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Abstract. In this paper, some oscillatory results for nonlinear difference equations

T+l = AnTn + Z az(n)F(xn—mL)7 n=0,1,...

i=1

where m;,Vi =1,...,r are fixed positive integers, {\,}» is a sequence of positive real
numbers and the function F' is defined on the set of the real numbers are obtained.
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1. Introduction

Recently there has been a considerable interest in the oscillation of solutions of
difference equations of the form

T
Tp+1l = /\n,a:n—kZai(n)F(a:n_mi), n=20,1,2,... (1)
i=1
where r,mq1,ma,...,m, are fixed positive integers, the functions «;(n) are de-

fined on the set of positive integers, and the function F' is defined on the set of
the real numbers, (see for example the work in [1, 2, 3] and the references cited
therein). In [1, 2], the authors investigated the oscillation of (1) in case A, =1
or \p =A>1and a;(n) 2 0,Vi=1,2,...,7, ¥n =0,1,.... In [3], the authors
studied the oscillation of difference equation
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K
Tpt1 — T + Z a;(n)Tp—m;, =0, n=0,1,2,...
i=1
in case the positivity of a;(n) is not required.

Motivated by the above work, in the present paper, we aim to study the
oscillation of (1) where {)\,}, is an arbitrary sequence of positive real numbers
and the positivity of a;(n) is not required.

2. The Results

In this section, by N we denote the set of positive integers, Ny = NU {0} and by
R the set of the real numbers. For all £ € Ny we use Ny ={n e N:n > (}.

Theorem 2.1. Let F be a nonincreasing function, zF(x) < 0, © #0,—F(x) >
x, F(ax) = aF(z), Ya,z € R, and

timint 3 S0 > 0, timsup 3 1 > 1 - timint Y- 24
i=1"" " i=1

n—oo i=1 n
where a;(n) = 0,n € No,i =1,...,r. Then, (1) is oscillatory.

Proof. Consider the following inequalities

Tnt1  Tn = ai(n) [ Tpom,
Antl Y Z A\itl F <>\n—mi) <0, neNg (2)
n n i=1 7\ n
and i
Un41 Un (673 (n) Un—m;
/\”‘"1 o F o Z )\mi+1F (/\nnh) z 07 n e NO- (3)
n n i=1 "'\ n

We will prove that (2) has no eventually positive solution and (3) has no even-
tually negative solution. Indeed, let {z,}, be a solution of (2), z, > 0 for
n € N, ,n1 € Ng. By the hypothesis

lim infz ;&{Tl =06>0,
i=1 7"

so there exists 0 < € < 8 and ny € N,ny > ny such that

—~ ai(n)
Z/\Z“Jrl >ﬂ_€>0

i=1
for all n € N,,,. Put

ny = max{n; + m*,na}, m* = max m,.
1<i<r
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We have {;—Z} being eventually nonincreasing for all n € N,,,. Since F' is a
n Jn

nonincreasing function on R, we get

. r a;(n) Tp—m, - a;(n) Tp—1 Tn—1
N> 2 E (/\ﬁ"“) > et <A21> 2N

=1

for all n € N,,,. On the other hand,

Tnt1  Tn = ai(n) [ Tpem,
O 2 >\n+1 - A_n - )\miJrlF <)\n—m1)
T n /L:1 n n
Tpntl  Tn - a;(n) Tn
> )\n-i—l - /\_n o Z )\m,;—i-lF <)\_n)
n n i=1 n n
Ty Tn " a;(n) z,
>(B—e)r o
OOy N T oy
Hence
T, "L a;(n)
i ﬂ—e—l—l—;)\?ﬁ_l] <0.
It implies

for all n € N,,;. Therefore,

. )
)\ﬁﬁrl

limsup Y ) 4 5y ~liminf ai(n)
3 =1

which contradicts the hypothesis. Hence, (2) has no eventually positive solution.

Next, we assume that {v,}, is a solution of (3) such that v, < 0 for all
n € N,,,n1 € Nyg. Putting z,, = —v,, n € Ny, we obtain a contradiction. The
proof is complete. [ |

Theorem 2.2. Let F' be a nonincreasing and continuous function; F(0) = 0;
zF(z) <0,—F(x) >z, x#0; Flax) =aF(x), Ya,z € R; and

timint 2 Z a7 <0

x—0 x

Suppose further that
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r n4+m* 1
limsup Y~ 37 5 Am D
i=1 f¢=n
where m* = max my, a;(n) > 0,n € Ng,i =1,...,7r. Then, (1) is oscillatory.

1<igr

Proof. We write the equation (1) in the following form
Tot1  Tn s (0) L (Tpom,
AT ; ot (AZ:—"“) o et W

Let {x,,}, be a solution of (4), z,, > 0 for n € N,,,,n1 € Ny. Since «;(n) > 0 for

alli=1,...,r and n € Ny, 4+, from (4) we have § 3=+ that is nonincreasing
for all n € Ny, 4+ Thus, there exists lim $&. Put hm I“ = (3. We have g >

n—oo An
Taking the limit in (4), we obtain F(3) = 0. This 1mpheb £ = 0. Summing the
equation (4) from ng to ng +m* (where ny € N,,,) we obtain

r no+m®*
Tno+m*+1 Tny Tl—m;
* 11 - n 1 — P .
)\Zerm + )\nz 2 : 2 : )\m + )\e m;

i=1 f=no

It implies
T x T matmt T
no+m*+1 no L—m;
natm*+1 A2 - Z Z m; +1 {—m; <0
An n i=1 fl=ny )\ )\é
T T r natm F(T%)
na+m*+1 na
/\22+m*+1 - P2 1+7§; ez m,+1 :m <0,
na n
x x r ng+m*
na+m*+1 na
e v LA D Py m+1 ] <o.
na
Therefore
r na2+m al([) -
T Bi L ETE
i=1 f=ng ¢
and
T () 1
3
RO Bl L
ng—oo
i=1 fl=n> 4
This contradicts the hypothesis. The proof is complete. [ ]

Theorem 2.3. Assume that

F
F(z) <0, & #0 and lim inf ff) =M <0.



Oscillation for a Nonlinear Difference Equation 541

Then, (1) is oscillatory if the following inequality holds

(m+ 1) IS ai(n)
-M)—-F— 1 f——=>1 5
(=M)——= E iminf === > 1, (5)
where a;(n) 2 0,neN,1<i<r, m= mlg my.

Proof. We first prove that the inequality

Tn+1 _ ﬂf_n _ Z Oév(n) F <$n—m1) < 07 ne NO (6)

+1 i +1 —m;
P B SRS

has no eventually positive solution. Assume, for the sake of contradiction, that
(6) has a solution {z, }, with z,, > 0 for all n > ny,n; € N. Setting v,, = %
and dividing this inequality by 3=, we obtain

where n > n; +m, m = max m;.
1<igr

Clearly, {;—2} is nonincreasing with n > n; + m, and so v, > 1 for all
n n
n = n1 + m. From (5) and (7) we see that {v, }, is an above bounded sequence.

Putting lim inf v,, = 3, we get
n—oo

F (—”,":m% )
1 1 i n—rm,
limsup — = — < 1+ liminf @i(n) m)‘f —Up—m; *** Un—1 ¢ »
n—oo Un ﬂ n—0o0 : )\n Z,TL’.
=1 A i
or
1 4 ;
B<1+thmfo‘;") M- g™ (8)
i=1 n
Since i
6m1>6m) Vi::l? 77‘7
we have
e ag(n) p—1
—lminf =M < oy
i=1
We shall prove that )
6—1 mm
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Consider the function f 5,,;11, B > 1. It is easy to check that f'(8) =
f

(8) =
SR, /(5) = 0 6 0 = BEL J(8) < 0 for > ZEL F/(5) > 0 for

0 < fngl Thus,

mae f(9) = ()= = j_””;

21

Therefore

1
(-M m—|— Zlmmf

which contradicts condition (5). Hence, (6) has no eventually positive solution.

n

Similarly, we can prove that the inequality

R - (“‘”“3) >0, neN

X o e
has no eventually negative solution. So, the proof is complete. [ |

Corollary 2.4. Assume that the condition (5) in Theorem 2.3 is replaced by

3

L a;(n) B m
where a;(n) 2 0,n € N,1<i<r and =237 m;. Then, (1) is oscillatory.

Proof. We will prove that the inequality (6) has no eventually positive solution.
Assume, for the sake of contradiction, that (6) has a solution {z, },, with z,, >0
for all n > nq,n1 € N. Using arithmetic and geometric mean inequality, we
obtain

Z lim inf 2i(n)
i=1

which is the same as

> limint = SRS URE (H i 5 <—M>> o

i=1
This yields

n

H(=M)- BT = (H lim inf 0‘;(”) S (=M) - 6%) N
i=1

% <l—7r (i]:[lnnrggf@ : (—M)> s

It implies
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N

1
L ai(n) " m
T(le%f N '<‘M>> S )
=1

3

which contradicts condition (9). Hence, (6) has no eventually positive solution.

|
Example 2.5. Consider the difference equation
T = V1 420D, + Z (14200 ) n=0,1,2,...,
=1
(10)
where r,m1, ma, ..., m, are fixed positive integers. It is clear that this equa-
tion is a particular case of (1), where X\, = V1+2?CD" a;(n) = (1 +
gn(=1)" )2( 2 VneN,1<i<r, and F(z) = —x.

After some computations, we obtain

s . +1
limian;iLE:l_ —llmlnf2[1+2”( n" )%} =r>0

n =1

and

hmsupz)\m 77 —QZZm’ >1—hnrri£fz)\m T

n—oo

=1
r n4+m* r 1
lim su E E =2m* E 2™ > 1 = —— m* = max my;
P . = /\m +1 — M’ 1<i<r
= n 1=

1m+1 s
(-M)—+— m—l— Zlmlnf

n

1ym+1 " 2m;+1
:1.% thmf{(1+2n( 1) )%}
mm n—oo
~ 1 m+1
= 1-%-7»1,7%: min m;.
m™m 1<ir

It is easy to verify that all conditions of Theorems 2.1, 2.2, 2.3 hold. Hence (10)
is oscillatory.

Proposition 2.6. Let F' be a nonincreasing function, F(x) < 0,2 # 0, —F(z) >

x, Flax) = aF(z),Va,x € R, m1 > mg > ... > m, > 0 and suppose there exists
a sufficiently large integer N such that

a1(n) 2 0,01 (M)A + ag(n)An "2 > Z a;(n)A;,~™ =0 forn > N.
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Assume further that for any given positive integer ny there exists an integer
ny = ny such that a;(n) 20, i=1,...,r forn € [na,ns —|—m1] Let {zp}n be a

solution of (1) such that {xy}, is eventually positive. Then 1s eventually

A”'L
nonincreasing and

Xr:ai(n)F(xn_m iz Tmn: Zaz JAp T (11)
i=1

holds eventually.

Proof. Let x,,_pm, > 0 for n > N. Then there exists no > N such that o;(n) >
0, i=1,...,7,n € [n2,n2 + my]. This implies that

iZﬁ - i—: = ort Zai(n)F(aﬁn,mi) < 0 for n € [ng, ng + my].

We shall show that {f\—z} is nonincreasing for n € [ng + my,n2 + my + m,].
nJn

Since
n—m; € [ng,ng +my], forn € [ng +my,na+my +m,]
SO
Tn—mq Tn—mo Tn—m.,.
)\nfml = )\nfmg = = Anfm,,« .
n n n
Therefore
Tn41 Tn
/\nJrl )\n

/\ﬂ+1 Zaz x” m7)

"~ a;(n) L/ Tnem,
< Z )\mﬁ-l F(/\n*mr ) < O’
i=1 7" n

for n € [n2 + m1,n2 + my1 + m,]. Repeating the above procedure we can show

that {)\n } is nonincreasing for n € [ng +my + fm,,na + my + (£ + 1)m,], for

¢ € Ny. That is, {;—2} is nonincreasing for n > ny. On the other hand, from

inequality

1 " . z( ) n—m,
7t 2 P onem) < 3 S P (555

i=1

we have the inequality (11). ]
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Theorem 2.7. Assume that the assumptions of Proposition 2.6 hold. Further,

o0 T .
assume that 3 37 a;(§)X] ™ = oo. Then every nonoscillatory solution of (1)
j=Ni=1
tends to 0 as n — oo.

Proof. Let {x,}, be an eventually positive solution of (1). By Proposition 2.6,
{;—z} is eventually nonincreasing and hence there exists lim 3= = 3. We have
n n—oo n

B> 0.1If 8 >0, by summing (1) from N to n we have

o Tn+1 TN
=35 -3 - X D)

j=N i=1

K

! Lj—m, N\ J—M
Z NG /\n+1 Z N Zo‘i(ﬂ))‘j

n =N ] —

n T
S Tn+1 TN 1 zp—m, v
7t N + oL\, Z ZO@(]) 5 .

Letting n — 0o we get a contradiction. Therefore 5 = 0. The proof is complete.
|

Proposition 2.8. In addition to the assumptions of Proposition 2.6, suppose
that A\, = 1,Yn and there exists a positive number v such that

Z Zai(j))\gfm" > v > 0 for all large n. (12)

j=n—m, i=1

Let {x, }n be an eventually positive solution of (1). Then {M} is eventually

bounded above. "

Proof. From (12), for any large integer N there exists an integer n such that
N € [n —m,,n] and
N T f)/ n K f}/
j—mi ayd—me 5 Y
> Sas ] Y a0z}

Jj= J:N =1

Summing (1) from n — m, to N we have

xﬁ-i-l - Tn—m, o Z ZO‘ x‘ )
Eva — 3 —m;
A,,Zy—"_l )\2 my )\n-l—l J

j=n—m, i=1

Tn—m, xNJrl
= = — 061 x'_'rn‘)
n—m, N4+1 n+1 z : § : J bi
An AN+ AR

j=n—m, i=1
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T 1 N €

N+1 Z Lj—m, 2: J—m;
z )\NH + /\Z'Jrl AT oz7 )‘

n g

j=n—mr, J

I~ T
N “N-—m, 2 : 2 :
2 _+1 4 A ome m Oél )\j m,.
)\N-‘rl AN moy
n j=n—m, i=1

Hence

n—m, = \N41 N-m, 2’
)\" n+ )\n mr 2

Tn—m, > $N+1 xﬁ_mr Y (13)

Similarly, summing (1) from N to n we have

Tn+1 Z‘N
)\’n,—i-l - )\N >\n+1 Z Z al x]*ml )
n —_N =1

Hence

xﬁ Tn+1 Tn—m, 7Y
)\_ﬁ 2 Az-}-l )\meT 2 : (14)
n

Combining (13) and (14) we have Tﬁw% < (2/7)%. Since N is arbitrary the
N
proof is complete. [ |

Theorem 2.9. In addition to the hypotheses of Propositon 2.8 suppose that A\, >
1,Vn and

mr
lim inf — E E T .
n—o0 1M, m+1 mr_'_]_)m,,aJrl

Jnmrvl

Then, (1) is oscillatory.

Proof. Assume the contrary and let {z,}, be an eventually positive solution of
(1), then by Proposition 2.6,

Tn+1 Tn
N T 2 ),

1 n—m; x’ﬂ*mr
< )\nJrl Z al )\ F <>\2_mr)

i=1
< a;i(n) [ Tnem,
- Z /\::““ F (Aﬁ’m)
xn m,
< _Z )\szrl A
< _Tn - a;(n)
<3 2 T (15)

n =1
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Hence, eventually

and so

j=n—m, i=1 j=n—m. xj)\J
n—1
1 Tjy1
my . A= TN\
a1
n—1 T mr
-
j=n—m, LjAj
a1
1 Tp 1
Tn—m, n—1
I A
J=n—myr
. m;'r . .
Putting o = (ST from the inequality
mmr
lim inf — E E o +1 u T
n—oo My )\ m, + ]_)mrJr

j=n—m, i=1

we can choose a constant 3 such that for n sufficiently large

a<ﬂ Z Z}\erl

jnm711

1

Therefore, for all large n, ( ) [ [ < 1 — 3, which in par-

n—my

ticular implies that 0 < 5 < 1. Since

1 1
1— MAmr] = amr
Orgggl[( YA ] = amr,

we have

and
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or 1
g, < T (16)
nem n— « )\n Lr
DY || Y
J=n—mg,

Totl _ Tn . Tn 1 0 — a;(n)
)\nJrl o )\_n = _F n—1 a )\erl'
n n n )\T—Lmr H )\] i—1 "\n
j=n—m,
Hence
1 _ Zn 1 1 B Er: a;(n)
T A7 nl:ll a Zlﬂrl )
g A, =1
j=n—m, !
and so
1
-1 .
11 g1 ! ai(])<1_ Tn 1
A-mr n—l am Z )\mri-l = T n—1
n 1T " j=n—m, i=1 7 R | DY
J J
j=n—m., j=n—m.,
Thus
1
1
< Ty ) mr 1 <1 1 1 32
1 = - —My n—1 e
Tn—m, nl—[ )\] )\n Hj:n,—mr )\J a
j=n—m,
and eventually
1 1 8\? < Tn-m,
— | =) 2, < .
A;mT n—1 o )\ZimT
3 H A
j=n—m, !
By induction, for every m = 1,2, ..., there exists an integer nj such that
1 1 1) k < Tn—m, <
N et \a) TS e 2
n n
IT X
J=n—m, !
or .
Al R
+ é < M, n > ny,
n o Tn

[T A

J=n—m,
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which implies that {I”;&} is eventually unbounded. But this, in view of
n n

Proposition 2.8, is impossible. [ ]

3. Conclusion

In this paper, we obtain some new results for oscillation of the difference equation
(1) in two following cases

e {\,}, is an arbitrary sequence of positive real numbers and «;(n) >
0, Vn € Ny (Theorems 2.1, 2.2, 2.3);

e )\, =1, ¥n € Ny and the positivity of o;(n) is not required (Theorems 2.7,
2.9).
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