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Abstract. This paper, continuing [9], gives more C.L.T.s for ¢-mixing random vari-
ables and the likes, which improve those of Withers [10], Dvoretzky [2], Serfling [8] and
Mcleish [6], created for ¢-mixing, a-mixing, S-mixing, martingale and martingale-like
random variables.
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1. Introduction

Recall [9] that any triangular array of real random variables (X, ), k =
1,2,...,k,, n=1,2,...,is '-mixing if for all real ¢

a a-+c+b
0 (e,t) = max Cov ¢ exp | it E X |, exp | —it E X, — 0,
a+b+’c§kn j=1 j=a+c

1)
as ¢ and n — oo such that ¢ < k,,, where Cov(X,Y) = EXY — EXFEY is the
covariance of complex r.v.s. X, Y. All -mixing arrays [10], consequently all a-,
8-, ¢-, and p-mixing ones, are ¢'-mixing [9].

In this paper we apply the results obtained in [9] to give several C.L.T.s which
improve known C.L.T.s of mixing and martingale types. Firstly we improve a
part of Theorem 2.3 of Withers [10] written for /-mixing random variables. Then
the assumption of being a-mixing in Theorem 5.1 of Dvoretzky [2] is replaced
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by ¢-mixing, making it applicable to any array mixing in /-, a-, 8-, -, p-mixing
senses. These two ¢’-mixing C.L.T'.s are written in Sec. 2.

In Sec. 3 the ¢’-mixing notion is modified, in order to improve martingale
C.L.T.s and the likes. Theorem 5.3 of Dvoretzky [2], consequently Theorem
4.1 of Serfling [8], is improved by replacing its dependence assumptions which
use conditional expectations in their formulation, by an ¢’-mixing type one. For
known martingale C.L.T.s [1, 2, 6, 8] we replace the martingale or martingale-like
property by a ‘parameterized covariance’ condition, which need no conditional
expectations in its expression. Although our moment conditions in the latter case
are not as weak as in [2], but still are well-known normalization and Lindeberg
conditions.

Because the ¢’-mixing notion is derived from the method of characteristic
functions, any C.L.T. which uses characteristic functions in its proof, is expected
to be extendible to this type of mixing. The results in this paper can be served
as examples of that fact.

The proofs are given in Sec. 4, which use only elementary computations in
textbook level. This paper, combined with [9], is made self-contained for easy
reading.

2. Central Limit Theorems for ¢’-mixing Arrays

Denote [9]

b
Sn,a,b = § Xn,k; Sn,b = Sn,O,b and Sn = On,ky, -
k=a-+1

Recall that [9], for any given set of partitions 0 = m, 0 < My1 < ... < My, =

kn of the interval of integers [1,k,], n = 1,2,..., we can associate the array
(Yo i), an array of partial sums of (X, 1), defined by Yy, & := Snm, j1mnps k=
1,2,...,v,. Then S, (Y) := >}, Yo r = Sy, hence the limit laws of them are

the same, if existed.

Especially, for a given sequence (vy,) let m,, = [k, /v,] and m,, ; = myk for
0 < k < vy, ([a] denotes the integer part of a real number a). Then all the
elements Y, i, except the last one, of the associated array (Y, 1) = (Yo,x(vn)),
are the sums of exactly m, X, ;. And for the number of X, ; in the last sum
Y.,..,, we have the estimation m,, < k, — mu(v, — 1) < m,, + vy, which follows
from 0 < ky, /vy, — [kn/vn] < 1. Call (Y, k(v,)) as the array of vy, partial sums of
equal size of (Xp ).

Theorem 2.1. For any ¢'-mizing array of zero-mean r.v.s. (Xn ), k < kyp —
00, and for each positive integer v denote by (Y, x(v)) the array of v partial sums
of equal size of (Xn. k). Suppose that
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v

Z EYnQ,k(U) —1

k=1

— 0, (2)

vV—00

A, := limsup
n

Cy(e) := 1imsupz EY?, () (|Ynr(v)] >¢€) — 0 for everye >0, (3)
’ vV—00

k=1

max E Sy q.a+c| — 0, for all ¢ > 0. (4)

Then S, 2 N(0,1).
Note that condition (4) is weak as implied by
max EX,QL!,€ — 0,

which in turn follows from the Lindeberg condition ((2.4b) in [9]).

To continue, denote X := X/vEX? the normalization of X, for any zero-
mean random variable X such that 0 < EX? < oo, and X := 0 if EX?2 =0
otherwise.

Corollary 2.2. Let (X, 1), k < k,, — 00, be any {'-mizing array of zero-mean
r.u.s. Suppose that

lim sup maXES’Z’a’aerI (|Sn,aa40] >q) — 0, (5)
n,b<ky a a=oe

and that there exists a function d(z) : [0,€) — [0,00) such that d(0) = 0,
d(z)/z — 0 as x — 0, and

a

ims 2 .

lim sup max ES; iata, A
n n

20
< im —
<d (hin " ) ) (6)

for every sequence of positive integers (a,) such that lim, a, /k, < € exists. Then
S, 2 N(0,1).

Remark 2.3. Condition (6) imposes a weak stationary upon the X, ’s. It holds
if there exists a sequence (V},) such that V;, — oo and a slowly varying function
([3, 7]) h(zx) such that V,, = h(n)n and

View 1 a2
B Shats 1‘ — 0,

max
a

asn and b — oo (b < ky,). Since in this case for any sequence of positive integers
(ay) such that 0 < limay,/ky, < 1 exists we have (Vi /Va, )/ (kn/an) — 1 (see
[7, Theorem 1.1]), and V,, /Vi, — 0 if a,/k, — 0 (see Lemma 4.3). Hence d(z)
can be taken as zero on [0,1) because

Vi

V—”ES§7a7a+an — 1‘ + ‘

Vo, an

an

E S? - =
n,a,a+an kn

Va
< -
= Vk

“n
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2
a-+b

The sequences of zero-mean random variables X satisfying F <Z X k) /b—
a+1

A uniformly in @ as b — oo, satisfy (6) with the array X, = Xi/VnA,
1 < k < n, for which the above formula holds with V,, = n.

The condition (6) is implied by a more obvious condition: for large enough n

and every a, b
L
kn | — kn)’

where d(z) is as in (6) but continuous on [0, €).

2
E Sn,a,a-{—b -

This corollary weakens the conditions in part b) of Theorem 2.3 of [10], which
improves other results on a-mixing and [-mixing r.v.s. of Longnecker and Ser-
fling [5], and Yoshihara [11].

Next, we give another characterization of the asymptotical independence. It
is the relation (10) below.

Theorem 2.4. For any array (Xn k), k < k, — 00, of zero-mean r.v.s. suppose
there exists (Y1), k < vn, an array of partial sums of (Xn ), such that

cither Y EY}, — 0 or B > Yar)? — 0, (7)
k even k even
> EY;, — 1 (8)
k odd
Z EY,ikI (|Ynx| > ¢) — 0  for everye > 0. 9)
k odd

Then S, > N(0,1) if for all real t

Un,

Z Cov { exp (it Z Y. i), exp(—itY, x) — 0, (10)
k=1 7E(0,k)an "

where Iy, denotes the set of even (odd) integers in I if k is even (odd), and if
the second condition of (7) holds, the first sum of (10) can be taken with only
odd k’s.

More precisely, if both conditions of (7) as well as (8), (9) hold, then S, 5
N(0,1) if and only if for all real t

Un,

Z H E exp(itYy, s)Cov < exp(it Z Y,..;), exp(—itY, ) p — 0.
k=1 se(k,vn]an J€(0,k)2x
(11)

This theorem extends Theorem 5.1 of Dvoretzky [2] for a-mixing arrays. It
also gives a part of Lemma 3.1 of Withers [10] and the related result of Ibragimov
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and Linnik [4]. Otherwise, it applies to arrays mixing in known sense, since (10)
is implied by v, K, (d,) — 0 as n — oo, where d,, = ming(mp i — Mp k—1) and
K, (dy) can be an(dy), Bn(dy), €n(dy), on(dy), or pn(dy) [10]. All the last terms
exceed

max E exp (it Z Y, i) {exp (itY,,) — E exp (itY, 1)} -
) J€(0,k) 2k

Since Theorem 5.2 of Dvoretzky [2] is a direct consequence of Theorem 5.1,
we can derive easily a similar consequence of Theorem 2.4 which implies it.

3. C.L.T.s for Dependent Increment Arrays

Beside the arrays, in which ‘distant’ random variables depend weakly on each
other, as discussed in Sec. 2 and [9], there are ones in which weak dependence
appears even between ‘neighboring’ partial sums of the random variables. These
arrays are treated in Serfling [8], where the measure of dependence uses condi-
tional expectations. We give here a different approach.

Similar to (1), let us call an array (X, i), k < ky,, weakly correlated increment
array if for all real ¢

L,(t) = pnax |Cov { exp (it Sp.a), exp (—itSn,ab) }] — 0. (12)

Although the measures of dependence ¢, (¢, t) and L, (t) are logically different,
the results in [9] apply well to weakly correlated increment arrays.

Theorem 3.1. For any weakly correlated increment array of zero-mean r.v.s.
(Xnk), k <k, — 00, suppose that the conditions (3.1b) and (3.1¢) in [9], or

instead (3.2a), (3.2b), (3.2¢), (3.2d) in [9], hold, then S, 2 N(0,1).

Next, we give an extension of Theorem 5.3 of Dvoretzky [2], which improved
Theorem 4.1 of Serfling [8], by the help of Corollary 2 of [9]. The assumptions
on conditional expectations, characterizing the dependence, are replaced here by
the likes of L, (t) (see (15), (16)).

Theorem 3.2. Let (X, 1), k < k, — 00, be any array of zero-mean r.v.s. De-
note Ty q,0+b 1= Sn,a,aer/\/E, If for all real t
ETT%,(L,(L-H) — 1,
b E Ty aars/* T — 0,
becov{exp(it Sn,7a/\/k_n),Tn,7a7a+b} — 0,
Cov { exp (it Sna/Vkn). T gats} — 0,

13
14
15

(
(
(
(16

)
)
)
)
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asn — 00, b — o0, a+b < ky, uniformly in a, then S, /vVkn, K N(0,1),
provided the positive v, (3, 6 satisfy

v < B0

Another type of characterization of dependence between neighboring random
variables is the martingale property. Some martingale C.L.T.’s are created in
[1, 2, 6, 8]. We add two notes.

Suppose for an array (X, ) that
Esn‘kil(ka) =F (Xn,k| O'(Sn,k—l)) = O, a.s., (17)

for all n and k < k,,. A stronger form of (17) is that Sy, » forms a martingale for
each n, i.e.

En,klen,k = F (Xn’k| O’(Xn’l, SN ,Xn’kfl)) = 0, a.s.
As a direct consequence of Corollary 1 of [9] we have the following result.

Corollary 3.3. If for any array of zero-mean r.v.s. (X, i), k < k, — o0, the

conditions (2.4a), (2.4b) in [9] and (17) hold, then S, KA N(0,1) if and only if
for all real t

ko
Eexp (itX, ;)Cov{exp (it Snx-1), X7} — 0. (18)
k=1 j=k+1 "

This corollary cannot be implied by martingale C.L.T.s in [1, 2, 6], because
of the necessity of condition (18). Condition (2. 4a) in [9] in this case is the same
as B S2 — 1, since ES2 = EX? K, +ES? k1 == Z£l1 EX?Z’,C. In the case
Xk = Xi/+/E SZ, as supposed in Brown [1], (2.4a) becomes trivial. Note that
condition (18) is implied by, hence can be substituted by,

kn
Z |E exp (it Sp k- 1)(X EX ‘ — 0 for all real ¢, (19)
k=1
or by
ZE |ES Jk— 1 EX | — 0’
or by
kn
Y E|En (X2 —EX2)| — 0. (20)

k=1
The corollary with (20) instead of (18) is a consequence of the results in [1, 6].
Also note that Corollary 1 in [9], with (19) and
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k"L
Z |E exp (it Spp—1)Xnk| — 0 for all real ¢, (21)
k=1

instead of (2.5) and (2.6) in [9], is applicable for martingale-like sequences, since

(21) follows from
kn

EY B np-1Xnx| — 0.
k=1

Corollary 3.4. For any array of zero-mean r.v.s. (Xn ), k < ky, — o0, if the
conditions (2.4a), (2.4b) in [9], and (21) hold, then S, A N(0,1) if and only if
(18) holds, consequently if (19) holds.

The practical numerical computations of the terms in (19) and (20) seem to
have the same degree of difficulty. In this aspect, the conditional expectations

have no more preference than ‘¢ parameterized covariance’ terms. Besides, the
condition (19) is nearly sharp, as showed in the corollaries above.

4. Proofs

For brevity, below we shall use the notations defined in [9] without recalling.

Lemma 4.1. For any independent zero-mean r.v.s. X1, Xo,..., X,
n 2
FEexp <it Z:Xk> — exp (T) ’
< (g +C(s)) 2 +e(A+ D))t + (Cle) + ) (A+ 1)%4 (22)

for all real t and € > 0, where

A=

)

Y EX; — 1
1
C(e) ==Y EXPI(|Xx| > ¢).
1
Proof. The left-hand side of (22) equals
‘ ex _—tQ i:EX2 — ex _—tQ +
p 5 2 k p 2

n k—1 2 n 2
3 t 2 . —t 2
+kglEexp it jElXj -3 EkHEXj {Eexp(tik) — exp (TEXk)}‘

- - =
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< —t2A + En ’EGX (tX ) — €ex (—tz EX2)‘

2
=79 P p k p 9 k||

since by the Mean Value Theorem for any 0 < b < a there exist b < ¢ < a such
that |exp(—a) — exp(=b)| = |(a — b) exp(—c)(—1)| < |a — b|. Hence (22) follows,
since the term |E exp(itXy) — exp(—t>*E X7 /2)| is bounded by the sum of

t2
‘E exp(itXg) — 1 + —EX}?| < CPEXPI(Xy| >e) + et]PEXE,

2

using the inequalities in the proof of Corollary 1 in [9], and

—t2 t2 t4
‘E exp (TEX,f) — 1+ SEX}| < —EXHEXH (X >+,

as |exp (—z) — 1+ x| < 22/2 for all > 0 by the Taylor’s formula. [ |

Proof of Theorem 2.1. Fix a value of t. By (22), (2) and (3) for any € > 0 there are
a large enough v = v, and N such that for all n > N, and for (Y, 1) = (Y5,£(v)),
the array of v partial sums of equal size of (X, 1),

v _t2
E exp (itZYn’ik> —exp <7)| =

k=1

e >

42

> ’Eexp (itS,) — exp (T) — (81— S2) — Ssl (23)

where Sy = Eexp (it S,) — Eexp (it Y| Y, ) is the term in (2.2) in [9] for
(Y,.x) and Sz is the term in (2.8b) in [9] for (Yy, k), with d,, x = ¢ > 0.
Similar to the proof of Proposition 2.2 in [9], by (4) and putting m = [k, /ve]

[S1 — S| < 22 E \Sn,(kfl)mfc,(kfl)mi < 2. m{?XE|Sn7a7a+c| T 0.
k=2 )

For S5 we have

1Sa] < we sup |Cov{exp (it Sy (k-1)m—c)s exp (—itYy 1)} < v:ly(c, ).
2<k<v,

Since (X, %) is ¢/-mixing, there exists an M such that for any ¢ > M and all
n > M both sides of the last inequality are less than . So by choosing a ¢ > M,
for the remainder term in (23) we have | exp(itS,,) —exp(—t?/2)| < 3¢ for n large
enough, that is, it tends to zero as n — oco. Since t can be arbitrarily chosen we
obtain the conclusion. ]

Proof of Corollary 2.2. Since maxq ES}. , .y, <max, |ES2 , ... —c/kn|+c/kn
and k, — oo, the condition (6) implies (4). To show (2) and (3) fix a value of

v > 1/e. Let (Y, 1) be the array of v partial sums of equal size of (X, ). Set
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My, = [kn/v] and m}, = k,, — m,(v—1). Then, since m,, < m), < m,+v, both
M/ ky and m), /ky, tend to 1/v as n — oo. So (6), applying to these m,,, m,, and
Yy, i, implies

v—1
A, < limsup {Z max
" =1
by which (2) follows. To obtain (3), note that the sum in it does not exceed
(Z EYnQ’k) max EY, 1 ( Vi > e/1/E Yn%k).
k=1 )

Therefore, since by (6) EYn%,C < |EYn2’,C — ap/kn| + an/kn < d(1/v) + 2/v for
all large enough n, where a,, is either m,, or m!, depending on either k < v or
k = v, respectively,

Cy(e) < (Ay+1)limsup max EYZJCI (Y| > e/v/2/v+d(1/v)).

E S2

+ mgx n,a,a+m!, k,

ES? _ M

n,a,a+my k
n

< vd(1/v),

Hence by (5) Cy(e) — 0 as v — oo. [ |

Because the conditions (2.2) and (2.1) in [9] are equivalent we have the fol-
lowing lemma.

kn
Lemma 4.2. If > EX?L},Q — 0 then S, Lo if and only if for all real t
k=1

=

n

ZHk(X,t)Cov{exp(itSmk_l),exp(—z'tka)} — 0.
k=1 )

Proof of Theorem 2.4. If the second part of (7) holds then > Y, £0. In the

k even

case the first condition of (7) holds, by Lemma 4.2 and condition (10), applied
to (Yni), keven, > Y, il 0, too. In addition, if both conditions of (7) hold

k even

then by Lemma 4.2, (11) holds for (Y, 1), k even, meaning that the summations
in (11) can be taken with even values only. Consequently, the conditions (11)
and (11) for (Y, ), k odd, are equivalent. Then Proposition 2.1 of [9], applied
to (Y, k), k odd, give us the conclusions, using the conditions (2.2), (2.3) in [9],
(8) and (9). [ |

Proof of Theorem 3.1. The proof, for the case when (3.1b) and (3.1¢) in [9] hold,
is similar to, and simpler than, that of Theorem 3.1 of [9]. Here Proposition 2.2
of [9] is applied to dy_ = 0. So conditions (2.8a) and (3.1a) in [9] hold trivially.

Since the conditions of Theorem 3.2 of [9] imply those of Theorem 3.1 of [9],
as showed in the proof, here they also lead to the conclusion. [ ]
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Proof of Theorem 8.2. Let us apply Corollary 2 of [9], with d,, , = 0, to the
array (X}, ;) = (Xn.x/Vkn) and the following array of its partial sums (Y, ;).
For any 0 < 6 < 1 set m,, = [k], mpr = mpk and v, = [k,/my]. Then
Yn’k = Ty (k=1),mnk\/ Mn/kn for kb < vy, and Yy =Ty 0, —1) k0 V Vi /B
where V,, := k;, — (v, — 1)m,,. We need to show that (Y ;) satisfies (2 4a) (2.4b)
and (2.11) in [9], with d,, , = 0.

Since k,, = (vy, — 1)m,, + V;, and

VUn Vnp—1

2 2\ Mn 2 E
ZEYnk 1_21:(ETM 1) kn+(ETMn 1)k,

the condition (13) implies (2.4a) in [9] for (Y ;).

To continue, note that for large enough n k%/2 < k% —1 < m,, < kS, v, <
2k and k2 /2 < m, <V, < 2m, < 2k%, where m, < V, < 2m,, because

n’

0 < mp(kn/mn — [kn/myn]) < my. Hence for any real number a
max(mg, V,2) < 2lalgde, (24)

For large enough n by (24) we have

Z EY"  I(|Y)] > ¢)

<5 kZEm;kF“’
=1

Un ’ 243
< max E|S
- 8’8 a<vn,b=my,,V, | n,a,aer\

248

kd 2
< Cwv, <—”> kfﬂ max {b VE|Ty,a,a+b] +’8}

kn a<vp,b=mn,V,

where C' = 2(2+8)/2+7 /2B Hence (2.4b

~

n [9] follows from (14) if
-0
v < T (25)

4),

© MIQ

For checking (2.11) in [9] we have, by (2

Un,

D

k=1
< vp max ‘Cov {exp(itS;’mn(kfl)), ék}‘

< 21/2"’911"14;2,/2_59_1/2 max (be |C0v {exp(itS;l,a),Tn,7a7a+b}|) ,

a<vp,b=mq,,Vy

Cov { exp ( itS;,mn(k_l)); Yék}’

the right-hand side of which tends to zero by (15) if



Central Limit Theorems for Mizing Arrays I1 501
g>-2 (26)

Also by (16)

Un

D

k=1
< vy max ‘Cov { exp (it S}, 1 (k1)) Y’ik}‘

< 20, k071 max |C0v {exp(it5;7a),T37a7a+b}| — 0.

a<vp,b=my,V,

Cov {exp (itS;}mn(k,l)), Y/i,k} ‘

Since v < 6 we can find J satisfying both inequalities (25) and (26), hence all
the conditions of Corollary 2 in [9] are satisfied for (Y, ;). ]

Lemma 4.3. For any slowly varying function h(z) : (0,00) — (0,00) and two
sequences of positive numbers (a,), (by) such that b, — oo, suppose that 0 <
lim a,, /b, < oo exists then h(ay)/h(b,) — 1. Otherwise if ayn /b, — 0 and the set
{an;n=1,2...} N[0, qa] is finite for every a < co then anh(a,)/(bph(by)) — 0.

x

Proof. By [3, Corollary VIIL9 (p. 274)] h(z) = a(x)exp(/[, €(y)/y dy) where
e(x) = 0and a(z) — ¢, 0 < ¢ < 00, as £ — 0.

So, if 0 < limay, /b, < oo then a, — oo and h(ay,)/h(b,) — 1 in the case
| fbi" e(y)/ydy| — 0. But for large enough n the term in the last convergence is
bounded by |be” e/ydy| =¢|lnay/by| < e(|Inlim ay/by| + €), for any € > 0.

Otherwise when the left conditions hold, choose a so large A > ¢ that |e(z)] <
1/2 and |a(z)] < A for x > A, and A~ < min,, a,. Then, denoting A, =
max(ay, A), for all large enough n such that b, > A,, we have

a A b A
n n no] 1. b,
by Y an Y A, 2y A-1 Y 2 an
Hence
anh(an) < analan,)C by

ooy
bph(by) — bpa(by) V oan ’

where C = exp(flf,1 le(y)|/y dy) < oo, noting that max,, a(a,) < oo, since the
set {a, }N[0, A] is finite by the assumptions, and |a(a,)| < A on the set {a,, > A}.
|
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