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Abstract. In this paper we are concerned with uniform approximation on a closed
bidisk in C2. A sufficient condition was given on functions f, g defined near the origin
in C? so that the algebra generated by 2™, f"2 w"™ and g™ (ni,n2,ns,ns € N) is
dense in the space of continuous functions on A for all bidisks A close enough to the
origin in C?.
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1. Introduction and Statement of Results

We recall that for a given compact K in C", by K we denote the polynomial
convex hull of K i.e.,

K ={zeC":|p(2)| < |pllx for every polynomial p in C"}.

We say that K is polynomially convex if K=K A compact K is called locally
polynomially convex at a € K if there exists a closed ball B(a) centered at a,
such that B(a) N K is polynomially convex. A compact K C C is polynomially
convex if its complement is connected. In C™ (n > 1) there is no general condition
that a compact subset is polynomially convex. For a compact set K C C™, let
C(K) denote the algebra of all continuous complex valued functions on K, with
the norm
llgllx = max{|g(z)| : z € K}, for every g € C(K),
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and let P(K) denote the closure of the set of polynomials in C(K). It is well-
known that K ,K' respectively can be identified with the space of maximal
ideals of C(K), P(K) (see [1, 5]). If f1, fa,..., fx are continuous functions on
K then [f1, fa,..., fi; K| denotes the closure in C(K) of the polynomials in
fi, fay- .-, f. The interesting problem is finding the conditions on fi,..., fk
such that every continuous function on K can be approximated uniformly by
polynomials in f1, fa,..., fx, i.e [f1, f2,.-., [k; K] = C(K). Many results are
known if one considers two functions on a disk in C. Let D be a closed disk
in the complex plane centered at the origin, let f be a C' function defined in
a neighborhood of the origin of C with %(0) £ 0, %(O) = 0 and f(0) = 0.
Wermer [16] showed that [z, f; D] = C(D) for D small enough. In [13] De Paepe
proved that [z™, f™; D] = C(D) if m,n are coprime positive integers and 2™, f™
separated points near the origin. Using polynomial convexity theory, it can be
shown that [22, f?; D] # C(D) for some choices of f (see [9, 10, 12],...), while for
other choices of g we have [22, g%; D] = C(D) (see [3, 4, 9],...).

Let A = {(z2,w) € C? : |z| < r,Jw| < r,r > 0} be a closed bidisk in C?
centered at the origin. Let f, g be continuous functions on A. In this work, we
concern with finding conditions on f, g to ensure that [z"1, g2, w"s, f™4; A] =
C(A) with nq,n9,n3,ngy € N. As in a previous work, we rely heavily on the
theory of polynomial convexity. The line of proof is the same as the algebras on
disks. However, we note that the most difficult step in the above approach is to
show the polynomial convexity of a union of totally real graphs. Unlike the one
dimension case, in high dimension, we have difficulties while applying Kallin’s
lemma (mentioned later), since the pairwise intersections of these graphs may
be of real dimension two.

We come to state the results of this work. The following proposition provides
a simple result which is similar as algebra on disks (see [9]).

Proposition 1.1. Let ni,n2, n3 and ny be positive intergers such that ged(n;, n;)
=1 for all i # j. Let f,g be C' functions defined in a neighborhood U of the
origin of C? satisfying the conditions:

(i) f(z,w) =Z+ ¢1(2,w) and g(z,w) =W + ¢a2(z,w) for every (z,w) € U.

(ii) ¢1(z, w) = o(zw) and ¢2(z,w) = o(zw) then (z,w) tends to (0,0).

(iii) The functions z™, f™2 w™ and g™* separate points near the origin.
Then

[2", f72,w", g™ Al = C(4)

if A is a sufficiently small bidisk centered at the origin of C2.

Remark 1.2. 1) There are a lot of functions f, g verifying the assumption of
Proposition 1.1. Indeed, it is easy to check that the functions

flz,w) =2+ 22w?, g(z,w) =T+ 2°w?

satisfy the conditions of Proposition 1.1.
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2) If the pairs of ni,ns,n3 and ny are not coprime and the functions f, g as
above then we are interested in proving

[2%, ", ", f*; A] = C(4),

where k is the greatest common divisor of ni,ns,ns and nys. Note that by the
work of O’Farrell and Garcia (see [8]) we get that X = {22, (z + %)%, w?, (W +
w?)% : (z,w) € A} is not polynomially convex for all small bidisks A centered
at the origin. So

2%, (2 +2°)% w?, (@ + @)% A] # C(A).
The following theorem gives a class of f, g such that
[2%, 9%, w?, % 4] = C(4).
Theorem 1.3. Suppose that
f(z,w) =2’ + <p1(zaw)a
g(z,w) = w? + oz, w),

where @1, @a are smooth functions in a neighborhood of the origin of C2,
e1(z,w) = o(|zw|?) and pa2(z,w) = o(|zw|?). Then for all small bidisks A the
functions 22, (Z+ f)?,w? and (W+ g)? separate points near the origin. Moreover

[2%, (z + f)?, 0, (@ + )% A] = C(A).

2. Preliminaries

We will frequently invoke the following useful result (see [10]).

Theorem 2.1. [Kallin’s lemma] Suppose that:
(i) X1, X2 are polynomially convex subsets of C";

(i1) Y1,Y2 are polynomially convex subsets of C such that 0 is a common
boundary point for Y1 and Ya, and Y1 NYz = {0};

(iii) p: C™ — C is a polynomial map such that p(X1) C Y1, p(Xa) C Ys;
(iv) p~1(0) N (X1 U X32) is polynomially convez.
Then X1 U X3 s polynomially convex.
It should be noticed that Kallin’s lemma is applicable mostly in the case

where X7 N X5 is “small”. One can improve the conclusion of the Theorem 2.1
by strengthening the conditions. We have the following variant due to Stout (see

[10)).

Theorem 2.2. [Stout] Suppose that:
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(1) X1, X are compact subsets of C" with P(X1) = C(X;) and P(X3) =
C(Xz2);

(ii) Y1,Y2 are polynomially convex subsets of C such that 0 is a common
boundary point for Y1 and Ys, and Y1 NYs = {0};

(iii) p: C™ — C is a polynomial map such that p(X1) C Y1, p(Xa) C Ys;

(iv) p71(0) N (X7 U X3) = X1 N Xs.
Then P(Xl @] XQ) = C(Xl @] XQ)

Recall that a manifold M is totally real if for each point a € M the (real)
tangent space T, M contains no complex line. An obvious example of totally real
manifolds is the real Euclidean space R™. Let D be a region in C™. Let M be a
2n-dimensional surface of class C! defined by

M={(z1,---,2n, f1,-- -, fn) : (#21,. .., 2n) € D},

where f; € C1(D) for every i = 1,...,n. It is easy to see that M is totally real
if and only if
rank 8f¢1 =n
&zk ik

A well-known result of Wermer and Hérmander (see [1]) states that every smooth
totally real manifold M of C" is locally polynomially convex. Moreover every
continuous function on a polynomially convex subset of a smooth totally real
manifold M in C™ can be approximated uniformly by polynomials. The next
result is a far reaching generalization of the above statement.

Theorem 2.3. [O’Farrell, Preskenis and Walsh] Let X be a compact polynomi-
ally convex set in C™ and E be a closed subset of X. Assume that X\ E is totally
real (that is, locally contained in a totally real manifold). Then

PX)={feC(X): fle € P(E)}.
We need the follwing result of Weinstock (see [15, p. 60]).
Theorem 2.4. Let f = (f1,..., fn) be n-tube of functions of class C' on a

neighborhood of 0 in C™. If
Ofi
det (8Ek (O)) " #£0

then there exists a closed neighborhood of 0 in C™ on which every continuous
function is a uniform limit of polynomial z1,...,zn, f1,--+, fn-

The following lemma is a generalization of the result of [10].

Lemma 2.5. Let X be a compact subset of C™, and a polynomial mapping m :
C™ — C™defined by
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k k
T(21y. ey 2m) = (zll,...,sz").

Let 771(X) = X1, U UXG U UX ks with Xy 1 compact, and

Xiv iy, = {(pﬁi_lz ,...,pﬁ _1zm) (21, .y2m) € Xl,...,l}
for 1 <iy <kq,...,1 < iy < ky, where pg, zexp(zkiji) with j =1,...,m. If
P(rH(X)) =C (7 (X))
then P(X) = C(X).

Proof. Let Q(z1,. .., 2m) = Y. aj,.j. Z1* ... zJm be a polynomial in m variables.
For each (i1, ... ,im) Wlth 1<iy <ky,...,1 <4, <k,, we put

Q717 By (Z15"'7Zm) = Q(pi;llilzla"'vp;;m 1Zm); (Zla"'7zm) EXl,...,l-

We claim that

1 Z Z o
- . . 1P1 kmp
kl k Qllnnﬂwn (Zl’ e a’plkly 7p7nk37n e ZT)’Z” .
ckm
Indeed, since every polynomial () can be written as a finite sum of monomials
of the forms az7' ...z5m™ we only need to check for Q(z1,...,2,) = azj' ... 237,
We have

1
m Z Qil,...,im(zla sy Zm)

_ Lzm sm § : (i1—1)s1 (lmfl)sm
k‘l R, km ! km

a m s \ii—1
— S1 Sm °J :
=——— 21 ...z E (p )
ki...kmn ! m kj

j=1 \1<i;<k;

If there exists 1 < j < m such that s; # p;k; then

Z (psj)ijfl _ (pl:)kj -1 —0
kj p]?] 1 ’

1<i; <k;

where pk = (exp m) i = 1. It follows that

]{Z ZQn Zl;---,Zm)ZO.

In the case s; = p;k; for all j =1,...,m we have
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Z (p2§)i.f—1: Z (PZj)pj(ij_l):kj-

1<i; <k; 1<i;<k;
It implies that

1 a s . O
ki..km ZQ“""’%(Zl’ o Em) = ki..km A jljlkj

= azP'M | gk,

The claim is proved. Now, suppose that P(w_l(X)) = C(ﬂ'_l(X)). Let f €
C(X). Then for € C(W’l(X)) , so there is a polynomial @) in m variables with

fomaQ in 7~ !(X). In particular, this is true for X;, _; , so
JIC AL RS Q(p?{lzl, e ,p;‘c’zflzm) = Qi i (Z15- - Zm)
on X, 1. It follows that
FE A R e Y Qua Greszm) on X,

.k
m 1§i1 Sklvnylgi'mgk'm

(1)
If @ has the form

Q(Zla e 7Z7VL) = Z arlnnyrmzijl tt ZTTY‘Z”

then the right hand side of (1) equals

k1p1 kmPm
E :aplk’lw-wpm,km,zl e 2y

so equals P(zfl, ..., zFm) where P is a polynomial in m variables. We conclude
that

f(zfl, LIS P(zfl, .o, 2k on X1,..1-
That is f =~ P on X. So P(X) = C(X). The lemma is proved. ]

3. The Proofs of the Results
Proof of Proposition 1.1. Consider the polynomial mapping
D : (21,20, 23,24) € Ct > B(21, 20, 23, 24) = (27, 252, 24%, 25%) € c.

For small bidisks A around the origin of C? we set

X = {(z"l, (E—!—qél(z,w))m,wm, (w—kqbg(z,w))m) ((z,w) € A}.
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Then we have
PH(X) = UXj1j2j3j4, I1<ji<ni, 1<jo<nagl<js<mg 1<js<ny,
where
Xmmﬂ={@ﬁm§@+@%w»%%m?@+%@wW)%%WGA}

and pp = exp (%), k=1,2,3,4. From Theorem 2.4 we infer that

k

P(Xj1j2gsia) = C(Xjijajaia)

if A is sufficiently small. We will show that P(#~(X)) = C(#7*(X)). To do
this consider the polynomial in four variables

p(21, 22, 23, 24) = 21222324.
We obtain
P(Xjasuia) = {102 02 0 (1212 + 200 (2, w)) (0 + won(z,w)) : (2,w) € A}

(o oo oltlzut + o) : (sow) € A},

We see that the set p(Xj, j,4,5,) i contained in a sector at 0, situated near the
half line through 0 with the argument

m«£+£+£+ﬁ)

ni no ns Ty

By the pairwise coprimeness of n1,ng,n3 and ny we get that
Ji o, J2 i3 | G4

L. L
ni no ns Ty ni1 n9 ns N4

if js # is for some s = 1,2, 3, 4. It follows that
p(Xj1j2j3j4) mp(Xilizisu) = {0}
with js # is for some 1 < s < 4. Moreover, this fact implies that
(Xj1j2j3j4 N Xi1i2i3i4) = pil(o) N (Xj1j2j3j4 U Xi1i2i3i4)
with js # is for some 1 < s < 4. Applying Theorem 2.2 repeatedly we get that
P(r (X)) = C(r 1 (X)).

By Lemma 2.5 we infer that P(X) = C(X). In view of condition (iii) the map & is
a diffeomorphism from A onto X. It follows that C(X) = C(A), or equivalently
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[z, f2, W™, g™ Al = C(A).
|

Proof of Theorem 1.3. First we check that 22, f2,w? and g2 separate points near
(0,0). If (a1,b1) # (az2,b2) then a3 # ag or by # by. Suppose that a1 # as.
Clearly the points a; and as with ay # —a; are separated by z2. Now assume
that f2 takes the same value at a; and —a; for some a; # 0. This means that

(@ +ai + o(af))2 =(—a +al+ o(a%))z.
It implies that 2a; = o(a?) or 2a? = o(a?). We arrive at a contradiction if we
choose a bidisk A sufficiently small. Hence (a1, b1) and (a2, ba) are separated by
2% and f2. Similarly, if by # by then (a1, b;) and (a9, by) are separated by w? and
2
g

Next consider the polynomial mapping
7:C* - !

defined by 7(z1, 22,23, 24) = (22,23, 22,23). For a closed bidisk A centered at
the origin of C2, we set

S(4) = {(% G+ N wh, @+ 9)) : (5,w) € A}

It is easy to compute that 7~ ( (A )) = U7 1 Xi, where X; are totally real
graphs around the origin of C*. By the results of Wermer mentioned in Prelim-
inaries we infer that each X; is polynomially convex for A small enough. More
precisely,

X1 ={(2.7+ 22+ o1(z,0), w, W + w? + P2 (z,0)) : (z,w) € A}.
Xo={(2,-2— 2" — ¢1(z,w), 0, W+ w” + p2(z,w)) : (z,w) € A}.
X3 ={(2,7+ 22+ p1(z,0), w0, W+ w” + p2(2,w)) : (z,w) € A}
={(z,2+ 2>+ ¢1(2, )w—w+w2+<p2( —w)) : (z,w) € A}.
Xy ={(22+ 22+ o1(z,0),w, —W — w* — p3(z,w)) : (z,w) € A}.
X5 ={(2,—2— 2" — p1(2,w), —w, W+ w? + pa(z,w)) : (z,w) € A}
={(z,-2= 2" — p1(z, —w),w, —W+ w* + p2(z, —w)) : (z,w) € A}.
Xo ={(2.2+ 22+ p1(z,0), —w, —W — w* — pa(z,w)) : (z,w) € A}
:{(z,E—l—zQ—l—(pl(z,—w),w,E—wz—<p2(z —w)) : (z,w) € A}.
X7 ={(z,—-2- 2" — p1(z,w),w,—W — w* — pa(z,w)) : (z,w) € A}.
Xs={(2,—2— 2" — p1(z,w), —w, —W — w® — pa(2,w)) : (2,w) € A}
= {(z,—E—zQ—gol(z,—w),w,w w? — po(z, — ) (z,w) € A}.
Xo={(-22+ 2"+ ¢1(2,w), 0, W+ w* + p2(2,w)) : (z,w) € A}
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={(z,— 2+ 22+ p1(—2,w), 0, W+ W’ + P2 (—2,w)) : (z,w) € A}.

X1o—{( 2,—Z— 2% — 1(z,w), w, W+ w* + P2 z,w)) z,w) € A}
:{(2,7—22—901( z,w), w, W+ w? + pa(—2,w)) : (z,w) € A}.
X ={(- 2,2+ 22+ o1(z,w), —w, W+ w? + p2(z,w)) : (z,w) € A}
={(z,— 2+ 22+ p1(—2,—w),w, W+ w* + P2 (—2, —w)) : (2,w) € A}.
Xio={(-2z2+ 22+ o1(z,0),w, —W — w* — pa(2,w)) : (z,w) € A}
= {(z,—?—l—zz—!—cpl(—z,w),w, W — w? — pa(—2,w ) :(z,w) € A}
Xiz={(-22- 22— o1(z,0), w0, W+ w* + p2(2z,w)) : (z,w) € A}
={(2,2— 2" — p1(—2z,—w),w, —W+ w* + pa(—2z,—w)) : (z,w) € A}.
X ={(-2-2-2"—pi(z,w),w, W — w* — pa(z,w)) : (z,w) € A}
={(2,2 - 2* — p1(~z,w), w, —W — w* — a(2,w)) : (—z,w) € A}.
X5 ={(-2z+ 22+ o1(z,0), —w, W — w* — Y2 (z,0)) : (z,w) € A}
={(z,— 2+ 22+ p1(—2,—w),w, W — w? — pa(—2,—w)) : (z,w) € A}.
Xi6={(-2-2— 2" — p1(z,w), —w, —W — w* — @3(2z,w)) : (z,w) € A}

= {(Z,E— 2% — 901(_2; —U}),U},m— w® — 902(_27_1”)) : (Zaw) € A}

We will show that 7! (S (A)) is polynomially convex if A is sufficiently small.

Claim 1. For A small enough, M; = Y7 UY5 is polynomially convex where Y; =
X1UX3UX3UXg and Yo = X0 U X3 U X4 U Xq6.

First we show that X; U Xg is polynomially convex. Let p; be a polynomial
in four variables defined by

p1(z1, 22,23, 24) = i(25 — 23).
We obtain
p1(Xy) = {i((w?’ — (W4 w® + @2(2,10))3) :(z,w) € A}
= {i(w® =) = 8ilwl* + o(|wl*) : (z,w) € A}

and
p1(Xe) = { ((w3 — (@ - w?® — pa(, —w))3) :(z,w) € A}
= {i(w3 — @) + 3ilw[* + o(jw]) : (z,w) € A}.

It follows that p; (X7) is contained in the lower half plane and p; (Xs) is contained
in the upper half plane for A small enough. Hence p;(X7) only meets p1(Xs) at
0 if A is sufficiently small. On the other hand, it is easy to see that

prH0)N (X1 U Xg) = {(2,Z2+2%,0,0) : 2 € D},
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where D is a disk centered at the origin in C. So p; *(0) N (X; U X¢) is a totally
real graph. It implies that pfl(O) N (X7 U Xg) is polynomially convex for A
small enough. Applying Kallin’s lemma we can deduce that Z; := X; U X is
polynomially convex if A is small enough. In the similar way with polynomial
pa(21, 22, 23, 24) = (25 + 23) we get that Zy := X3 U X4 is polynomially convex.

Now consider the polynomial (21, 22, 23, 24) = 2324. We have
9(Z1) = {Jwl* + o(jw[?) : (z,w) € A}

and
9(Zs) = { = Jwl* + o(|w]*) : (z,w) € A}.

Thus q(Z1) N q(Z3) = {0} if A is sufficiently small. Moreover
¢ H0)N (Z1 U Zy) = {(2,Z+ 22,0,0) : z € D},

where D is a small disk centered at the origin in C. It implies that ¢=1(0)N(Z; U
Z5) is polynomially convex. From Kallin’s lemma we get that Y7 = Z; U Zs is
polynomially convex.

Similarly we can show that Y5 = X79UX13UX14U X6 is polynomially convex.
Now consider the polynomial p(z1, 29, 23, 24) = (2} — 23). We have

p(Y1) = {1(23 - EZ+22+ 501(z,w))3) : (z,w) € A}
U {z(z?’ - Z+ 22+ @iz, —w))g) D (z,w) € A}
(22 = 7) = 3il2l" + o(l2l") : (2,w) € A},

and

i(z3 —(z-22+ gal(z,w))3) : (z,w) € A}

22— (Z-224 iz, —w))g) 2 (z,w) € A}
- {Z-(

%)+ 3il2]" +o(2l") : (2,w) € A},
It follows that p(Y7) is contained in the lower half plane and p(Y3) is contained
in the upper half plane for A small enough. Hence p(Y7) only meets p(Y2) at 0
for A small enough. On the other hand, it is easy to check that

—
.
w P

p 1H0) N (Y1 UYs) ={(0,0,w, @ + w?) : w € D} U{(0,0,w, @ — w?) : w € D}
U {(0,0,w, —w + w?) : w € D}
U {(0,0,w, —w — w?) : w € D},

where D is a small disk centered at the origin of the complex plane. Invoking
the Kallin’s lemma respectively with polynomials

p3(21, 20, 23, 24) = (25 — 23), palz1, 20, 23, 24) = (25 + 23),
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we get that
Ny = {(0,0,w, W +w?) : w € D} U{(0,0,w,w —w?) : w € D}
and
Ny = {(0,0, —w, - + w?) : w € D} U{(0,0,w, - — w?) : w € D}

are polynomially convex. Applying Kallin’s lemma with the polynomial p5 (21, 22,
23,24) = 2324 we can conclude that p~1(0)N (Y7 UY2) = N; U Ny is polynomially
convex. Using Kallin’s lemma we conclude that M; = Y; U Y5 is polynomially
convex if A is small enough.

Claim 2. Put Y3 = Xo U X5 U X7 U Xg and Yy = X9 U X171 U X152 U X15. Then
My = Y3 U Yy is polynomially convex if A is sufficiently small.

Indeed, in the way as in the proof of Claim 1 we can deduce that Xo U Xg
and X5 U X7 are polynomially convex (using Kallin’s lemma respectively with
polynomials qi (21, 22, 23, 24) = (25 —23), 42(21, 22, 23, 24) = i(2§ +2})). Applying
Kallin’s lemma with the polynomial g3(z1, 22, 23, 24) = 2324 we infer that Y3 =
(X2UX3g)U(X5UX7) is polynomially convex. Similarly Yy is polynomially convex.
Next, applying Kallin’s lemma with the polynomial q(z1, 2o, 23, 24) = i(2} — 23)
we can get that Mo = Y3 U Yy is polynomially convex if A is small enough.

Last consider the polynomial F(z1, 22, 23, 24) = 2122. We have
F(My) = {]z]* + o(|2]) : (z,w) € A}
and
F(Mz) = {~|2|* + o|2*) : (z,w) € A}.
It implies that F'(My) N F(Msz) = {0} if A is small enough. On the other hand,
it is easy to see that
F~H0) N (M1 U M) ={(0,0,w, @ + w?) : w € D} U{(0,0,w,@ — w?) : w € D}
U {(0,0,w, —w + w?) : w € D}
U {(0,0,w, —w — w?) : w € D}
=N;1 U Ny,

where N7 and Nj are defined as in the proof of Claim 1. Hence F~1(0)N(M;UMz)
is polynomially convex. Using Kallin’s lemma we can conclude that 7= (S(4)) =
M, UM is polynomially convex for A small enough. Clearly 71 (S (A)) is totally
real outside the origin. Applying Theorem 2.3 (with E = {0},0 € C*) we get that
P(r=1(5(4)) = C(x71(S(4)). By Lemma 2.5 we have P(S(4)) = C(S(4))
or equivalently

(2%, (Z+ £)%, w, (@ + g)% A = C(4).

The theorem is proved. [ ]
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