(t )H YUz = (:c £, 0, Vg, U [0 () + ‘Pm(t)HQ)a

O<ax<l, 0<t<T, (34)

We shall use the function space V = {v € H' : v(1) = 0} instead of H' and
the symmetric bilinear form a(-,-) on V' x V is as follows

a(v,w) = /0 Vg (2)wy (x)dx + hov(0)w(0), v,w € V. (35)

We make the following assumptions:
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h

( 0, 1)1) € (VQH2) x V;

p e CHRL), u(t,z) > po > 0;

feC([0,1] x Ry x R? x R, ) satisfies the conditions
f(L,t,u,v,w,2) =0Vt, 2> 0 and (u,v,w) € RE x R3.

For each M > 0 and T > 0, we put

W(M,T)={veL>®0,T;VNH?) :v € L®0,T;V), vy € L=(0,T; L?),
HUHLW(O,T;VﬁHz) <M, Hvt”Loo(o,T;V) <M, ||UttHLoo(0,T;L2) < M}.

(36)
We establish the linear recurrent sequence {vy,} as follows.
We choose the first term vg = vy, suppose that
Um—1 € Wi(M,T), (37)
and associate with the problem (34) the following problem.
Find v, € W1(M,T) which satisfies the linear variational problem
(05 (8).0) + o (D (1), 0) = (P, Prall we Ve o
vm (0) = vg, vl,(0) =71,
where
{1ml) = 7m0 ¢ Ve(t)?) )
Fo(w,t) = f(@,t.vm-1 (1), V0m-1(8), vy (), [|V0m—1(8) + Ve ()] %).

We then have the following results, the proofs of which can be found in the
paper [37].

Theorem 2.12. Let (G), (A}) — (A4}) hold. Then there exist positive constants
M, T and the linear recurrent sequence {vp,} C W(M,T) defined by (37)-(39).

Theorem 2.13. Let (G), (A}) — (A}) hold. Then there exist positive constants
M, T, such that the problem (34) has a unique weak solution v € W (M, T).

The linear recurrent sequence {vy,} defined by (37)-(39) converges to the so-
lution v strongly in the space W1(T) = {v € L>=(0,T; V) : v' € L>=(0,T; L?)}.

Furthermore, we have also the estimation
l[vm — U”Loo(o,T;v) + [log, — v/||L°°(O,T;L2) < Crky', forall m, (40)
where kr < 1 and C' are positive constants depending only on T, vy, v1.

We note that, the convergence of {v,,,} in Theorem 2.13 is only at the rate of
order 1, i.e., in the estimation (40), the error obtained at the m!"-step is (k7)™
with 0 < kr < 1.

Y
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In order to get the convergence of {vm} at the rate of order N (N > 2), i

the above error in (40) has to be (kr)™ " we need to consider special forms of
the problem and then establish a special approximation as follows.

We consider the nonlinear wave equation with the Kirchhoff-Carrier operator

utt—u(t lul?, ||ul||2) u) O<z<1,0<t<T,

I
uz(0,t) — hou(0,t) = go(t), (1,t)
u(z,0) = uo(x), u(z,0) = (z),

(41)

where p, f, ug, uy are given functions and hy > 0 is a given constant. Put
o(x,t) = fCJr—_hlogo(t). By the transformation v(z,t) = u(x,t) — ¢(x,t), we shall
reformulate (41) as the problem with homogeneous boundary conditions as fol-
lows

v — ults [[o(t) + @)% [[ve () + 02 ()| *)vas = f( +v) — @1,
0<az<1l, 0<t<T,

02 (0,£) — hov(0,£) = v(1,£) = 0, (42)
v(z,0) = vg(z), vi(z,0) =v1(x),
where
sz0(33) = ao(l') - 50(1'; 0),61(1‘) = a1(1') - Sﬁt(ﬂf, O)a (43)

and hg, go, U satisfying the consistency condition go(0) = g, (0) — hotp(0).

We strengthen the following assumptions
(AY) p € C*(RY), and there exist constants p > 1, po > 0, f1; > 0,7 =0,1,2,3
such that

(1) Ho < N(ta Y, Z) < ,U'O(]- + yp + Z;D)’ V(t,y, Z) € R?{-a

(i) [Dip(t, y, 2)| < (1 +yP + 2°), V(t,y, 2) € R,

(111) |D2/J/(t7y, Z)| < :D:Q(l + yp—l + Zp)7 V(t, Y, Z) € R?’H

(iv) [Dsp(t,y, )| < Fis(1+y? +2P71), V(t,y, 2) € RY,
(Af) f € CY(R). (4) f € CN(R).

In this paragraph, we still use the function space V.= {v € H! : v(1) = 0},
the set W(M,T) and the symmetric bilinear form a(-,-) on V' x V are defined
by (35), (36), respectively.

We choose the first term vy = 0. Suppose that
Um—1 € W(M,T). (44)

We associate with the problem (42) the following problem.
Find v, € W(M,T) satisfying the nonlinear variational problem

{ (Wi (), w) + pm (B a(vpm (t), w) = (F(t), w) for all w € V,

vm (0) = vg, v),(0) = vy,
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where

{Nm(t) = M(ta va(t) + (p(t)HQ ) vam(t) + V(p(t)HQ), (46)

Fr(2,8) = —pu + 00" 2O (W1 +0) (0 — 1)’

We then have the following result, the proof of which can be found in the
paper [79].

Theorem 2.14. Let assumptions go € C3(Ry), (A}), (43), (AY), (AY) hold.
Then there exist a constant M > 0 depending on ug, u1, [, go, ho and a constant
T > 0 depending on ug, u1, K, go, ho, f, such that

(i) The problem (42) has a unique weak solution v € W (M, T).

(ii) The recurrent sequence {vy,} defined by (45), (46) converges at the rate of
order N to the solution v strongly in the space W1(T) = {v € L*(0,T;V) : v €
L*(0,T;L?)} in the sense

[[vm — U”LOC(O,T;V) + [, — U/HLOO(QT;L?)
N
<C (vafl - v||L°°(O,T;V) + H’Ufnq - ”/HLoo(o,T;Lz)) ) (47)

for all m > 1, where C is a suitable constant.

Furthermore, we have also the estimation

™
l|vm — U||L°°(0,T;V) + [lo, = U,HLOO(O,T;LQ) < Cr (k)™ (48)
for allm > 1, where Cr and kr < 1 are positive constants depending only on T.

Remark 2.15. Theorem 2.14 still holds for the boundary value problems in
(63, 64, 81].

2.4. The Nonlinear Kirchhoff-Carrier Wave Equation in the Unit Membrane
Here, we will consider the following initial and boundary value problem

2 2 2
e = p (b [l e 310 12) e+ 2 = £, 0,,),
O<r<l, 0<t<T,
| 1ir61 V()] < oo, ur(1,t) + hu(l,t) = 0,
r—U4

u(r,0) = up(r), ui(r,0) = uy(r),

(49)

where pu, f, ug, uy are given functions, h > 0 is a given constant,

1

1 1
2 2 2 2 2 2
Jally = [ bt dr, ol = [ oot dr ol = [t P
0 0 0

Equation (49); herein is the bi-dimensional nonlinear wave equation describing
nonlinear vibrations of the unit membrane 2, = {(z,y) : 22 + 3> < 1}. In the
vibration process, the area of the unit membrane and the tension at various
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points change in time. The condition on the boundary 0f2; describes elastic

constraints, where the constant h has a mechanical signification. Boundary con-

dition | lirg Vrug(r, t)] < oo is satisfied automatically if u is a classical solution
r—U4

of the problem (49), for example, with u € C*([0,1] x (0,T))NC?((0,1) x (0,T)).
This condition is also used in connection with Sobolev spaces with weight r (see
[4, 29, 44, 48]).

In the first part, we study the problem (49) with right-hand side f(r, ¢, u, u,),
where f € C°([0,1] x Ry x R2) satisfies the condition df/dr, df /Ou, Of /Ou,. €
C°([0,1] x Ry x R?), and p € CY(RY), o > po > 0, with o a given constant.
First, we shall associate with Equation (49); a linear recurrent sequence which is
bounded in a suitable function space. The existence of a local solution is proved
by a standard compactness argument.

In the second part, we consider problem (49) corresponding to f = f(r,u),
f e C([0,1] x R), and p = p([lur5), p € CHRY), pro < p(2) < do(1 + 27),
|1/ (2)] < di(1 + 2P~1), with given constants ug > 0, p > 1 and dy, d; > 0. We
associate with Equation (49); a recurrent sequence {u,,} defined by

0 um, N (U 10um, B of
o2 —H (HumT”O) <W + ;W) = f(r, um,1)+(um—um,1)%(r, Um—1),
(50)

0<r<1,0<t<T, with u,, satisfying (49)2_4. The first term wg is chosen
as ug = 0. If f € C?([0,1] x R), we prove that the sequence {u,,} converges
quadratically to the solution u in the sense which will be given in Theorem 2.18.

The results obtained here are in part generalizations of those in [4, 44, 59].

Finally, if 4 € CN*Y(Ry), ;1 € CN(RL), p > po > 0, uy > 0,
feCN*t([0,1] x R) and f; € CV ([0,1] x R), then an asymptotic expansion of
order N +1 in ¢ is obtained with a right-hand side of the form f(r,u)+¢efi(r, u)
and p stands for p + epq, for € sufficiently small. This result is a relative gener-
alization of [28, 32, 69].

Put 2 = (0,1). For any function v € C°(£2) we define [jv]|, as

o = ([ rotrar)

and define the space Vj as the completion of the space C9(£2) with respect to
the norm ||||, . Similarly, for any function v € C*(2), we define |v||, as

1/2

1/2
2 2
lelly = (el + llerlF )

and define the space V; as the completion of the space C'(£2) with respect to
the norm ||-||; . Note that the norms ||-|[, and ||-||; can be defined, respectively,
from the inner products (u,v) = fol ru(r)v(r)dr, (u,v) + (u,, v,). Identifying V;
with its dual V{, we obtain the dense and continuous embeddings Vi — Vp =
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Vy < V. The inner product notation will be used to denote the duality pairing
between V4 and V.

Now, let the bilinear form a(-,-) be defined by

a(u,v) = hu(1)v(1) +/O ru(r)v(r)dr, u,v € V7, (51)

where h is a positive constant. Then for some uniquely defined bounded linear
operator A : Vi — V{ we have a(u,v) = (Au,v) for all u, v € V5.

For any function v € C%(£2) we define ||v], as

1/2
2 2 2
lolly = (ol + llor I + l14v]3)

and define the space V5 as the completion of C2(§2) with respect to the norm
1l -

Note that V3 is also a Hilbert space with respect to the scalar product (u, v)+
(ur,vr) + (Au, Av) and that V2 can be defined also as Vo = {v € V5 : Av € Vj}.

2.4.1. The general case: f = f(r,t,u,u,)
In this part, we consider the initial and boundary value problem (49) with the
general right-hand side f = f(r, ¢, u, u,) under the following assumptions:

(Bl) (ﬂO;ﬂl) S ‘/2 X Vl;
(Bz) pp € CH(RY) with pu(t,€,m,A) > po > 0 for all ¢, &, 1, X >0,
(Bs) f € CO(Q x Ry X RQ) and Of /Or, Of/Ou, Of /Ou, € CO(Q x Ry X RQ).
(52)
For each M > 0 and T > 0 we set
W(M,T) = {ve L>*0,T;Vs) : v' € L>(0,T; V1) and v" € L*(0,T; Vp),
with ||UHLOC(0,T;V2)7 H’UIHLOO(O,T;VI)’ ||U”HL2(0,T;V0) < M},
Wi(M,T)={veW(M,T):v" € L*(0,T;Vy)}.

We choose the first term ug = 0, suppose that u,,—1 € Wi (M,T), and as-
sociate with the problem (49) the following variational problem: Find w,, €
Wi (M, T) so that

(ull (), ) + pim, () a(um (¢),v) = (Fp(t),v) Yo € V7,

where

pa(®) = 1 (8 s O 170 O [ O]2)
Fr, (Ta t) - f(ra L, Umfl(t)a vumfl(t))- (54)
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We then have the following result, the proof of which can be found in the
paper [48].

Theorem 2.16. Let assumptions (B1) — (Bs) hold. Then there exist a constant
M > 0 depending on ug, Uy, i, h, and a constant T > 0 depending on ug, U1, i,
h, f such that

(i) The problem (49) has a unique weak solution v € W1 (M, T).

(ii) The linear recurrent sequence {un} defined by (53), (54) converges to the
solution u of the problem (49) strongly in the space

Wi(T) = {v e L=(0,T; V1) : v € L>(0,T;Vy)}.
Furthermore, we have also the estimation
lm = ull oo rv1) + 1w = U ll oo 0,7) < CTET
for all m > 1, where Cr and kr < 1 are positive constants depending only on T.

Remark 2.17. In the case y = 1, some results have been obtained in [28]. In
the case Equation (49); not involving the term lu,, f being in C1(£2 x R} x R?)
and p = 1, we have obtained some results in [34]. Let us emphasize here that we
do not need the condition f € C*(£2 x Ry x R?) as was stated above.

2.4.2. The special case: f = f(r,u), p = p(z)

In this part, we consider the initial boundary value problem (49) with the au-
tonomous right-hand side independent of u, and p = u(z) satisfies the following
conditions

W +) and there exist constants po >0, p > 1, do, dy > 0 such that
i uogu( )§d0(1+zp) for all z > 0,
z

We choose the first term ug = 0, suppose that u,,—1 € Wi (M,T), and as-
sociate with the problem (49) the following variational problem: Find w,, €
W1 (M, T) so that

(ul (1), 0) + i (D (1), ) = (Fa(8), ) Yo € V1,
{Umm)umu (0) = i1, (55)

where

of
pon(t) = B (I Vam(®)IF) + Fnlrit) = F(rytm1) + (s = 1) 5 ().
U
(56)
We then have the following result, the proof of which can be found in the
paper [48].
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Theorem 2.18. Let assumptions (B1), (Bb) and (Bj) hold. Then:

(i) There exist constants M > 0 and T > 0 such that the problem (49) corre-
sponding to f = f(r,u) and p = pu(z) has a unique weak solution u € W1 (M, T).
(ii) The recurrent sequence {u,,} defined by (55), (56) converges quadratically
to the solution u strongly in the space W1(T) in the sense

lum = ull oo 0, 731) + (e, — UIHLOO(O,T;VO)
2
¢ (HUm—l N uHLOO(OvT?Vl) + Hu;”_l a UIHL’”(OvT;VO)) ’ (57)
where C is a suitable constant. Furthermore, we have also the estimation
2m
[tm = ull oo 0. 7v1) F g — Ul oo 0,70y < Cr (Rr) (58)
for allm > 1, where Cr and kr < 1 are positive constants depending only on T.

Remark 2.19. In the case u = 1, the result in [4] is a corollary of Theorem
2.18.

2.4.3. Asymptotic Expansion of the Solutions
In this part, we assume (g, u1) satisfies (B1). We also assume

(By) it € CNH(@“, Hi € C’N(R+)_With w(z) > po >0, pi(z) >0Vz>0,
(Bs) f € CN*THQ2 x R), fi € CN(2 xR).

We consider the following perturbed problem, where ¢ is a small parameter,
le] <1:
Ugt — Jhe (Hu,«Hg) (u,«,. + %u,«) =F.(ru), 0<r<1,0<t<T,
| 111(1)1 Vrug(r,t)] < oo, ur(1,t) + hu(l,t) = 0,
r—04
u(r,0) = ug(r), u(r,0) =ui(r),

Fe(ryu) = f(ru) +efilrw), e (laells) = () + e (Jlurl3)

(Pe)

We shall study the asymptotic expansion of the weak solution u. of the prob-
lem (P.) with respect to e. We use the following notations

flul = ), plul = (e 01F)
le:(?f/(?r, DQfZaf/aua

ro_du (@) — du
M — dz? I’L 7dzi'

Let ug € Wi (M, T) be the weak solution of the problem (Py) corresponding
toe=0.

For M > 0 and T' > 0 being suitable constants, let us consider the weak
solutions u1, ug,..., uny € Wi (M, T) of the following corresponding problems:
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w4 pluo)Auy = Fi[ui], 0<r <1, 0<t<T,
Q1) IT.EIg+\/?u1r(r, )| < o0, u1r(1,t) 4 huy(1,t) =0,
up(r,0) = u)(r,0) =0,
where
Fi[ur] = m[f]+ mo[f1] = (pali] + polin]) Auo, (59)
with mo[f], m1[f], polp], p1[y] defined as follows

mo[f] = fluo] = f(r,u0), m[f] = mo[D2 flu, 60
poli] = wluo) = (Jnior (012) . p1l4] = 200 [ oy ), ()
b) with 2 < i < N,
ull 4+ pluo)Au,; = E[ul], 0<r<l1, 0<t<T,
(Q;) |7‘l_i>%1 VT (r, )| < 0o, wir(1, ) + hu(1,t) =0,
ui(r,+0) =ui(r,0)=0,i=1,2,...,N,
where _
Filui] = mlf]+mioa[f1] = D (owlp] + prlm]) Aui g, (61)

k=1

with m;[f] = m[f, wo, w1, ... us], pilp] = pilp, vo, w1, - .., ui], 2 < i < N defined
by the recurrent formulas

i—k
mlfl = Tk[Dafuig, 2 <i <N, (62)
k=0 ¢
21711 k—1
== Z i — k= )prlp] (ujr, (wiok—j),), 2<i<N. (63)
k=0 j=0

We then have the following result, the proof of which can be found in the
paper [48].

Theorem 2.20. Let (B1), (B4) and (Bs) hold. Then there exist constants M > 0
and T > 0 such that, for every e, with |e| < 1, the problem (P:) has a unique
weak solution u. € Wi (M, T) satisfying an asymptotic estimation up to order
N +1 as follows

N N
ul — Zelu; Ue — Zsiui <Crle™, (64)
=0 Le=(0,T3Vo) =0 Lo (0,T5V1)
where ug, u1,..., uy are the weak solutions of problems (Pp), (Q1), ..., (@Qn),

respectively.
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Remark 2.21. In the case of equation (49); not involving the term %ur, we
have also obtained some results in the papers [28, 31, 32, 34].

3. A Nonlinear Wave Equation Associated with Nonhomogeneous
Conditions

In this section, we consider the following problem

fluyug) = F(z,t), 0<z <1, 0<t<T,

u(1
0)

ur — 2 (u(, t)ug) +
(0, t)uz (0, ) = P(2),
—u(1, s (1,1) = K,
u(,0) = uo(z), ue(z,

O 2 u(1,1) + A fue (1" 2 ug(1,1), O

1(z),

and

P(t) = g(t)+Ko [u(0, )"~ u(0, )+ Iut(Ovt)lq(’*QUt(O,t)*/o k(t—s)u(0, s)ds,

(66)
where pg, g0 > 2, p1, q1 > 2, Ky >0, K1 >0, A\g > 0, A\; > 0 are given constants
and pu, ug, uy, f, F, g, k are given functions satisfying conditions specified later.
In Equation (65); the nonlinear term f(u, u) is supposed to be continuous with
respect to two variables (u,u:) and nondecreasing with respect to the second
variable.

This section consists of three main parts. In Part 1, under some conditions,
first we consider the existence and next, we consider the uniqueness of solu-
tion. The proof is based on the Faedo-Galerkin method and the weak com-
pact method associated with a monotone operator. For the case of ¢ = ¢1 =
2; po, p1 > 2, in Part 2, we prove that the unique solution u belongs to
(L°°(0,T; H*)NC®(0,T; HYYNC(0,T; L?)) x H'(0,T), with us € L>(0,T; H'),
ug € L°°(0,T; L?), u(0,-), u(1,-) € H*(0,T), if we assume (ug, u1) € H? x H!,
fect (RQ) and some other conditions. Finally, in Part 3, with ¢o = ¢1 = 2; po,
p1 > N+1, fe CNT(R?), N > 2, we obtain an asymptotic expansion of the
solution of the problem (65), (66) up to order N + 1 in two small parameters
Ky, K1. The results obtained here may be considered as the generalizations of
those in [1-3, 12, 13, 22, 25, 27, 39, 42, 43, 45-47, 50, 51, 61, 62, 73, 78|.

8.1. The Existence and Uniqueness Theorem

Without loss of generality we can suppose that \g = A\; = 1. We make the fol-
lowing assumptions:

(Hl) (UQ, ’U,1) € H' x L2,

( )F€L1(0 TLQ)

(H3) g € L% (0,T), gy = qolgo — 1),

(Hy) k€ L1(0,T),
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(Hs) € C°(Qr), pla,t) = po >0, pr € L0, T5 L), pu(,) <0, ae. (w,) €
QT7
(HG) Po, P1, 9o, q1 > 27
(H7) Ko, K1 >0,
(F) the function f: R? — R is continuous and satisfies the following conditions:
(F1) (f(u,v) — f(u,v)) (v—20) >0 for all u, v,0 € R,
(Fy) there exist constants Cq, C1, C5 >0, Cy > 0 and ¢ > p > 1, such that

(i) Jy f(s,0)ds > —=Ci|u|P — C] for all u € R,
(i) (f(u,v) — f(u,0))v > Cy |v|? — C4 for all u,v € R,
(F3) there exist a constant C3 > 0 and a function f; € C°(R;), such that
|f(u,v)| < f1(Ju]) + Cs o] " for all u,v € R,
(Fy) for each M > 0, there exists a function Ky : Ry — Ry continuous and
satisfying
(i) |f(u,v) — f(u,v)] < Ky (Jv]) |u— | for all u, w e [-M,M] and v € R,
(i) K ([v]) € LY(0,T; L?) for all v € L°°(0,T; L?).

Remark 3.1. (i) In assumption (Fs, %), we require that g > p; if p = ¢ then the
positive constant C; needs to be sufficiently small.

(ii) As an example of the function f, we can take f(u,u;) = |u|* *u +
lue|T 2wy + |uf” Jug|’ 2 ue, where o, 3, 7, q are constants, with o > 1, v > 0,
1 < B < q. Then, f satisfies assumptions (Fy) — (F3). Furthermore, if o > 2,
v>1,1< < min{2,q}, then f satisfies assumptions (Fy) — (Fy).

We have the following result, the proof of which can be found in the paper
[50].

Theorem 3.2. Let (Hy) — (H7) and (Fy) — (F3) hold. For every T > 0, there
exists a weak solution of the problem (65), (66) such that

we L0, T; HY), us € L=(0,T; L?) N LY(Qr), ©7)
u(0,-) € Wh® (0,7T), u(l,-) € Wha (0,7).
Furthermore, if k € WH1(0,T) in (Hy); po, p1 € {2} U [3,+00), and (Fy)
holds, then the solution is unique.

Remark 3.3. (i) Theorem 3.2 gives no conclusion about the uniqueness of so-
lution when 2 < pg < 3 or 2 < p; < 3.
(ii) The corresponding results in [3, 43] are two special cases of Theorem 3.2 with
‘LL(I',t) = ]-, f(uaut) = Ku + )\Ut; where Ka A > 0; Ao = 07 Po=P1=q = 2;
(uo, u1) € H2 x H' and p(z,t) = 1, flu,us) = K [ulP" % u + X |ug|" > ug, where
K, A>0,p,¢>2X=0,p0=p1 =q =2, (ug, u1) € H> x H, respectively.
(iii) Theorem 3.2 still holds if (F3) is replaced by the following assumption:
(F3) There exist constants C1, Cj, C4 >0, Co > 0, ¢ > p > 1 and a function
f2 : Ry — R continuous, such that
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() Jy' fa(s)ds > —=Ch|ulP — Cf for all u € R,
(JJ) (f(u,v) — fa(u))v > Cy Jv|! — Ch for all u, v € R.

(iv) In the proof of Theorem 3.2, we require the following lemma:
Lemma 3.4. Let u be the weak solution of the following problem

u’ —%(u(x,t)ux)zé, 0<z<l1l 0<t<T,
(0, t)uz (0,1) = Go(t), — p(l,t)us(1,t) = G1(t),

U(:L',O) = uo(m), u’(:c,()) - Ul(l‘),

ue L>(0,T; HY), v’ € L>=(0,T; L?),

u’(0,-) € LP (0,T), «'(1,-) € L% (0,T),

Go € L% (0,T), Gy € L% (0,T), & € L*(0,T; L?).

(68)

Then we have

1 1/t 1t 1
EHu'(t)HQ—i-E/O ,u(x,t)ui(ac,t)dx—§/0 ds/o W (z, 8)u2(z, s)dx

+/O Go(s)u’(O,s)der/O Gi1(s)u'(1, s)ds
2%||u1||2+%/0 ,u(x,O)ug(x)dx—i—/o (@(s),u'(5)) ds, a.e.t€[0,T]. (69)

Furthermore, if ug = uy = 0 there is equality in (69).

Lemma 3.4 was proved in [50] with the same method as in [22, Lemma
2.1, p. 79]. Let us note more that, since the conditions v/(0,-) € L% (0,T),
u'(1,-) € LT (0,T) are necessary, this lemma cannot be applied to the problem
in our recent paper [62]. So, the other lemma established in [62] allows us to
weaken the regularity conditions as above, which is similar to Lemma 3.4 but
there is no need of the conditions «’(0,-) € L% (0,T), v'(1,-) € LT (0,T).

3.2. The Regularity of the Solution

In this part, we study the regularity of the solution of the problem (65), (66)
corresponding to qo = q1 = 2, (uo, u1) € H? x H'. Henceforth, we strengthen
the hypotheses and assume that:

(H{) (UQ, ’U,1) € H? x Hl

(HY) F, Fy € L'(0,T; L2)

(H3) g € H'(0,T),

(H}) ke Wh(0,T), o

(Hé) JLES c! (QT) ) Mit € Ll(OaT;LOO)a w(z,t) > po >0, V(z,t) € Qr,

(Hg) po, P12 25 qo=q1 =2,

(F') f € C*(R?) satisfies (F3) and the following conditions: There exist con-

stants C’1 > 0, ¢ > 2 and two continuous functions b1, bg R, — Ry, such that
(FY) [vD1f(u,0)| < b (Jul) + ba (Jul) [0]2/2 for all u, v € R,
(F3) Daf(u,v) > —C4 for all u, v € R.
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Let Ky, K1 > 0. We have the following theorem, the proof of which can be
found in the paper [50].

Theorem 3.5. Let (Hy) — (H{), (F) and (F3) hold. Then, for every T > 0,
there exists a unique weak solution u of the problem (65), (66) such that

{u € L™ (0T HY), w e L* (0.1 HY), wn e L¥ (0T 1%).

u(0,-), u(l,-) € H*(0,T).

Remark 3.6. (i) With the regularity obtained by (70), it follows that the prob-
lem (65), (66) has a unique strong solution u that satisfies

uweC(0,T;HY)nC (0,T;L*) N L> (0,T; H?), u; € L= (0, T; H'),
{utt € L (0a T; L2) ) U(O, ')a u(]-a ) € H? (OvT)
(71)
(ii) From (70) we can see that u € H?(Qr). If (ug, u1) € H? x H!, the
weak solution u of the problem (65), (66) belongs to H2 (Qr). So the solution
is almost classical which is rather natural since the initial data (ug, u1) does not
belong necessarily to C? (ﬁ) x C1 (ﬁ) .

(iii) In [5], Browder has studied the operator differential equation
g + Au+ M(u) =0, t >0, (72)
with the initial conditions
u(04) = uo, ue(04) = u1, (73)

where A is a positive densely defined self-adjoint linear operator in a Hilbert
space H with A'/2 being its positive square root. M (u) is a (possibly) nonlinear
function from D (Al/ 2) to H and some other conditions. In genegral, the results
in Theorem 3.2 and in the papers [5, 23] overlap and do not include each other
as particular cases.

(iv) In the special case with f(u,us) = K |[ul’ ?u + A |ug|* > us, where K,
A>0;p,¢>2,=q =q =2, u(z,t) =1 and (ug,u;) € H? x H', we have
obtained the results in the paper [47].

8.8. Asymptotic Expansion of the Solution with Respect to Two Small Parameters
Ky, K.
In this part, we consider two given functions ug, u1 as ug, u1, respectively. Then
we assume that A\ = A\ =1, =¢1 =2; po, p1 > N+1; N e N, N > 2, and
(Wo, U1, F, g, k, p, f) satisty the assumptions (H}) — (Hf) and (F}) and (F3).
Let (Ko, K1) € R2. By Theorem 3.2, the problem (65), (66) has a unique
weak solution depending on (Ko, K1) : u = UKy, K-
We consider the following perturbed problem, where Ky, K; are small pa-
rameters such that 0 < Ky < Koy, 0 < K7 < Ky, :
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Lu=u'" - % (w(z, tug) = —f(u,u’) + F(x,t),
O<z<1,0<t<T,
_ﬁ Lou = u(O,t)um(O,t) = P(t)a Liu= *N(lat)uz(lat) = Q(t),
( Ko, Kl) u(x,()) = ’Zlo(x), u'(x,O) = ﬂl(x),
P(t) = g(t) + KoHp, (u(0,1)) +u'(0,8) — [o k(t — s)u(0, 5)ds,
Qt) = Ky [u(1,0)[P "2 w(1,t) +u'(1,t).

__We shall study the asymptotic expansion of the solution of the problem
(Pr,,x,) with respect to (Ko, K1). We use the following notation. For a multi-

index v = (70, 11) € Z%, and K = (Ko, K1) € R, we put

— —
V=9 +71, ' =rm! KY=KPK", [|K|| =4/K§+ K7
Now, we assume that
(F3) feCNTL(R?), N >2.

First, we need the following lemma, the proof of which can be found in the
paper [49].

Lemma 3.7. Let m, N € N and vo € R, « € Z2, 1 < || < N. Then

m
(ZlﬁmgN UaK ) - Zmﬁ\a\SmN T [’U]CEK 5 (74)

where the coefficents T™[v],, m < |a| < mN, depending on v = (va), a € 72,
1 <|a] < N, are defined by the recurrent formulas

TOv]g =14, 1< ]a] <N,

T[]y = 3 va,gT(mfl)[v]g, m < |a| <mN, m > 2,
BeA™
A ={Be72:8<a, 1<|a—pB/ <N, m—1<|8| < (m-1)N}.

(75)

Let up = ug,0 be a unique weak solution of the problem (]50,0) (as in Theorem
3.2) corresponding to (Ko, K1) = (0, 0), i.e.,

Luy = —f(uo, upy) + F(z,t), 0<ax <1, 0<t<T,

Loug = Py(t), Liug = Qo(?),

N uo(x,0) = up(x), uy(x,0) = v (x),

(Poo) & Polt) = g(t) + u(0,8) — [ k(t = $)uo(0, 5)ds, Qo(t) = (1, 1),
ug € C° (0, T; H') N C (0,T; L?) N L*> (0,T; H?),

uy € L™ (O,T;LQ) , u0(0,+), uo(1,+) € H2(0,T).
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Let us consider the sequence of weak solutions u., v € Zi, 1 < |y <N,
defined by the following problems:

Luy=F,, 0<z<1,0<t<T,
Louy = Py(t), Liuy = Q4(),
uy(2,0) = ul (w, 0) = 0
(7.) Pw@):PJ() = Jo k(t = $)u, (0, 5)ds,

7)) Qy(t) = Q()+u( )
uy e C’(0,T; Hl) N 01 (0,T;L*) N L™ (0,T; H?)
ul, € L>(0,T;H'),
u”€L°° (0,T5L?), uy(0,-), uy(1,-) € H*(0,7),

where F,, ]3% @7, |v| < N, are defined by the recurrent formulas

7f(u0a U‘IO) + F, |’7| =0,

—D1 f(uo, up)u~y — Da f (uo, ug)u?,, vl =1,
=D f(uo, ugp)u~y — D2f(uo7u6) :
F’Y - Zl’y‘ 2 Zz 0 z’(m z)'Dm ZDQf(fu‘OvuO)X (76)
X > T ul,— T O],
By, m—i<|y—B|<(m—9i)N, i<|B|<iN
2< <N,
g(t), vl =0,
oy _ 0) 702071S71§Na
P’Y(t) o Hpo (UO(O t)) Yo = 17 Y1 = 0)
S Hpy (u0(0,6) T (0, 6)]50-1005 %0 2 1, 2< | S NV,
(77)
0, 1 =0, 1<9 <N,
Q’y(t) = le (U’O(l t)) M= 1, Y0 = 0,
ZLZ‘ 11 %!H(m) (uo(lvt))T(m)[u(lat)]%,’n*la ga! > ]-a 2 < |’7| < Na
(78)

where we have used the notations u = (u,), u' = (ul), [y[ < N.

We have the following theorem, the proof of which can be found in the paper
[50].

Theorem 3.8. Let pg, p1 > N+ 1, N > 2 and (Hy) — (H}), (F{) — (F3) hold.
Then, for every K = (Ko, K1) € R , with 0 < Ky < Ko, 0 < Ky < Ky,
the problem (JSKO,KI) has a unique weak solution w = ug, K, satisfying the
asymptotic estimations up to order N + 1 as follows
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/ '] K
Hu B ZM<N u’YK’YHLoo(OT L?) * Hu RRATESY UWKWHL“(O,T;HI)
—
+H 0 KW‘
Z|7|<N 7( )_> L2(0,T) (79)
R

SC?‘VIIKIIN“,

where 5]*\, is a positive constant independent of ?, the function u, is the weak
solution of the problem (Py), v € Z%, |y| < N.

Remark 3.9. In case f(u,u;) = Ku+ Aug, where K, A >0, po = p1 = 1 = 2,
Mo = 0 and (ug,u1) € H? x H*, this special problem was considered by Long,
Dinh and Diem in [43] and the assymptotic expansion of the solutions with
respect to two parameters (K, ) up to order N + 1 was obtained.

4. The Linear Wave Equations Associated with Two-point Boundary
Conditions

In this section we consider the following initial-boundary value problem for the
linear wave equation

Upt — Ugg + KU+ Aup = (:U,t),0<av<1,t>07

1z (0, £) = hou(0,£) + Aoue(0, £) + hau(1, £) + Ayus (1, 1) + go(t),
—ty(1,t) = hau(1,8) + M (1,8) + hou(0, ) + Aoue (0,¢) + g1(t),
u(z,0) = uo(x), u(z,0) =u(z),

(80)

where hg, h1, Ao, A1, EO, 711, XO, Xl, K, X\ are constants and ug, u1, f, go, g1 are
given functions.

This section consists of three parts. In Part 1, we present the existence and
uniqueness of a weak solution and the ones of a strong solution of the problem
(80) with the suitable conditions. Part 2 is devoted to the study of the regularity
of the solution. Finally, in Part 3, we prove that the exponential decay proper-
ties of the global solution are similar to the ones of the functions f, go, g1. The
theorems given below have been presented in [80].

4.1. Existence and Uniqueness of the Solution
In this part, we assume that hg, Ao, A1 are positive constants, h; is a nonnegative
constant and K, A, hg, h1, A\g, A1 are constants. Let

Ao 4 A1] < 2v/ A0 (81)

We have the following theorems [80].

Theorem 4.1. Let T > 0 and assume that go, g1 € L*(0,T), f € L* (O,T; L2) .
Then, for each (tig, u1) € H* x L2, the problem (80) has a unique weak solution



166 Nguyen Thanh Long and Le Thi Phuong Ngoc
u satisfying
ue L0, T; HY), u; € L°°(0,T; L?), u(0,-), u(1,-) € H*(0,T). (82)

Theorem 4.2. Let T > 0 and assume that go, g1 € H*(0,T); f, f: € L*> (Q7).
Then, for each (g, u1) € H?x H*, the problem (80) has a unique strong solution
u satisfying

ue H*(Qr)NC° (0, T; H) N C* (0,T;L*) NL> (0,T; H?),
ug € L= (0,T; HY) , uy € L™ (0,T; L) 5 u(0,-), u(l,:) € H*(0,T).
(83)

4.2. The Regularity of the Solution
In this part, we study the regularity of solution of the problem (80). For this
purpose, we also assume that the constants hg, h1, Ao, A1, K, A, Eo, 711, XO, Xl
satisfy the conditions as in Part 1.

Furthermore, we will impose the following stronger assumptions, with r € N,
(A1) tp € H™*? and u; € H™ 1,
(A2) The function f(z,t) satisfies

N0 o 2 .

W) 3gp= € L7OTLY), 05 <,
. 07 f 2 2

(ii) 5i € L?(0,T;L?),0<v <r+1,

Lo O 1
(iii) W(-,O)EH ,0<pu<r—1,
(A3) do, 91 € Hr+?2 (O,T), r>1.

We have the following theorem, [80].

Theorem 4.3. Let (A1) — (A3) hold. Then the unique solution u of the problem
(80) satisfies

we C™H(0,T; H?) NCT (0,T; HY) nC™+ (0,75 L%)
(z)t? € L= (0,73 H*) N C° (0,T; H') N C* (0,15 L?)
0"y
ot € L2015 Y, (84)
6r+2u - L,
gz € L7 (01512,
U(O, ')7 ’U,(]_, ) € H™? (OvT) )
ar+2fju . ‘
grray € LTO T HY), 0<j<r+2. (85)

Furthermore

we H 2 (Qr) N (7_?5;0’““—3'(0, T Hj)) . (86)
j:
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4.8. Exponential Decay of the Solution
In this part, we assume that K > 0 and A > 0. Let u be a strong solution of the
problem (80).

We then have the following theorem, [80].

Theorem 4.4. Assume that || f(£)]|” +g2(t)+ ¢2(t) < o1 exp(—oat) for all t > 0,
where o1, oo are two positive constants. Then there exist positive constants 1,
Yo such that

[/ &) + [u(®) 71 < 71 exp(—at) for all t >0, (87)

for any strong solution of the problem (80), where Eo and El are chosen small
enough.

Remark 4.5. We can extend the above theorem to weak solutions by using

density arguments.

5. Nonlinear Wave Equations Involving Convolution

In this section, we consider the following initial and boundary value problem:

uz(0,t) = Kou(O,t) ul(l t) —|— Kyu(l,
u(z,0) = uo(z), u(w,0) = ui(x),

Fu,uy) = f(z,t),0<x<1,0<t < T,
t) =g(t),

(88)
where F(u, us) = K |ulP? w4\ Jug| "% ug, with Ko > 0; K1 > 0,p>2,¢ > 2; K,
A are given constants and ug, u1, f, g, k are given functions satisfying conditions
specified later.
Various problems of the type (88) have been considered by many authors and
several results concerning existence, nonexistence, and asymptotic behavior have
been established.

In a recent paper [6], Berrimia and Messaoudi considered the problem

gy — Au + fot k(t — s)Au(s)ds = [ul’ 2 u, z € 2, t > 0,
u =0, on 92, (89)
u(z,0) = uo(z), u(z,0) =ui(x), x € 12,

where p > 2 is a constant, k is a given positive function, and {2 is a bounded
domain of R™ (n > 1), with a smooth boundary 0f2. In [9], Cavalcanti et al.
studied the following equation

t
ugy — Au+ / k(t — s)Au(s)ds + |[u’~ u + a(z)u; = 0, in 2 x (0,00), (90)
0
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for a : 2 — R, being a function, which may be null on a part of the domain
£2. Under the conditions that a(z) > ap > 0 on w C {2, with w satisfying some
geometrical restrictions and

—Gk(t) < K'(t) < —Gk(t), t =0, (91)

the authors established an exponential rate of decay.

When k = 0, and f(z,t) = 0, the problem (88); 3 with the mixed nonhomo-
geneous condition

um(ovt) = KOU(Ovt) + g(t)a u(]-at) =0, (92)

where Ky > 0 is a given constant; or with the more generalized boundary con-
dition

uz(0,t) = g(t) + Kou(0,t) — /Ot H(t — s)u(0, s)ds, u(l,t) =0. (93)

has been studied in [25, 27], respectively, by Long and Dinh.

In [28], Long and Diem have studied the problem (88)1,3 with k = 0, and the
mixed homogeneous condition

uz(0,t) — Kou(0,t) = uy(1,t) + Kqu(l,t) =0, (94)

where Ky, K; are given non-negative constants with Ky + K; > 0 and a right-
hand side of the form
F = F(x,t,u, ug, uz). (95)

In [3] Bergounioux et al. studied the problem (88); 3 with k = 0, F'(u,u;) =
Ku + Auy, and the mixed boundary conditions (88)s standing for

{ g (0,8) = g(t) + Kou(0,) — [3 H(t — s)u(0, s)ds, (96)
ug(1,t) + Kiu(l,t) + Mue(1,t) =0,

where Ko, K, A\, K1 > 0, \; > 0 are given constants and g, H are given functions.

In [43], Long et al. obtained the unique existence, regularity and asymptotic
expansion of the problem (88); 3 and (96) in the case of k = 0, F(u,u;) =
K ulP "2 u+ AMug|* ? ug, with p > 2, ¢ > 2; K, X being given constants.

In [42], Long et al. gave the unique existence, stability, regularity in time
variable and asymptotic expansion for the solution of the problem (88) when
F(u,us) = Ku+ug, g € H? and 41 € H'. In this case, the problem (88) is the
mathematical model describing a shock problem involving a linear viscoelastic
bar.

This section consists of three main parts. In Part 1, under the conditions
(ug,u1) € H?> x HY; f, f € L3(Qr), k € W2Y0,T), g € H*(0,T); K, ),
K1 >0, Ky > 0; p, g > 2, we investigate the unique existence of a weak solution
u of the problem (88). The proof is based on the Faedo — Galerkin method asso-
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ciated to a priori estimates, weak convergence and compactness techniques. Part
2 is devoted to the asymptotic behavior of the solution v as K; — 0. Finally,
in Part 3 we obtain an asymptotic expansion of the solution w of the problem
(88) up to order N +1 in three small parameters K, A, K. The results obtained
here are in part generalizations of those in [3, 6, 9, 25, 27, 28, 39, 42, 43, 45, 47,
57, 58, 75-77].

5.1. The Existence and Uniqueness Theorem
Without loss of generality, we can suppose that Ky = 1. We make the following
assumptions:
(Hi) K, \, K1 >0, p, ¢ > 2,
(HQ) (ﬂo,ﬂl) € H? x Hl,
(H3) k€ W21(0,T), g € H*(0,T),
(Hy) f, fr € L*(Qr), for all T > 0.
We then have the following result, the proof of which can be found in the
paper [49].

Theorem 5.1. Let (Hy) — (Hy4) hold. Then, for every T > 0, there exists a
unique weak solution u of the problem (88) such that

{ ue H*(Qr)nC® (0,T; HY) nC* (0,T; L*) N L*> (0,T; H?),

wp € L (0,T; H'Y, up € L (0,75 L2) | (O7)

Remark 5.2. In case p, ¢ > 2 and K < 0, A < 0, the existence of solutions for
the problem (88) is still open.

5.2. Asymptotic Expansion of the Solution with Respect to the Small Parameter
Ky

In this part, we assume that (g, 1, f, g, k, K, \) satisfy (Hy) — (Hy) . Let K7 >
0. By Theorem 5.1, the problem (88) has a unique weak solution v = wug,
depending on K;. We consider the following perturbed problem, where K; is a
small parameter:

Au = Uy — U+ fg k(t — 8)ugs(s)ds = —KWp(u) — Ay (us) + f(x,t),
O<z<1, 0<t<T,
(PKl) ux(oat):u(oat)a Uz(lat)+K1u(1at):g(t)a
u(z,0) = uo(x), u(z,0) =ur(z),
U, (z) = |z|r_2 z, r € {p, q}.

We shall study the asymptotic expansion of the solution of the problem (P, )
with respect to K7. We then have the following result, the proof of which can
be found in the paper [49].

Theorem 5.3. Let T > 0. Let (Hy) — (Hy) hold. Then
(i) The problem (Po) corresponding to K1 = 0 has only the solution Uy satisfying

U € L™=(0,T; H?), 1y € L>=(0,T; HY), ay € L>=(0,T; L?). (98)
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(ii) The solution ug, converges strongly in W1(T') to Uo, as K1 — Oy, where
Wi(T) = {ve L>®0,T; H") : v; € L>(0,T; L*)}.
Furthermore, we have the estimation
e, = @l poe o o2y + s = Goll e o,y < Or K (99)
where Cr is a posistive constant depending only on T.

The next result gives an asymptotic expansion of the weak solution ug, of
order N + 1 in K7, for K; sufficiently small.

We use the following notations. For a multi-index a = (as, ...,an) € Z%, and
r=(21,....,2n5) € RN, we put
ol = a1 + ...+ an, al =ail. lay!, 29 =2t 2.

First, we shall need the following lemma.

Lemma 5.4. Let m, N € N, x = (z1,...,ay) € RN, and t € R. Then

N mo mN
(Z :ct) =3 Pt (100)
=1 k=m

where the coefficents P,im) [z], m < k < mN depending on x = (x1,...,xN) are
defined by the formula

P,Lm][:n]: > %!!:co‘, m <k <mN,
weA(m (101)
A,(cm) ={aeZlV :|al=m, YN, ia; =k}

The proof of this lemma is easy, hence we omit the details.

Let @y be a weak solution of the problem (Pg,) corresponding to K7 = 0 as
in Theorem 5.3.

Aug = =K, () — Ny (Tg) + f(z,t), 0<az <1, 0<t<T,
ﬂOz(oat) = aO(Ovt)a aOz(]-vt) = g(t)a

uo(x,0) = up(x), uy(x,0) = u(x),

Up € L>(0,T; H?), 1y, € L*(0,T; HY), 1y € L*°(0,T; L?).

(Po)

Let us consider the sequence of the weak solutions u;, i = 1,2, ..., N, defined
by the following problems:
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Au; = F;, 0<ax <1, 0<t<T,

aw,(oat) = //U/\i(o7t)a all(lat) = - //U/\i—l(lat)7

ui(z,0) = uj(z,0) = 0,

u; € L*°(0,T; H?), u, € L>(0,T; H'), @/ € L>(0,T; L?),

(P)

where

m=1m!

{Fi _ ZZ ! [szgm)( )P[m][ 4] + )\g;(m)( )Pi[m] [ﬂ/]} : (102)

u=(U1,...,un), u = (W, ..., uy) .

We then have the following theorem, the proof of which can be found in the
paper [49].

Theorem 5.5. Let p, g > N+2, N > 1, K1, >0 and (Hz) — (Hy4) hold. Then,
for every Ky € (0, K1), the problem (Pg,) has a unique weak solution ug,
satisfying the asymptotic estimation up to order N + 1 as follows

N N
g, — Y WK} uK, — Z < DrK{'*™, (103)
i=0 L>(0,T;L?) =0 L>(0,T;HY)

where Dr is a constant independent of K1, the functions u;, i =0,1,..., N are
the weak solutions of the problems (Po), (P;), i = 1,..., N, respectively.

5.8. Asymptotic Expansion of the Solution with Respect to Three Small Param-

eters (K, \, K1)

In this part, we assume that p, ¢ > N+ 1, N > 2 and (uo, 41, f, g, k) satisfy the

assumptions (Hz) — (Hy) . Let (K, A, K1) € R3. By Theorem 5.1, the problem

(88) has a unique weak solution u depending on (K, A\, K1) : u = u(K, A, K7).
We consider the following perturbed problem, where K, A\, K; are small pa-

rameters such that 0 < K < K,, 0 <A< A, 0< K1 < Kyt

Au = Uty — Uz +f0 k(t — 8)ugzs(s)ds

=—KU,(u) — Wy(u) + f(z,t), 0<ax <1, 0<t<T,
ug(0,8) =wu(0,1), ug(l, t) = —Kju(l,t) + g(t),
wW(@,0) = (@), w(@,0) = i ().

(Pr k1)

We shall study the asymptotic expansion of the solution of the problem
(Px ) Kk, ) with respect to K, A, K.

We use the following notations. For a multi-index v = (y1, 72, 73) € Zi,
and K = (K, X\ K1) € R}, we put

Y =7+ 72 + 73 Y =71lehsl

K| = /K2 + )2 + K2,

T Y1 N2 7Y
K7 = KM\=K],
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Let ug = wo,0,0 be a unique weak solution of the problem (Ppg,0) (as in
Theorem 5.1) corresponding to K = (K, \, K1) =(0, 0, 0), i.e.,

Aug = Pooo = f(z,t), 0<z <1, 0<t<T,

uOl(Oat) = U’O(O7t)a U’O;C(17t) = g(t)7

uo(x,0) = up(x), uy(x,0) = v (x),

ug € L (0,T; H?) , uy € L> (0,T; H'), ufj, € L> (0,T;L?).

(Po,0,0)

Let us consider the sequence of weak solutions u., v € Z3,1 < |y] <N,
defined by the following problems:

Auy=P,, 0<z <1, 0<t<T,

(P,) Uy (0, ) = 1 (0,1), uqye(1,t) = Q4 (1),
7Y uy(z,0) = ul(2,0) =0,
uy € L (0,T; H?), ul, € L~ (0,T; H') , w € L> (0,T; L?),

where P, Q~, |v] < N are defined by the recurrent formulas

g(t), 7] =0,
_u’)’17’)’2,’}’3_1(1’t)7 1< |'7| <N, y32>1,
and
f7 |’Y| = 07
0; 1§|7|§Na71:72:07
747? (UO), |7| = 17 "= ]-a
¥y (ug) , =1 =1,
[v]—1
= 2 2™ () T W oy, 1s, 2SI SN, 3221, 31 =0,
P’Y = m=1
[v]—1 L)
- Z mwp (UO) T(m)[u]'ylfl,o,’ym 2 S |7| S Na Y1 Z ]-a Y2 = 07
m=1
[v[—1
a =1 % [g)ém) (uo) Tem [y~ 172,75
+ 0™ (W) T [y 1|, 2SI SN, 21, 7 > 1

(105)
Here we have used the notation u = (uy), |7| < N.

We then have the following theorem, the proof of which can be found in the
paper [49].

Theorem 5.6. Let p, g > N +1, N > 2 and (Hy) — (H4) hold. Then, for every
K= (K \K)eR, with0 < K <K, 0<XA< A, 0< K, < Ky,
the problem (P x Kk,) has a unique weak solution u = ug x K, satisfying the
asymptotic estimation up to order N 4+ 1 as follows
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’ l—) —
u — E - uvK'V + llu — g uy, K7
[v|<N L>(0,T;L?) [N

< Dy|IK|INH, (106)

L=(0,T;H")

for all K € R3, ||§|| < ||I?*>||, where 5}‘\, is a positive constant independent

of ?, the functions u~, |y| < N are the weak solutions of the problems (Py),
v €Z3, |y| < N.

5.4. Asymptotic Behavior of the Solution as t — 4o0.
In this part, we will consider the following initial and boundary value problem:

Upt — Ugy + fot k(t — s)uge(s)ds + |ug| 9 2uy = fa,t,u), 0 <z <1,0<t<T,
uz(0,t) = Kou(0,1), ug(1,t) + Kiu(l,t) = g(¢),
u(xz,0) = uo(x), ue(z,0) =uy(z),
(107)
where Ky > 0, Ky > 0, ¢ > 2 are given constants and ug, uy, g, k, f are given
functions.

At first, under a certain local Lipschitzian condition on f with (ug, u1) €
HY' x L% k, g € HY(0,T), A > 0, Ko > 0; K1 > 0; ¢ > 2, a global existence
and uniqueness theorem is proved. The proof is based on the results in [49],
the contraction mapping theorem and standard arguments of density. Next, the
asymptotic behavior of the solution u as t — oo is studied. It is proved that
under more restrictive conditions, the unique solution u(t) exists on Ry such that
I’ ()]] + |Ju(t)|| g2 decays exponentially to 0 as t — +o0o0. The results obtained
here are in part generalizations of those in [3, 6, 9, 42, 43, 45, 49].

5.4.1. Global Existence

In Part 1, we study the global existence of solutions for the problem (107). For
this purpose, first, we consider a related nonlinear problem. Then, we use the
well-known Banach’s fixed point theorem to prove the existence of solutions to
the nonlinear problem (107).

We make the following assumptions:
H{) K0>0; K1207 QZQa
Hé) (ao, ﬂ1) € H! x L2,
Hi) k, g€ H'(0,T),
H}) f € C°(2 x Ry x R) satisfies the conditions Do f, D3f € C°(2 x Ry x R).

For each T' > 0, we put

(
(
(
(

W(T) ={v e L=(0,T; H") : v; € L>=(0,T; L*) N LY(Qr)}.

We then have the following theorem, the proof of which can be found in the
paper [52].

Theorem 5.7. Let T > 0 and (Hy) — (H}) hold. Then there exists Ty € (0,T)
such that problem (107) has a unique weak solution uw € W (Ty) and such that
ulla Ugy € L1 (OaTI; (Hl)l)
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Remark 5.8. In case A = 0, f(z,t,u) = |u|P%u, p > 2, k € W1 (R,), k >0,
k(0) > 0,0 < [F°k(t)dt < 1, K'(t) + Ck(t) < 0 for all t > 0, with ¢ > 0, and
the boundary condition u(0,¢) = u(1,t) = 0 standing for (107)2, S. Berrimia, S.
A. Messaoudi [6] have obtained a global existence and uniqueness theorem.

5.4.2. Decay of the Solution as t — +oo

In Part 2, we will consider asymptotic behavior of the solution v as t — +oo.
We assume that g(t) = 0, f(x,t,u) = F(x,t) — [u[P~2u, p > 2 and consider the
following problem

Ut — Ugy + fg k(t — 8)uge(s)ds + |u|P~2u + g9 2uy = F(x,t),
O<ax<1,t>0, (108)
ug(0,t) — Kou(0,t) = ug(1,t) + Kiu(l,t) =0,

u(xz,0) = uo(x), ue(z,0)=1uy(x).

We make the following assumptions:
(H{/) KO > 0; Kl > 0; D, QZ 2;
(HY) k€ WH(R,), k > 0, satisfying

(i) k(0) > 0,0 < 1— [F¥k(t)dt = koo < 1,

(ii) there exists a positive constant ¢ such that &/(t) + ¢k(t) <0 for all £ > 0,
(HY) F € L'(0,00; L?) N L?(0, 00; L?), F; € L'(0, 00; L?),
(HY) There exists a constant ¢ > 0 such that f0+°o eS| F(t)]|?dt < +oo.

We then have the following theorem, the proof of which can be found in the
paper [52].

Theorem 5.9. Suppose that (HY'), (Hz) and (HY) — (HY) hold. Then the solu-
tion u(t) of the problem (108) decays exponentially to zero as t — +oo in the
following sense: There exist positive constants C and vy such that

lu' @) + [[u@) ||z < Ce™ for all t > 0. (109)

Remark 5.10. The estimation (109) holds for any regular solution correspond-
ing to (ug,u1) € H?*x H'. This is still true for solutions corresponding to
(g, 1) € H' x L? by simple density arguments.
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