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1. Introduction

Let X be a non-empty set, < and d be a partially order and a metric on X
respectively. We call (X, d, <) an ordered metric space if (X, d, <) satisfies the
following condition

(C) x <y (resp. y < z) for any z and y in X such that z is the limit of
an increasing (resp. decreasing) sequence {z,} and z,, <y (resp. y < x,) for
any integer n.

Wesay ¢ >y (resp. x < y; x> y)if y <z (resp. x <y and z # y; y < z and
T #y).

The continuity and monotonicity of mappings and their modified versions
play essential roles of fixed point theorems in ordered metric spaces (see [2, 3,
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5-7, 10-13, 16-18]). The motivation of our paper is the following example: let
f(t) =t if t is a rational number in the interval (0,1] and f(¢) = % + %t if tis a
irrational number in the interval (0,1]. We see that f has many fixed points in
(0, 1], but it is neither continuous nor monotone in (0, 1]. We point out that the
relation between = and f(z) can give us the fixed points of f by using iteration
methods. We obtain the following result.

Theorem 1.1. Let A be a non-empty subset of an ordered metric space (X, d, <),
and f be an operator from X into itself. Suppose that

(i) f(A) C A and x < f(x) for any x in A,
(i) each increasing sequence of A has a limit in X and an upper bound in A.
Then f has a fixed point in A.

Applying this result we solve a class of elliptic equations in the last section.

2. Proof of Theorem 1.1

We will prove the theorem by using the lemmas, what follow.

Lemma 2.1. Let W be a non-empty subset of an ordered metric space (X, d, <),
and g be a mapping from W into W. Suppose that

(i) x < g(x) for any x in W, and

(ii) {g(zn)} has a limit in X and an upper bound in W for any increasing
sequence {xy} in W.
Then W has a mazximal element y, i.e. a = y whenever a is in W and y < a.

Proof. By Hausdorff’s principle, there exists a maximal chain B of W. Now we
prove that B has the greatest element. Let xg be an arbitrary element of B. We
shall show that there is a sequence {x,} in B having the following property

1
Tn > Tp—1 and d(g(z),g9(xn)) < E,V xe{zeB:z>x,},neN. (1)

Suppose by contradiction that we only can find a finite family {zg,...,Zm-1}
satisfying (1), where m is a positive integer. In this case, for each x in {z € B :
Z > Tm-1}, we can find y, in B such that y, > x and d(g(z),9(y.)) > L.
Hence we can construct an increasing sequence {yx} such that yo = z,,—1 and
d(9(yr+1),9(yr)) = =+ for any non-negative integer k. Since {y;} is increasing,

{9(yx)} has a limit. This is a contradiction and we get such a sequence {z,,}.

Since {z,} is increasing, then {g(z,)} has a limit # in X and an upper bound
y in W. Because z,, < g(x,) for any non-negative integer n, y is also an upper
bound of {z,}. Since (X, d, <) is an ordered metric space, we have x < y. Let z
be in B, we prove that z < y. If z < x,, for some positive integer n, then z < y.
Otherwise, z > ,, for any positive integer n. Hence d(g(2), g(z»)) < %, for any
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positive integer n, which implies z < g(z) = < y. Since B is a maximal chain,
then y € B and y is the greatest element of B.

Finally, we show that y is a maximal element of W. Suppose by contradiction
that there exists a in W such that a > y. Then B U {a} is a chain containing B
and B is not a maximal chain. This contradiction yields the lemma. [ ]

Lemma 2.2. Let W be a non-empty set in an ordered metric space (X,d, <).
Suppose that each increasing sequence of W has a limit in X and an upper bound
in W. Then W has a maximal element.

Proof. Apply Lemma 2.1 for the case g(z) = z, we get the lemma. [ ]

Lemma 2.3. Let U be a non-empty ordered set and f be an operator from U
into U such that x < f(z) for any x in U. Suppose that « is a mazimal element
of U. Then « is a fized point of f.

Proof. We have a < f(«) and f(a) is in U. Thus a = f(a).

Combining Lemmas 2.2 and 2.3, we get the theorem. [ ]

Remark 2.4. Our results relax the monotonicity in [2, 3, 5-7, 10-12, 16-18].
In next sections, using this idea, we can solve some equations involving with
operators which may not be monotone.

3. Applications to Elliptic Equations with Discontinuity

Let N be a positive integer, £2 be a smooth bounded open subset of RV and p
and 7 be in (1,00). We denote by L*(£2) and W, *(£2) the usual Lebesgue space
and Sobolev space as in [1] for any s in [1,00). Let aq, ..., an be real functions
on 2 xR x RY, f be a real function on 2 x R x R x RY having the following
properties.

(AO) The functions ay, ..., ay satisfy the Caratheodory conditions on {2 x R x
RN,

(A1) There exist ko € LP/P~1(£2), a non-negative real number Cy, and u and
in Wy P(£2) N L"(£2) such that for all (s,¢) in [u(z),@(z)] x RY and for almost
everywhere x in {2, we have

r(p—1)

lai(z,8,¢)| < ko(x) + Co(|s| "7 +[¢([F7") Vi=0,...,N.

or almost everywhere x in all s 1n |u(x),u(z)| and an m
(A2) For al ywhere 2 in £2, all s in [u(z),@(v)] and any ¢ # ¢ in RY

N

Z [ai(xa‘SaC) - ai(xasacl)](é-’i - <'Z) > 0.

=1

(A3) There exist C; > 0 and k; € L'(£2) such that for all (s,¢) in [u(z),@(z)] x
RY and for almost everywhere z in {2
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zj (2,5,C)C: = CalCP — ks (o).

=1
(F1) There exist a function ks € Lp/p—l((z) and a constant Cy > 0 such that

£ (.t 8,0 < ka(@)+Ca(ls| ™5 +|CP ) acew € 2, ¢ € RN 1,5 € [u(x), u(x)]

(F2) The function f satisfies the Caratheodory conditions on §2 x R¥*2 and
there exist a continuous real function ¢ on R and a non-negative real number Cs
such that: the function f(z,.,s,{) + a(.) is increasing on [u(z),T(x)] for almost
everywhere x in {2 and for any (s,() € [u(x),u(z)] x RV, and

r(p=1)
la(t)] < C3(1+4|t] P ) and [a(t1) — a(t2)](t1 — t2) > 0 for any ¢t € R.

Remark 3.1. For almost everywhere x in (2, we only need the conditions (A1),
(A2), (A3), (F1) and (F2) for any s in [u(x),u(x)] instead of in the whole R,
therefore our results can be applied to the cases that we partially have the
ellipticity, coercivity and compactness.

In this section we consider the following equation

N
- Z aiai(mauavu) - f(:c,u,u,Vu) in Qa

= (2)
u=0 on 0f2.

Let u be in W, ?(£2). Then u is called a solution (resp. subsolution, supersolution)
of (2) if

N
/ Zaz x,u, Vu) 6(pdx+/ f(z,u,u, Vu)pdr =0 (resp. < ,>)
i1 8:01 _Q

for all v € Wy P(£2),v > 0.
The main result of this section is the following theorem.

Theorem 3.2. Suppose that the conditions (A0), (A1)-(A3), (F1) and (F2) are
satisfied, u and T are a subsolution and a supersolution of (2) respectively. Then
(2) has a solution u in [u,T].

In order to prove the theorem we need following lemmas.

Lemma 3.3. For any u in Wy (£2), we put

x)  if u(x) >

() if wx)<
<

() o u(z)

(),
(z) <u(x),
(),

B

T(u(x)) =

e
e 2 g

IS
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and we define Sy (u) in (Wy*(2))* as follows
Y )
< S1(u),p >= / > ai(x, T(u), V)2 dx Yo € WP(02).
Q i1 8:@

Then Sy is a (S)4 operator on WYHP(82), i.e. it has the following properties.
(i) {S1(un)} converges weakly to Sy(u) in (Wy™*(2))* for any sequence {u,}
converging strongly to u in Wol’p(Q).

(ii) Let {un} be a sequence in Wy P(£2) such that {u,} converges weakly to u
in Wy (2). Then {u,} converges strongly to x in Wy (£2) if

limsup < S1(up,), up —u ><0.

n—oo
Moreover Sy is pseudomonotone, i.e.
(iii) If {un} weakly converges to x in Wy (£2) and

limsup < Sy (), 2, — 2 >< 0,

then {S1(z,)} weakly converges to Sy(x) in (WyP(£2))* and

lim < Si(xn),z, — 2z >=0.

n—oo

Proof. (i) We note that T is a bounded and continuous operator from Wy?(£2)
into itself (see [8]). Let w be in Wy (£2), we see that [Tw(z)| < ([a(x)|+ |u(z)]),
therefore Tw belongs to L"(£2) by (A1) and for all ¢ in RY and for almost
everywhere x in {2, we have

r(p—1)

|ai(z, Tw(z), ¢)| < ko(x) + Co([a(@)| + |u(z)) > + Col¢P~'Vi=0,...,N.

Applying a result on superposition operators (see [14, p. 30]), we get the con-
tinuity of the map w — a;(x, Tw(x), Vw) from WyP(£2) into LP/P~1(£2), and
().
(i) and (iii) Let {u,} be a sequence weakly converging to u in W, *(£2) such
that
limsup < Siup, Uy —u >< 0.

We shall prove (ii) and (iii) by the following steps.
Step 1. We show that {Vu,} converges pointwisely to Vu almost everywhere
in £2.
Using (A2), we have
al )
<SiUn, Up —u > = / Z [ai(z, T (upn), Vun) — ai(z, T (un), Vu)]a
0

.
i=1 v

(up, — u)dx
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Note that the sequence { (Un — u)} converges weakly to 0 in LP({2). By

6$i
the Sobolev embedding theorem, (A1) and the Lebesgue dominated convergence
theorem, we see that {a;(z, T (uy), Vu)} converges strongly to a;(x, T'(v), Vu) in
L9(£2). Therefore, we obtain

n—00

N
; 0

Since lim sup < S1uy, uy, —u >< 0, it follows that

n—00

lim < Siup,u, —u >=0. (3)

n—00

Thus

2

. 0
nan;o /Q ;[ai(ac, T (un), V) — a;(z, T (uy), Vu)]axi (tun, —u)dz = 0.

By (A2), it implies the convergence in L!(§2) of the sequence of non-negative
functions

{Z [ai(z, T (un), Vun) — ai(x, T(uy), Vu)]aii (Up — u)} .

i=1
By Theorem IV.9 in [4], we can assume that
N

nan;o Z [ai(z, T (un), Vuyn) — a;(x, T (uy), Vu)]aa

X

(U, —u) =0 ae. in 2 (4)

i=1

and there is a non-negative integrable function h on {2 such that

il )
Z [ai(xv T(un)v Vun) - ai(xa T(Un), VU)] p)

.
i=1 v

(un —u) < h(x) a.e.in 2. (5)

Denote by {2y the set of all z in §2 such that
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nh_{goz a;(x, T (up)(x), Vun (2)) — ai(z, T (un)(z), Vu(z))] o7, () =0
- (6)
and
lim T'(up)(x) =T (u)(z). (7)

n—oo

We see that the measure of 2\ 2 is null. Let = be in {2y, we shall prove
that {Vun(z)} converges to Vu(z). Assume by contradiction that there is a
subsequence {Vuy, ()} of {Vu,(z)} such that |Vu,, (x) — Vu(x)| > € for
some positive real number € and for every integer m. Denote Vu(z), Vu,,, (),
T (un,, (z)) and T'(u(x)) by p, pm, sSm and s respectively. We can suppose that

Pm — P

T converges to p* in RY. Note that |p*| = 1. Using (A2), we have
Pm — P

N
Z az x Sm;pm — G (l‘ SmaP+€|p ,p‘)](pm’tipl)
=1

N
_ _lpm =0l pm—p
= m Z; {%‘(Iasmapm) —a;i(x, Sm, p+ Elpm—p\)} X
€
XA\ 1= (pmi = pi
( Ipmpl)( mi = 60
>0, (8)

0<

-

s
Il
—

Pm—p )

[ai(xasmap + €|mep‘

|p —P‘) - ai(x’ Sm,; pm)](pmi - pi)

I
Mz

[ai(z, $m,p+e€
1

N

+ Z[ai(xa Sm pm) - ai(ma vap)](pmi - pl)

i=1

-
Il

Combining (8) and (9), we get

N
Pm — P Pmi — Pi
OS ai(T, Sm, p+ €7 ) — @i (Z, Sm,
;[ ( ’ Ipm—pl) ( p)]lm ol

1
< =] 2 s smapn) = i o = ). (10)

Since |pm — p| > €, by (6) and (A0), we have

N
Z[ai(:v, s,p+ep*) —ai(z, s, p)pi = 0.

i=1
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Therefore, p* = 0 by (A2). This is a contradiction and the sequence {Vu,(x)}
should converge to Vu(z) and we get the first step.

Step 2. {u,} converges strongly to u in Wol’p(Q).
Let E be a measurable subset of {2, by (A1), (A3), we have

Cl/|Vun|Pda: < /k:1 dac—i—/z:aZ x, T(up), Vun)gindx

E

= /k;l(x)dx +Z:Ij,

E
where
al O(un — u)
L= [ lai(z,T(un), Vun,) - ai (2, T(un), Vu)| =——=dz <[ h(z)dz,
B =1 ’ E
al ou
I, = Zai(x,T(un),Vun)a—xidx
5 i=1
N e 1/p
< Z /|ai(x,T(un),Vun)|ﬁda: Ou
=1 \p E
<y [0 + ColT () 75 + Col Va7 / oo P
e T () Oz
< 3 o) + Colul ™ + ) + ol o,
T " L7°1 ()

1/p

X /|§; [Pdx

b
N
< Z {Hk’OHLq(E) + Co||u|

r(p—1)
() + Collul

r(p—1)
5 -1
ey + CollVunlf

i=1
1/p
ou
P
X /'8:@' dx ,
E
al ou
I3 = /;ai(x,T(un),Vu) &gdaz
E =
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N B 1/p
_p_ Ay,
<3| [ 101, D), T) T 01y
i=1 | g Li
N r(p—1)
<3 {kollace, + Collal sy + Collal; T, + CollVullsl, |

=1

1/p

ou,,
Pd
x /'6.%1' .13 ’
E

ou
I=— (2, T
4 /izl a;(x, T (un), Vu)amzd
N
§Z /|a1:c T(u), Vu) |71 dx /|8 [Pdx
=1 |5 Ti
N re=1)
< S~ {Ihollsce + Collul 7 2+ Coll@ln i, + CollVull; }x

s
Il
—

1/p

ou
P
/'azﬂ di
E

Let € be a positive real number. By the boundedness of {||Vuy||rr(0)}, the -
integrability of @ and u, and conditions (A1) and (A3), there is a positive real
number ¢ such that for any measurable subset E of {2 with Lebesgue measure
m(E) < §, we have

/|Vun|pdac <e VneNlN

Thus the sequence {|Vu,|P} is equi-integrable. It follows that {|Vu, — Vu|P} is
also equi-integrable. By Vitali’s theorem (see [19]), {Vu,} converges to Vu in
LP(£2), which implies {u,} converges strongly to u in W1P(£2).

Step 3. {S)(un)} weakly converges to Sy (u) in (W, (£2))*.

By the previous steps, {T'(u,)} and {Vu, } converge to T'(u) and Vu in LP(£2)
respectively. Thus we can find an integrable function k£ such that

[T (un)P +|Vup|? <k VneN.

Therefore, by (A1) and the Lebesgue dominated convergence theorem, we obtain

. al _ e Oy »
lim_ / > lai(e, T(un), V) — ai(z, T(u), Vu)] 7 ().
Q i=1 g
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Step 4. lim < S7(un), un —u >=0.
It is just (3). Thus we get the lemma. ]

Lemma 3.4. Let u, v and w be in WHP(£2) such that v < w. We put
Yo (W)(@) = (u(z) —w(@)§" = (v(@) —ulz)§

We define an operator B, from W,'P(£2) into (WyP(£2))* as follows

< By, p >= / Yow(uw)pdr Y u,p € Wol’p(ﬂ).
0

Then we have
(1) Byw is bounded.

(ii) There exist two positive real numbers o and 3 such that

/ Yoo (Wudz > af|ulll — B YV u € WyP(R).
Q

(iii) {Bywin} converges strongly to By ,u in (Wy™(£2))* for any sequence
{un} weakly converging to u in Wy (£2).

Proof. The proof of (i) and (ii) can be found in ([15, p. 791]). We prove (iii). Let
{u,} be a sequence weakly converging to u in Wy ?(£2). We can assume that {u,, }
converges strongly to u in LP(£2) and {u,(x)} converges to u(z) for a.e. x € £2,
and there exists a nonnegative function h in LP(£2) such that |u,(z)| < h(z) for
a.e. ¢ € 2. Hence {7y,w(un)(z)} converges to v, (u)(x) for a.e. z € 2. We have

Yo, (un) ()] < {{Jv ( )+ Jun(x )|]p_1+[|un( )|+ w(@)[]P}
<{ )|+ h(2)]P~" + [Jw(z)] + h(x)]P~ 1} a.e.x € .

Since [(Jv] + h)P~! + (Jw| + h)P71] is in L9(§2), using the Lebesgue dominated
convergence theorem, we obtain

|5, (un) = Yo,0()llg = 0, (11)

n—oo

| < Bv,wun - Bv,wua P> | =

/ 'Y'u,w(un)(p - ’Yv,w(u)(pdm (12)
9

< 70,0 (un) = Yo (@lgllellp ¥ ¢ € Wo(£2).

Combining (11) and (12), we get the lemma. [

Lemma 3.5. Let v be a subsolution of (2) such that u < v <u. We put
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aﬂ(xaua vu) = ff(:c,v,u, vu) + a(u(:c)) - a(v(:ﬂ)) Vaz S 'Qa

Then the following equation has a solution w in Wol’p(Q)

N9
v = in (2,
ZZI oz, ai(x,u, Vu) + ap(z,u, Vu) =0 in (13)
u=20 on 012,

such that v < w < u. Moreover w is also a subsolution of (2).

Proof. We define the operator Ss, S3 and S as follows

< Sou,p > = / ag(z, Tu, VTu)pdz,
0

< Ssu,p > = M/ v(x, u)pdx

< Su,p > =< (S1+ 85+ S3)u, 0 > Vu,p € WyP(02).

We prove the lemma by the following steps.
Step 1. S is bounded.
By (A1), we have

=

0
| < S1u,p>| = ZaszuVu) P dz
ox;
() i=1
N D
() i=1 Ti
N|\<P||1,p[||k0||q+CO||U||r +CO||U||r +CO||VU||p 1,
| < Sou,p>|=| [ aolz,Tu, VTu)pdz|

b\

7 4 Co|VTulP Y| plda

< / o () + Co
0
r(p—1) 7p r(p—1)

< llellplllkolly + CollVTul[~" + Collullr ™ + Colfall *

According to Lemma 3.4, S3 is bounded. Thus S = S; + S5 + S3 is bounded.
Step 2. S is pseudomonotone.

By Lemma 3.4, and Proposition 27. 7 in [20], it is sufficient to prove that S1+5
is a pseudomonotone operator on W P(02). Let {u,} be a sequence converging
weakly to u in WO (Q) such that hmsup < Siuyn + Sotp, up — u >< 0. Note

n—oo
that
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| < Sotp,tn —u>|< / lao(z, Tup, VTuy,) (uy — u)|dx
(%
< M|un — ullpllao(z, T'(un), VT'un)|lq,

which implies
lim < Scup,u, —u>= 0. (14)

n—oo

Since lim sup < (S7 + S2)up, up, —u > < 0, then limsup < Sy, u, —u > < 0.

n—oo n—o0

By Lemma 3.3, {Siu,} converges weakly to Syu in (WyP(£2))*, {u,} con-
verges to u in Wy P(£2) and lim < Siun,un, > = < Syu,u >. Hence {Syuy,}

n—oo
weakly converges to Sau in (W&*’(Q))* and nlLH;O < Sottp, Uy >=< Sou,u >.
Consequently, {(S) + S2)u, } weakly converges to (S; + Sp)u in (WP (£2))* and
lim < (S 4+ S2)un,u, >=< (S1 + S2)u,u >. That means S; + Sy is pseu-
ggr(l)loonotone. Therefore, S is pseudomonotone.
Step 3. S is coercive.
By (A3), we have

3}
< Sju,u > = /Q Zai(x,T(u),Vu) oz, udx

i=1
2/ Oy [Vul? — by (2)]da (15)
02
= C1]|Vullp — [|k1]1,
/ Y Tu|Pdz = / VulPdz + / IVl de + / Vapdr  (16)

2 u<u<u u<u u>u
< |[Vullp + [[Vully + [[VEl[},
/ \Tul" dz g/ (Ju| + [@])"dz = M. (17)
02 02

Combining (16), (17), using Young’s inequality and the Sobolev embedding the-
orem, we can find a positive constant M; such that for any positive number
€

< Sou,u > = / ao(z, Tu, VTu)udx

0
2/ {fC’o|Tu|’“pT?1 — Co|VTulP~t - ko(x)} |u|dx
n
> =Col|Tullr ™ [lully — Col VT ullp~"[ull, — [|kollqllully
p=1 ullp €| VTullp
> _ oM. |[ull, — Co [ullp , <l ||p]

e’p q
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[lullp , < lIVellp

’p q

e[| Val[f + [[Val[F]

—Co . = |kollqllellp- (18)

p—1
> —CoMy " |ull, = Co

Applying Lemma 3.4, we can find positive real numbers «, 3 such that
< Szu,u >> M(allu|[h — B). (19)

Combining (15), (18) and (19), we obtain

p—1
= ullp - €][Vul[D
< Su,u> > C1||Vullhb = [[k1|ly — CoMy P ull, — Co é”pp + q -
q p ||
_COM;HWM_||k0||q||u||p+M(a||u||§—ﬁ). (20)

Choosing a sufficiently small positive real number € and a sufficiently large pos-

e CQGq
itive real number M such that C; >

C
, Ma > —O, we see that
ePp

. < Su,u >
lim ——— =o0.
llullp—oe  [ull1p
Therefore, S is coercive.
Step 4. There is a solution of (13) in [v, 7).

By Theorem 27.A in [20], there is a solution w of S(u, ) = 0 in W, (). We
prove that w is in the interval [v, ). Choosing ¢ = (w — )4, we obtain

N
9 7 _
0= /Q ; a;(z, Tw, Vw) oz, (w—u)4dx + /Q ao(x, T(w), VT (w))(w —U)dx

+ M/ (w—u)! dx
0
al 9
= / g a;(z,u, Vw)=—(w — 0)4dx + / aop(z,a, Vu)(w —u)rde
. Ox;
() i=1 (0]

+M/ (w —u)t d. (21)
N

Since @ is a supersolution of (2) and (w —@)4+ > 0, then

N
/ > ai(x, 1, V) 0 (wfﬂ)erer/ ao(z,w, Va)(w — ) dx >0 (22)
) i=1 O 0

Therefore,
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N
/‘}:mgx@Lwaﬂu@gLvan‘9(w—npdx+mﬁ/(w—aﬁdmgo.@$
- Ox;
) i=1 02
It follows from (A2) that
Y 0
/ Z[ai(x,ﬂ, Vw) — a;(z, @, Vi) z—(w — )y dx > 0. (24)
£ i=1 Oz;

Combining (23) and (24), we have
M/ (w—u)k de <0,
¢

which implies that (w — @)y (x) = 0 for a.e. z in 2. Thus w(z) < u(x) for a.e.
x € 2. Similarly, we also have w(z) > v(z) for a.e. z € (2.

Step 5. w is a subsolution of (2).

By (F2), it follows that for any nonnegative function ¢ in WO1 P(02)

al )
/ Zai(x,u, Vu)afl dx = / [f(z,v,w, Vw) + a(v) — a(w)]pdz
Q= i 0

< / flz,w,w, Vw)pdz. (25)
0
Thus w is also a subsolution of (2). ]

Lemma 3.6. There exists a positive real number M independent of v such that

[|wl|| < M for any w in Lemma 3.5.
Wy (£2)

Proof. Replacing ¢ by w in (25), by (A3), (F1) and (F2), we get

CNVM$*HMMF:/[CﬂVwV*kNﬂMw
(0]

a ow
§/ Zai(z,u,Vw)axld:c

Q i=1
— [ (o, Vo) +a(0) - atw)uds
0
;/%+@WWH+@MW“+@mW”
0
r(p—1)

+Cslw] P 4 2Cs)|w|dz
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r(p—=1)

< / [ka + 2C5 + Co|Vw|P~! + Co(|u| + [w])~»
N
+2C3(Jw| + [w]) 7 [(Juf + [uf)dx
< llk2llall (el + faDlp + 2Cs][ (] + [@])]]x

r(p—=1)

+ (Co +2C3)|[(Jul + [aDlr ™ (el + [l

+Ca [ V() + fa)
?
< M+ Cal Fully |l + 7)o

r(p—1)

Thus we have
C1||Vul[h = [kil[1 < My + Ms + Co|[Vul 57| (| + [@)]],,
which yields the lemma. [ ]

Proof of Theorem 3.2. Denote by &g the set of subsolutions w in [u, @] of (2)
such that there exists a subsolution v in [, u] of (2) and w is a solution of (13).
We see that G is non-empty and bounded by Lemmas 3.5 and 3.6.

Let u be in &g, by Lemma 3.5, there is a solution v’ = Hy(u) in [u,T] of the
following equation

N

-3 %ai(x,u’,V’u’) +a(u) = f(z,u,v/, Vu') + a(u) in 2,
i=1 "

uw =0 on 0f2.

(26)

It is easy to see that Ho(Gg) C &¢. Let {w,} be an increasing sequence in &.
Since &g is bounded, then {w,} converges weakly to w. Since w,, € &y, there
exists v, being a subsolution of (2) such that v < v, < w, < @ and for any
nonnegative function ¢ in Wy?(£2) we have

N
[ astown Vw5 e = [ fGavnsn, Fun) + alon) = alwn)pds
Qi1 Oz Q

> /Q [ty w0, Vin) + a(w) — a(twn)pde

o, D)~ 0

.
Il

IN b\
M=

ST

[f (z, u, wn, Vw,) + a(u) — a(w,)](w, — w)dx

Thus,
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al 0
/ Z ai(z, wy, Vwy,) — a;(z, wn,Vw)]ax_ (wy, — w)dx

i=1

al 0
/ ;az Z, Wy, VW) oz, (wy, — w)dx

—|—/ [f(z,u, wp, Vwy) + alu) — alwy,)](w, —w)dz.

Using the same argument as in Lemma 3.3, we see that {w,} converges strongly
to w in WP (£2). We can suppose that {w, ()} and {Vw, ()} converge to w(z)
and Vw(z) for almost everywhere x in (2. Now, we prove that {w, } has an upper
bound v in &q. Since v,, < w, for any integer n, we have

v, <w VneN (27)

By (F2) and (27), for any nonnegative function ¢ in W, "?(£2), we have

al 0
/ Zal T wn,an)aj dx :/ [f (x, vy, wn, Vwg,) + a(v,) — a(wy,)]pdx
Q=1 i 0
< / [f (2, w, W, V) + a(w) — a(wy,)]edz.
(%

By (A0) and (F'2), it follows that

al 9
/Zaz‘(, ) )a(p_dwﬁ/ [, w,w, Vw)pd.
Q=1 Ti 0

Thus w is a subsolution of (2). By Lemma 3.5, there exists v in &¢ such that
ggwgvgﬂandVg@EW&’p(Q)

dp
ai(z,v, Vo)o—dz = [ [f(z,w,v,Vv) + a(w) — a(v)]pdz.
[ Setwnvogia= |

Therefore, v is an upper bound of {w,} in &y. By Theorem 1.1, the operator
Hj has a fixed point w* in &y C [u,u]. It follows that for any ¢ in Wol’p(Q)

/Zazxw Vw)gc'od:cf/ flz,w*,w*, Vw*)pdz.
) i=1

Let w** be a solution of (13) in [u,u] such that w* < w**, then w** € &y. By
Theorem 1.1, we have w* = w** and get the theorem. [ ]

Remark 3.7. Theorem 3.2 have been studied in [11] if a;(z, u, Vu) = A;(z, Vu)
and there is a positive real number ¢ such that
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[a(r1) —a(r2)](r1 —r2) > c|r1 —r2|? Vri,re € R. (28)
In our results we only need the following condition (see (F2))

[a(r1) —a(r2)](r1 —72) >0 Vri,re € Ryry # 1.

Remark 3.8.If 1 < p < 2, we show that the condition (28) is never satisfied
n

1
by any a. Indeed, suppose that such a function exists. Put z, = > -0
1 m

We see that {z,} is an increasing sequence converging to a real number z,

thus a(z) > supa(zy,). Since a(z,) — a(wp—1) > c(zy — xp_1)P~ ! = E, then
neN n

noc
a(xy,) —a(x1) > > —, which tends to infinity when n goes to infinity. Hence
2 m

a(x) = oo, which is a contradiction.

Moreover our result only partially needs conditions on compactness, ellipticity
and coercivity.

References

. R. Adams, Sobolev Spaces, Academic Press, 1975.
. H. Amann, Fixed point equations and nonlinear eigenvalue problems in ordered
Banach spaces, SIAM Rev. 18 (1976), 620-709.
3. T.G. Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered
metric spaces and applications, Nonlinear Anal. 65 (2006), 1379-1393.
4. H. Brezis, Analyse Fonctionnelle, Dunod, Nonlinear Analysis, Paris, 1999.
5. S. Carl and S. Heikkila, On discontinuous first order implicit boundary value
problems, J. Differential Equations 148 (1998), 100-121.
6. S. Carl and S. Heikkila, Elliptic problems with lack of compactness via a new fixed
point theorem, J. Differential Equations 186 (2002), 122-140.
7. K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, New York, 1985.
8. J. Deuel and P. Hess, A criterion for the existence of solutions of non-linear elliptic
boundary value problems, Proc. Roy. Soc. Edinburgh Sect. A 74 (1974/1975), 49—
54.
9. S. Heikkila, New iterative methods to solve equations and systems in ordered
spaces, Nonlinear Analysis 51 (2002), 1233-1244.

10. S. Heikkila and M. Kumpulainen, On improper integrals and differential equations
in ordered Banach spaces, J. Math. Anal. Appl. 319 (2006), 579-603.

11. S. Heikkila and V. Lakshmikantham, Monotone Iterative Techniques for Discon-
tinuous Nonlinear Differential Equations, Marcel Dekker, New York, Basel, 1994.

12. N. B. Huy, Positive weak solutions for some semilinear elliptic equations, Nonlinear
Analysis 48 (2002), 939-945.

13. S. Koksal and V. Lakshmikantham, A unified monotone iterative technique for
semi linear elliptic boundary value problems, Nonlinear Analysis 51 (2002), 567—
586.

14. M. A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral
FEquations, Pergamon, 1964.

15. V. K. Le, Subsolution-supersolution method in variational inequalities, Nonlinear
Analysis 45 (2001), 775-800.

16. J. J. Nieto and R. Rodriguez-Lopez, Existence and uniqueness of fixed point in

partially ordered sets and applications to ordinary differential equations, Acta

Math. Sin. (Engl. Ser.), Published online: May 5, 2006.

N —



272

17.

18.

19.
20.

Tran Minh Binh, Duong Minh Duc, and Nguyen Duy Thanh

H. Persson, A fixed point theorem for monotone functions, Appl. Math. Lett. 19
(2006), 1207-1209.

A. C. M. Ran and M. C. B. Reurings, A fixed point theorem in partially ordered
sets and some applications to matrix equations, Proc. Amer. Math. Soc. 132
(2003), 1435-1443.

W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1970.

E. Zeidler, Nonlinear Functional Analysis and its Applications, Vol. 11 A/B,
Springer-Verlag, New York, 1990.



