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Abstract. In this paper we establish the equivalence between the locally T-pluripolarity
and the T-pluripolarity of a subset F in a domain {2 in C". At the same time, in the
same way as Cegrell, we introduce notions of Cegrell’s pluricomplex energy classes
associated to a positive closed current T' of dimension ¢ > 1: &5 (2), FT (£2),ET(£2).
We give several results on the convergence, some inequalities in classes of pluricomplex
energy in this new setting.
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1. Introduction

In the paper published on Documenta Math in 2006 Dabbek and Elkhadhra gave
the notion of the relative capacity of a compact subset in an open set 2 C C™
associated to a closed positive current T of dimension ¢ > 1 and the notions of
the local T-pluripolarity and the T-pluripolarity of a subset E in a domain {2 in
C™ (see details in Sec. 2) and put the following open question: Is E T-pluripolar
if F is locally T-pluripolar in {27 The first aim in the paper is to answer the above
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question. We prove in Sec. 3 that if (2 is a domain in C™ and E C {2 is locally
T-pluripolar then E is T- pluripolar. Also here we prove Xing type inequality for
currents. We should remark that our inequality is stronger than Xing’s inequality
stated and proved at Lemma 1 in [13]. Here we replace the factor ﬁ by #
In next sections, we combine Cegrell’s pluricomplex energy classes and current
theory in order to investigate Cegrell’s pluricomplex energy class on positive
closed currents. For details of these notions, see Sec. 4, 5. We show that the new

energy classes inherit many properties of Cegrell’s pluricomplex energy classes.

The paper is organized as follows. In Sec. 3 we prove the equivalence be-
tween the local T- pluripolarity and T-pluripolarity of a subset F in a domain
2 in C™ and Xing type inequality for currents. In Sec. 4 and Sec. 5 we intro-

duce the classes of Cegrell’s pluricomplex energy on positive closed currents:
EX(02), FT(2),ET(£2) and study some their properties.

2. Preliminaries

First we recall the definition of the relative capacity of a compact subset associ-
ated to a positive closed current T of dimension ¢ > 1 presented in [6] and list
some its properties. Let {2 be an open subset in C" and K be a compact subset
in {2 and T be a positive closed current of dimension ¢ > 1 in {2. We denote
the set of plurisubharmonic functions in {2 by psh({2) and the set of negative
plurisubharmonic functions in {2 by psh™ (£2). By L{3.(£2) we denote the set of
locally bounded functions on (2. In [6] the authors gave the notion of the relative
capacity of K associated to T which is defined by

Cr(K, Q)= Cp(K) =sup /(ddcv)q AT,v € psh(),0<v<1
K

If E C 2 is a Borel subset, we define
Cr(E, 2) =sup{Cr(K), K compact, K C E}.
Then Cr(E) is a Choquet capacity. The Cr has the following properties:

Proposition 2.1. [6]
1. If E is a Borel set, then we have

Cr(E,2)=Cr(E) =sup /(dd“’u)q AT, v €psh(2),0<v<1
E
2. ]f FE, C Eg, then CT(El, Q) < CT(EQ,Q).

3. [fE Cc ) C Qg, then CT(E, Ql) > C’T(f?7 Qg)
4. If {E;}j>1 C {2 is a sequence of Borel sets, then
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Cr | En2| <> Cr(E;,0).
j=1

Jj=1

5. If E1 C E5 C ... are Borel sets in §2, then

CT U Ej,Q = hm CT(E]‘,Q).
i>1 e

6. Let f : §21 — {25 be a proper holomorphic map on Supp T and suppose that O
is an open subset in (25. Then we have

Cr.1(0,022) < Cr(f71(0), ),
the equality holds if f is a biholomorphic map.

Locally bounded plurisubharmonic functions are quasi-continuous with re-
spect to T' by the following theorem

Theorem 2.2. [6] Let £2 be an open bounded subset in C",u € psh(£2)NLyS.(12)

and let T' be a positive closed current in {2 of dimension ¢ > 1. Then for alle > 0,
there exists an open subset O in §2 such that Cp (O, 2) < € and u is continuous
on 2\ 0.

Let T be a positive closed current of bidimension ¢ > 1. Then we can write T’
in terms of a differential form with coefficients 77 ; which is complex measures
as follows

T= > Ty gdz' A dz7.

[I|=n—q,|J|=n—q
The quantity |T|| = >_|Tr.1| is the total variation of T, where |T7 j| is the
T

variation of the measures T7 ;. By [12], ||T'|| can be defined by
IT|I(U) = sup{|T ()| : ¢ € D@D (U), |(2)| < 1,V € U},

where D@9 (U) is the space of differential forms which have coefficients of class
C°° with compact supports in U and have (g, q) bidegree.

Recall that if {uq} is a family of plurisubharmonic functions on {2 which is
locally bounded from above then the function

u(z) = Sl;p Ua(2)

generally, is not plurisubharmonic, but its upper semicontinuous regularization

w*(z) = T u(¢) > u(z)

(—z
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is plurisubharmonic. Now we recall the definition of a T-pluripolar subset £ C
2 C C"in [6]. A subset E C {2 is called to be T-pluripolar if Cp(E) = 0. In
[6], the authors do not give the notion about T'—negligible subsets. They used
this notion in the Corollary 2.7 (see [6]). We give the notion as follows. A subset
E C 2 C C" is said to be T-negligible if | T||(E) = 0 where T is a positive closed
current of dimension ¢ > 1 on {2. By using the notion of the relative capacity of
a subset E¥ C 2 associated to a positive closed current T defined as above and
applying the Chern-Levine-Nirenberg inequality in [3] it follows that if F is a
Borel subset of 2 and E is T-negligible then E is T-pluripolar. The converse is
true if {2 is a bounded domain in C". Indeed, let {2 be a bounded domain in C™
and E be T-pluripolar, where T is a positive closed current of dimension g > 1.
Then

I7IE) < 1 [ TA5t = [T n Gade )]y < CaCr(E),

B B
where 8 = 1dd°|z||? = % '21 dzj A dz; is the canonical Kéhler form of C™ and
i=

C1, Cy are some constants, the second inequality follows from the boundedness
of 2. Hence, from the above proof we can state the following

Proposition 2.3. Let {2 be a bounded domain in C™ and T be a positive closed
current of dimension q > 1 on §2. Then a subset E C §2 is T-negligible if and
only if it is T-pluripolar.

3. The Local T-pluripolarity and T-pluripolarity of a Subset and
Xing’s Inequality for Currents

In this section we establish the equivalence between the local T-pluripolarity and
the T-pluripolarity of a subset which answer the fourth open problem put in [6].
First we recall the following notion in [6]. Let {2 be an open subset in C™ and T
a positive closed current of dimension ¢ > 1 on 2. A subset E of {2 is said to be
locally T'—pluripolar in {2 if for each a € E there exists an open neighborhood
V of a in £2 such that ENV is T-pluripolar in V. Dabbek and Elkhadhra in [6]
put the following problem. Is E T-pluripolar in {2 if E is locally T-pluripolar in
(2. The answer is in the following

Proposition 3.1. Let {2 be an open subset in C™ and T be a positive closed
current of dimension q > 1 in 2. If E C {2 is locally T-pluripolar then it is
T-pluripolar in 2.

Proof. From the hypothesis we can find a sequence of open subsets {V;},V; C 2
and {E;},E; = ENV; C V; such that £ C {J; Ej and Ej is T-pluripolar in
Vj. Then Cp(E;,V;) = 0. Proposition 2.1 implies that Cr(E;,V;) > Cr(Ej, 2)
and, consequently, Cp(E;, 2) = 0 for all j > 1. The desired conclusion follows
from the following
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Cr(E,02) < Cr(JE;,2) <> Cr(E;, 2

J

Next we prove the following Xing’s type inequality for currents.

299

Theorem 3.2. Let 2 be a bounded open subset in C™ and u,v € psh(2) N
L>(2) satisfing liméi’rflzf(u(z) —v(2)) > 0 and let T be a positive closed current

of dimension ¢ > 1 on §2. Then for any constant r > 1 and all w; € psh(£2)

with 0 <w; <1,57=1,...,q we have

1
(@) | wowiddwnnddw a7 [ wae)aT
{u<v} (o)
< / (r — w)(dd°u)? A T.
{u<v}

Proof. We first prove that Theorem 3.2 holds for continuous functions u, v in 2.
In this case, without loss of generality, we can assume that {2 = {u < v}. For
each constant ¢ > 0 we define a function v. = max(u,v —¢) T v in 2 ase | 0

and v. = u near the boundary 92. Stokes’ formula implies that

/(Ua —w)ddwi A ... Addwg NT

2
= /(wq —1)(dd(ve —u)?) Add°wi A ... ANddwg—1 AT
2
=q(qg—1) /(wq — 1) (ve —u)?2d(ve — u) A d°(ve — u) A ddw;
2
A oNddwg—1 AT + q/(wq — 1) (ve —u)?tdd (ve — u) A ddw;
2
A ddcwq 1 A T
q/ (1 —wg)(ve —u)?™ Yddu A dd®wy A ... A dd°wg—1 AT
o)
< q/ w)tddu A ddCwy A ... A ddwg—1 AT
2

<q(g—1) /(v —w)T2(ddu)? A dd°wy A ... Add“wg—o AT

IN

qlg—1)- 2/ )(ddu)™t A ddéwy AT
2
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[

(ve — u)( (dd“u)T= 15 A (ddcve)s>/\ddcw1 AT

IN
=2
R
[l=)

s=0
= ¢! [ (w1 — r)(dd°(ve — u))(Z(ddcu)q’l’s A (ddcva)s>/\T
s=0

=gt [ (wn =) ((ddv)? = (dd°w)? ) AT

SE

(r —w1)(dd°u)? AT — q! /(r —wy)(ddve )T A T.
o)

q!

But Theorem 1.7 in [7] implies that
(r—w)(ddv)T AT — (r —wy)(ddV)T AT

as currents when € | 0 then

/(r —wy)(ddv)? AT < lim i(I)lf /(7‘ —wy)(ddv )T AT
7 Q

and hence we obtain the required inequality for continuous functions v and v.

The general case will then follow by an approximation argument. As in the
proof of Theorem 4.1 in [1], we may assume that for each § > 0 there exists
an open E € {2 such that u(z) —v(z) > ¢ > 0 for all z € 22\ E. Otherwise,
we can replace u by u + 26 and then let § | 0. We can choose two decreasing
sequences of smooth psh functions wj, and v; in a neighborhood 2" of E such
that klingo up = u,jllrlgo v; = v in 2" and uy > v; near the boundary 0f2. For

smooth functions us and u; in 2/, we have proved the following inequality

% / (v; —uR)?ddwr A ... Addwg AT + / (r —wi)(ddv; )T AT
{ur<v;} {ur<v;}
< / (r —w1)(dduk)? AT.
{ur<wv;}
Letting 7 — oo and then £ — oo and using Fatou Lemma, we get that the limit
inferior of the first term in the left hand side exceeds

1

a / (v —w)¥ddwy A ... ANddwg N T.

{u<v}

To handle the other terms in the same inequality when j — oo and k — oo, we
first observe that (r—ws)(ddug)INT — (r—w1)(dduw)IAT and (r—wn )(dd°v;)IA
T — (r —wy)(dd°v)? AT as currents, see [7]. Completely repeating the proof of
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Theorem 4.1 in [1] and notice that the quasi-continuity of psh functions in that
proof will be replaced by the T-quasicontinuity as the Theorem 2.2, we get

1

P / (v —w)ddwi A ... ANddwg NT + / (r —w)(ddv)T AT
{u<v} {u<v}

< / (r —w1)(dd°u)? AT.
{u<v}

Finally, applying the last inequality for functions u + ¢ instead of u and letting
o | 0 we obtain the required inequality and hence the proof is complete. [ ]

In particular, consequently, we obtain the following result in [6].

Corollary 3.3. [6] [Comparison principle] Let 2 be a bounded open subset in
C™ and T be a positive closed current of dimension ¢ > 1 on 2, u,v € psh(£2) N
L>(02) satisfying 1ém(%1(12f(u(§) —v(§)) > 0 then we have

/ (dd°v)" AT < / (dd°u)? AT,

{u<v} {u<v}

4. Cegrell’s Pluricomplex Energy Class £] (£2)

In this section we introduce the Cegrell pluricomplex energy class £F(§2) as-
sociated to a positive closed current T of dimension g > 1. Let {2 C C™ be a
bounded domain and 7" a positive closed current of dimension ¢ > 1. We denote
by L (£2) the class of negative and bounded plurisubharmonic functions ¢ on §2
such that liné ¢(z) =0, V¢ € 92 and [(dd°p)? AT < +oo. Then we have

(i) EX(£2) is a convex cone, and
(ii) If ¢ € EX'(£2) and ¢ € psh™ (£2) then max(p, ) € EL ().

Indeed, it is easy to see that if ¢ € EL(£2) then ap € EF(2),¥ a € RT. Now,
if o, € EX(N2), then

/ (dd*(p + ) AT = / (dd(p + )T AT + / (dd*(p + ) A T.

2 <y P<ep

However, {p < ¢} C {2¢ < ¢+ ¢}, by Corollary 3.3, we have
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@)y nr< [ @reear
20 <o+ 20<p+
= 29 / (dd°p)I AT
20<p+
< 2q/(ddccp)q AT < 4o00.

2

Hence,

/ (dd(p+Y)IANT < +00.

<y

Similarly, take A > 1. Then A\ < ¢ and {¢p < ¢} C{ M) < o} C{(A+ 1y <
© + ¥}. Hence, Corollary 3.3 implies that

/ (dd(p+ )T AT < (A + 1)‘1/(ddcw)q AT < +oo.
{v<p} [7)

Thus [(dd°(¢+v))? AT < +oc and, hence ¢+ € EF (£2). Finally, for all k > 1,

2
by Corollary 3.3 we have

Jde mase oy ar = [ (@ waxe ) AT

2 kp<max(p,1))
< kP / (dd°p)I AT = kP /(ddcgp)q AT. (1)
kp<max(p,1)) 2

From the boundedness of [(ddp)? AT, the desired conclusion follows.
2

We also get the following Blocki type inequality which is true in the setting
of class EF'(02).

Theorem 4.1. If v, € EL () then
Jermi@an AT < o+ Disup(-0))" [(-o)(dd) AT,

Proof. Integrating by parts we have
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/(fga)‘”l(ddcv)q AT = /vdd‘f(fga)qJrl A (dd“v) TP AT
=(q¢+ 1)q/v(fcp)q*1dg0 AdCo A (dd“v)T P AT
+(g+1) /(f’u)(fga)qddccp A (ddv)T P AT
< (q+ Dsup(-v)) [ (~0)(ddp) A (o) AT,

Repeating this process ¢ — 1 times more, we have the delivered inequality. The
proof is complete. [ |

Theorem 4.2. Suppose u,v € EX (2). If p > 1 then

/(fu)p(ddcu)j A (dd°v)TI AT
Q

p+j a—J
p+q p+q

<Dj, (—uw)P(dd°uw)? AT (—0)P(dd“v)T AT ,
/ /

() (g=3) N
where Dj, =p~ vt ifs>1 and D;, = e +)(a=3),

Proof. Cf. [6]. ]

5. Cegrell’s Pluricomplex Energy Classes £T(£2) and F7T(£2)

In this section we will deal with Cegrell’s pluricomplex energy classes £7 (£2) and
FT (), where 2 is a hyperconvex domain in C". We recall that a set 2 C C" is
said to be a hyperconvex domain if it is open, bounded, connected and if there
exists ¢ € psh™ (£2) such that {z € 2: p(z) < —c} € £2,Y ¢ > 0. Such function
is called an exhaustion function for (2.

In hyperconvex domains, we have the following useful approximation theorem.
Theorem 5.1. Suppose {2 is a hyperconver domain and assume that u €
psh™ (£2), lirggu(z) =0 and T is a positive closed current of dimension q such

z—

that [(dd“u)? AT < +oco. Then there exists a decreasing sequence of functions
0
u; € EF(02) with uj lap=0,Vj € N, lim u;j(z) = u(z), Vz € £2.
j*}OO
Proof. By Theorem 2.1 in [5] it follows that there exists a decreasing sequence

{u;} C psh™(£2) N C(£2) such that u; |gpo= 0, Vj € N,jlir& uj(z) = u(z), Vz €
(2. The hypothesis implies that
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1irgérflzf(u(z) —u;(z)) > 0.

Hence, Corollary 3.3 implies that
/(ddcuj)q AT = / (dd°u;)? AT < /(ddcu)q AT < oo
2 {u<u;} 2
and the desired conclusion follows. ]
Now we state the following result which is similar to Theorem 2.1 in [5].
Lemma 5.2. If {2 is a hyperconver domain, then

Ce(R) c EF(2)yne() - () ne().

Notice that, in [5], Cegrell proved the above statement for the Cegrell class
&y, but in our setting, the proof of Cegrell is still valid, for ' (§2) is a convex
cone. For details, see [5] and the previous section.

The following result is similar as in [5].

Theorem 5.3. Suppose {2 is a hyperconvex domain, u,v € psh™ (£2),u #
0, 1irré u(z) = 0, V€ € 992, and T a positive closed current of dimension g,
z—

0 < g <n. Then (dd°u)? AT is a well-defined positive measure on 2. Further-
more, if

/v(ddcu)q AT > —o0

then (dd“v)? AT is also a well-defined positive measure on {2 and
/v(ddcu)q AT < /u(ddcv)q AT.

Proof. Using Sibony’s arguments as in [12] we can assume that T is a positive
and closed current of dimension 1. The proof now follows from [5]. [ ]

Corollary 5.4. Suppose u,v € psh({2), lin}g_ u(z) = 1in}g_ v(z) =0, V€ € 912 and
that T is a closed positive current of dimension q > 1. If

/v(ddcu)q AT > —o0

then
/u(ddcv)q AT > —o0

and

/’u(ddcu)q AT = /u(ddcv)q AT.
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Now we give the definition of the classes of Cegrell’s T-pluricomplex energy.

Definition 5.5. Let u € psh™ (£2). u is said to belong to £7(£2) if for each 2 € 2
there exist a neighborhood w of zq in §2 and a decreasing sequence {h;} € EF (£2)

such that h; | u on w and sup [(dd°h;)? AT < co.
j 0

In order to give the definition of measures for the class of Cegrell’s T-
pluricomplex energy £7(£2), we establish the following convergence theorem.

Theorem 5.6. Suppose uP € ET(02),1 <p < q. If g;’ € EX(92) decreases to uP

as j — 0o, then ddcgj1 A ddcgjz AN ddcg? AT is weak*-convergent and the limit

measure does not depend on the particular sequence {gg-’ 72

Proof. Suppose first that sup [(ddg})? AT < +oc. Then, for h € & (£2) we have
J
that
/hddcg; Addegi A... Nddg! AT

is a decreasing sequence by Corollary 5.4 and since

/h(ddcgﬁ-’)q AT > (i%f h) sqp/(ddcgg.’)q AT > —o0,

J

we conclude that lim [ hddgj Add°g3 A ... Add°g] AT exists for all h € & (£2).
j*}OO
By Lemma 5.2, dclcg]1 A dclcg]2 A ddcg? AT is weak*-convergent.

If vf is another sequence decreasing to uP, we obtain
/ hddvy A ddv A ... AddvI AT
= /v;dd% Addgi A...Nddg? AT
> /ulddch Addgi A...Ndd°g] AT

= lim [ gl dd°hNdd°g] A... Ndd°g! AT

81 —00

= lim [ vidd°h Add°gl A...Add°g] AT

81 —00

> lim lim ... lim [ hdd°g} Add°gZ, A...Add°gl AT

81 —00 82 —00 Sq— 00

81,82, ,8¢q—00

> lim / hdd®gs, Add°g?, A ... Add°gl AT.

Therefore, lim [ hdd®vj A dd®v} A ... Add°v] AT exists and is minorized by

J—00
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lim / hdd®gl, Add°g?, A ... Add°gl AT.
51,82 ,8q—00
But this is a symmetric situation so we conclude that the limits are equal.

To complete the proof it remains to remove the restriction

sup/(ddcgg-’)q AT < +oc.
J

Let K be a given compact subset of 2. Cover K with finitely many Wy, s =
LN asinthedeﬁnitionofET( ). Let {h%°}22,,1 < s < N,1 <p < gbe the

corresponding u? and put w} = Z h%®. Then w¥ € EL(92),wh < g% on U, Wi

and

up/ (dd°wf)T AT < +o0.
j

o
Thus, if we define v% = max(g?,w}) € £ (2) and we have st;pg(ddcvﬁ)q AT <
+o0 and v} = g} near K. [

Definition 5.7. For u? € £7(£2),1 < p < q, we define dd“u* Add°u?A. .. ddud A
T to be the limit measure obtained in Theorem 5.6.

Definition 5.8. We denote by FT (£2) the subclass of functions u in £T'(£2) such
that there exists a decreasing sequence u; € £J'(£2) such that u; | w on 2 and
sup [(dd°u;)? AT < 4o0.

J Q2

Remark 5.9. It is easy to see that &I(2) c FT(2) c £T (). Moreover, to
study Cegrell’s pluricomplex energy classes £ (£2), F1(§2) and ET (£2) associated
to a positive closed current T" of bidimension ¢ > 1, it will be useful to understand
deeply Cegrell pluricomplex energy classes & (§2), F(£2) and £(£2) introduced
and investigated in [4] and [5].

Remark 5.10. From Definition 5.8 it follows that if u € FT(£2) then
/(ddcu)q AT < 0.
2

Remark 5.11. It follows from Corollary 5.4 and Theorem 5.6 that integration
by parts is allowed in F7T(£2).

Remark 5.12. We also can show that every u € £7(£2) is locally in F7(2).
This means for every u € £7(£2) and every w open and relatively compact in {2,
there is an u,, € FL () with u = u,, in w.
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Remark 5.13. Similarly, from the convexity of £ (£2) the convexity of £T(£2)
and FT(£2) follows.

Lemma 5.14. Let u,v € FL(£2) be such that u < v on 2 then

/cp(ddcu)q AT < /gp(ddcv)q AT,
o) Q
where ¢ € psh™ (£2).
Proof. First, assume that ¢ € £I'(£2). Then Corollary 5.4 implies that

/ (=p)(dd°u)? AT = / )(dd°p) A (dd°u)?= AT.

2

Q

By hypothesis (—v) < (—u) it follows that
/(fga)(ddc YIANT > / )(ddp) A (dd°u)T P AT.
Q 1o
Again by Corolarry 5.4 we obtain
/ (—)(dd“u)T AT > / )(dd“v) A (dd“u)?t AT.
Q 19,
Repeating this process n — 1 times more, we conclude
/(fcp)(ddcu)q AT > /(ﬂp)(dd“’u)q AT.
1o’ o)

Hence

/ (ddu)? AT < / @(dd°v)T AT.

[0} 0

Now if ¢ € psh(£2),¢ < 0 is arbitrary, then by Theorem 5.1, we can find a
decreasing sequence {¢;} C EF'(§2) such that {¢;} converges pointwise to ¢ as
j — oo. The above inequality yields

/goj (dd°u)I NT < /goj (dd“v)T A T.

0 0

Now the lemma follows from the monotone convergence theorem. The proof is
complete. n

Corollary 5.15. Let u,v € FT(§2) be given such that u < v on §2 then
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/(dd“’u)q ANT < /(ddcu)q AT.

2 2

Proof. The proof follows from Lemma 5.14, by tending ¢ to —1. [ ]

Proposition 5.16. Supposeu? € F1(£2),1 < p < qandh € psh™ (£2), 11%19}1(2)

=0.If gg-’ € EL(2) decreases to uP as j — oo then

lim [ hdd®g;, Add°gZ, A...Add°gl AT = / hdd“u* Add“u* A ... Addu? AT.

J—00

Proof. If h is in EL (2)NC(2) then from the proof of Theorem 5.6 it follows that

lim [ hdd®g; Add°g; A...Add°g? AT / hdd®u' A dd“u? A ... Addu? AT.

j—00

Suppose now h € psh™(£2), 1irgnh(z) = 0 and that [hdd“u® A dd“u® A ... A

dd°u? AT is finite. For each j, by Theorem 5.1 we can choose h; € &I (£2)NC($2)
decreasing to h,q; and s; such that

/ —hdd®u A dd°u® A ... AdduI AT

< /fhjddcul Addu® Ao ANddut AT + %
< /—hjddcg;j Addeg A ... Add°gl AT+ ;
< /—hddcg;j Addog3 A ... Addgl AT + ?
< /fhsjddcul Addu? A A ddut AT + ;
< /—hddcu1 Addu* A ... ANddut AT + ;.

Letting j — oo we get

lim hdclcg]1 A ddcgf Ao Nddgi AT = / hdd®u® A ddu® A ... A ddu? AT.

J—00

Also, if
/hddcu1 AddUZ A .. ANddUWINT = —c0

then by the standard arguments we infer that

lim [ hdd®g; Add®g} A...AddgI NT = —occ.

J—0o0

The proof is complete. [ ]
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Lemma 5.17. Suppose u,v € FL(2),h € EL(£2) and that p, s are positive nat-
ural numbers such that p+ s = q. Then

/fh(ddcu)” A (dd°v)* AT < /fh(ddcu)q AT /fh(ddcv)q AT
(% (] 2

q

Proof. By Proposition 5.15 it suffices to prove (2) for the case u,v € & (£2).
First, let T = (dd°u)" A (dd“v)* AT, where r,t are arbitrary natural numbers
such that r + ¢t = ¢ — 2. By using the arguments as in [5] we have

1/2 1/2
/ —h(dd®u) A (dd“v) AT < / —h(ddu)> AT / —h(ddv)* AT
2 2 2

Now assume that (5.1) holds for p+s+7+t=¢q,p+s=m < ¢, m > 2 and
T = (dd°u)" A (dd°v)* A'T. This means that the following

/ —h(dd°u)P A (dd°v)* AT

2

< / —h(ddu)P** AT / —h(dd°v)Pts AT (3)
2 2

holds. Now, we have to prove (2) for p+s=m+1Lp+s+r+t=gqand
T = (dd°u)" A (ddv)t A T. By the same arguments in [5], we first prove if
p' + s’ =m then

/ —Rh(dd“u)? " A (dd°v) AT
2

P45’

p/+s/+1 WIS’H
< / —h(ddu)? AT / —Rh(ddv)P T AT
2 2

Indeed, by applying (3) it follows that

/ —h(ddu)?+* A (ddv) AT

(%

- / —h(ddu)? T 1 A (ddv) A (dd°u) AT
2
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p/+s’—1
p s’
< / —h(dd“u)? ¥ A (ddu) AT x
(]
p/isl
(/ Ch(ddeo)P A (dd€u) A
2
p/+s'—1 1
p/+s’ p'+s’
- / —h(dd°u)? T TAT /fh(ddcv)““f’ A (dd°u) AT
(] (]
p/ts'—1
o +s’
< / —h(ddu)? THEAT x
2
/+Sl
p’+s'+1
x [ /—h(ddcv)”/“’/“ AT x
2
P | ot
/ —h(dd“u)? T+ A (dd°v) AT ]
2
Thus

/ —h(dd“u)? " A (ddv) AT

2
(pererl + (0’ +b)(p +s/+1) )
< | [ —h(dduw)? AT x
2
1
p/+s'+1
x / —h(ddv)P AT
2
This implies
/ —h(ddu)? T A (ddv) AT
2
p'+s’ 1
p’+s’+1 p/+s/+1
< / —h(ddeu)? AT / —h(ddv)P TN T
2 (9

Using this, we have
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/ —h(dd®v)P" T A (dd°u)® AT
(9]

= / —h(ddv)"" A (dd°u)* A (dd“v) AT

(%
< / —Rh(dd®v)? " A (ddv) AT ( —h(dd“u)? " A (dd°v) AT
2
= /fh(ddcu)””rsl A (ddv) AT (/ —h(ddv)P AT
2 2
< / —h(ddu)? AT / —Rh(ddv)P AT
2 2
/ —h(dd°v)P AT
22
/ —h(ddu)P AT /—h(ddcu)p’“'+1 AT
2 2

Theorem 5.18. Suppose ui,us, ... ,us € FL(2) and h € EF(£2). Then

/ —hdd®ui Addug A ... Add°uqg AT

< (/ —h(ddcul)q/\T)% (/ —h(dd®uy)" /\T)%.

Proof. Using the definition of F7(£2) and Proposition 5.15, we see that it is

enough to consider the case when uq,us,...,uq € EX (). Lemma 5.16 implies
that

1 a—1
/—hddcul/\(ddch)q_l/\T < (/ —h(dduy)? /\T) (/ —h(ddus)? /\T)
Assume the theorem is true for us11 = ... = u4y = u. Suppose that us42 =... =

ug = u. Then
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/—hddcul A ANddug g A (ddu)TSTEAT

1

< (/ —h(ddug )T Addouy A ... A ddCug A T> T x
a—s— 1
X (/ —h(ddu)?™°* Nddus A ... Addus A T>
< l(/ —h(dduy)? A T) ! . (/ —h(ddus)? A T) ’ X

q—s

[/ -warwenr)

g—s—1

x( —h(ddCu, ‘1/\T> </ —h(dd°u) ‘1/\T>q]
<</ hddculq/\T>. (/ —h(ddCus ‘1/\T>q><
([ -wawenrr* ([ -mararar)

The proof is complete. [ ]

x ( —h(dde us+1)‘1/\T>

Corollary 5.19. Suppose ui,ua, ... ,uy € FL(§2). Then

/ddcul A Addéug AT < (/(ddcul)MT>q

(feruyar) ff

Proof. Tending h to —1 in Theorem 5.17 we are done. [ ]
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