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1. Introduction

Orlicz-Lorentz spaces as a generalization of Orlicz spaces L, and Lorentz spaces
A, have been studied by many authors (we refer to [1- 9] for basic properties of
Orlicz-Lorentz spaces as well to references therein). In this paper we give some
continuous properties of norm in Orlicz-Lorentz spaces. Let us first recall some
notations of Orlicz-Lorentz spaces:

Let (£2,u) := (£2,X, 1) be a measure space with the complete and o-finite
measure p, L°(11) be a space of all u-equivalent classes of X-measurable functions
on {2 with topology of convergence in measure on pu-finite sets.

A Banach space (E, ||.||g) is called the Banach function space on ({2, p) if it
is a subspace of L°(u), such that there exists a function h € E such that h > 0
a.e. on (2, and if f € L%(pu), g € E and |f| < |g| a.e. on {2 then f € E and
Iflle < |lglle. Moreover, if the unit ball By = {f € E: | f|lg < 1} is closed on
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L°(u) then we say that E has the Fatou property. A Banach function space E is
said to be symmetric if for every f € L%(u) and g € E such that s = pg then
f € Eand ||f|lg = ||gl| g, where for any h € L°(u), ps, denotes the distribution
of h, defined by up(t) = p({z € 2: |h(z)] >1t}), t>0.

Let E be a Banach function space on ({2, ) then the Koéthe dual space E
of FE is a Banach function space, which can be identified with the space of all
functionals possessing an integral representation; that is,

’

E={gel’w: llgly = sup /|fg|cm<oo
”f”ESln

Let ¢ : [0,00) — [0,00) be an Orlicz function (i.e, it is a convex function,
takes value zero only at zero) and w : (0, 00) — (0, 00) be a weight function (i.e.,
it is a non-increasing function and locally integrable and fooo wdm = 00). The
Orlicz-Lorentz space AZ , on (£2, ) is the set of all functions f(z) € L°(u) such
that

oo

/@(Af*(x))w(x)dm < 00
0

for some A > 0, where f* is the non-increasing rearrangement of f defined by
ff@)=inf{A>0: pr(A\) <z},
with 2 > 0 (by convention, inf ) = c0).

It is easy to check that Ag,w is a symmetric function space with the Fatou

property, equipped with the Luxemburg norm

[fllag, =inf §A>0: /(p(f*T(x))w(x)dm<l ,
0

Note that: If w = 1 then Ag,w is the Orlicz space L, if ¢(t) = ¢ then Agw is
the Lorentz space A, .

Denote by ¢, the Young conjugate function of ¢, that is
0« (t) = sup{st — p(s)|s >0}, t>0.

Let ¢ be an Orlicz function, we define

1) = 7% (J; ((j))) w(@)dm
0

for any f(z) € L°(u), we will denote by Mg*’w the space defined by
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Mg*’w = {f(x) € L) : I<§> < oo with some A > 0}.

we define a monotone and homogeneous functional

Ifllmg , = inf{A >0: I (%) < 1}.

Recall that ¢ satisfies Ay condition (we write, ¢ € Ajy) if there exists C > 0
such that ¢(2t) < Cp(t) V¢ > 0 and ¢ is a N-function if }iH(l] o(t)/t = 0 and

, 1i+m ©(t)/t = +00. Put

In the space Mg

*,W

S(t):/w(s)ds, £ 0,
0

we say that the weight function w is regular if there is a constant K > 1 inde-
pendent of ¢ such that S(2¢t) > KS(t) for any ¢ > 0. In what follows we will
write f =< g for nonnegative functions f and g whenever C1f < g < Caf for
some C; > 0,7 =1,2.

There were proved in [4] the following results on the dual space of (AL ,): Let
w be a weight function and ¢(t) = t or ¢ be an N-function, I = (0,00). Then
the following assertions hold:

’

i) If w is regular, then (AL ) = M , and ”'H(Ai;,w)/XH'HMI

P, W Pwrw
ii) If ¢ € Ag and (A;,w)' =M?!

o..ws then w is regular.

If 1 < p < oo then it is known the following continuous property of the norm
in Ly(R™) : ||lf(t+.)— f()|l[p = 0ast — 0, and ||f(¢.) — f(.)|][, = 0ast —1
for any f € L,(R™). For Orlicz spaces L, these results hold when ¢ € Ay. In
this paper we generalize these results to Orlicz-Lorentz spaces.

2. Main Results

For t = (t1,...,tn),z = (%1, ...,2,), we denote tx = (t1x1,...,t,x,) and |z| =

n 1/2
()"
i=1

Theorem 2.1. Let f € Ag:, and g € Mgﬂfr’w. Then

lim [ (f(t2) — f(2))g(x)dm = 0. (1)
]Rn

Proof. Since f € AE’T;, there exists a > 0 such that
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[ (£2) wtayim < .

0

Since g € Mgﬂf*’w, there is b > 0 such that

07090* <g;((§))> w(z)dm < .

Therefore,
7f*($)9*($)dm
0
< ab (/000 @(f*éx) Yw(z)dm + /000 (p*(g;((a;)) )w(a:)dm) < 00. (2)

We first prove (1) for characteristic functions of measurable sets A. There are
two cases, that is

Case 1. m(A) < oo. Since f(x) = xa(z), we have f*(x) = X(0,m(a)(z). We
denote by tA the set {tx : © € A}. Then it follows from m(A) < oo that
}in% m(AA(tA)) = 0. From (2) we have

m(A)

/ 9" (z)dr < 0.

0

)
Hence, for any € > 0, there exists 6 > 0 such that [ g*(z)dm < ¢, and then there

0
is to > 0 such that m(AA(tA)) < ¢ for all |t — 1| < tg. Put C; :== AA(tA) then
m(Cy) < ¢ for all |t — 1| < tg. So, for [t — 1| <o :

/ (ealtz) — xa(@))g(@)dm| < / (xaltz) - xa(@)g(z)] dm

- / . (@) lg(@)| dm
J

1(C't)

/ g*(z)dm < e.

0

IN

This implies
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tny [ (calt) = xa(e)g(e)dm = o

Case 2. m(A) = oco. Then f*(z) =1 Vx € (0,00) and it follows from (2) that
g*(x) is integrable on (0, 00), thus g(z) € L*(m). Denote g¢(x) := g(¥£). Then

}{T{ lg — g¢llLr(m) = 0. (3)
We see that
/ (xa(tz) — xa(2))g(z)dm
R7l

=7 [a@a@in - [ xa@gt)n

Rn Rn

— 1 [ @) ~g@am + (1 -1) [xa@atalan.

R™ R
Therefore,
[txatea) —xaeatarin < o [ lata) - |dm+]——1'/|g ) dm.
n R7l

So, it follows from (3) that

lim / (xa(tz) — ya(2))g(x)dm = 0.

From the linearity of integral, (1) is true for all simple functions f € Ag;

Now, to complete the proof, we need only to prove (1) for nonnegative mea-
surable f € AR 0w and f(z) < oo a.e. We consider the following sequence of

functions {f,(x )}n_l :

n.2"—1

Fal@) = Y2 gk () + mxa, (@)

k=0
where
Anp ={z: £ < f(x) < i},
{An —{a: fla)=n}.
It is easy to see that f,(z) T f(z) a.e., and nhlr;o m(A,) = 0. Therefore, given

e > 0 and 0 > 0, there exists ng such that 1/2" < e and m(4,,) < ¢ for all
n > ng. Then {z : f(z) — fu(x) > €} C A, for all n > ng. Hence, for n > ny
we have m({z : |f(x) — fu(x)] > €}) < m(A,) < 6, which gives f, > f. So,
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(fn— f)*(xz) — 0. By the Lebesgue’s dominated convergence theorem, we obtain

oo

lim [ (fu = £)(@)g" (x)dm = 0.

n— oo
0

On the other hand, we have

| [(s2) = sy
J
= | [(rt) = futeogtarim + [ (Flta) ~ fu(@)g(o)dm

Rn R~

+ [ Unta) = S@)g @]

RTL
<2 [ (= 1y (@g"@dm -+ | [(7ule) = fula)g(a)dm]
0 R

Letting t — 1, we get

limsup| / (f(tz) — f(x))g(x)dm| < 27(fn — ) (@)g(x)dm Vn €N,
Hence,
limsup| / (f(tz) = f())g(x)dm| <2 lim_ [ (4. = £ (@l eyim — .
This gives
lim [ ((tz) — f(2))g(x)dm =0.
The proof is complete. - [ ]

Theorem 2.2. Let f € Ag; and ¢ € Ay. Then

hm [ +) = f)llazr, =0 (4)

Proof. We first prove (4) for characteristic functions of measurable sets A.
Indeed, since xa(x) € AEL, we have m(A) < +oo. Since f(x) = xa(z),
[ (x) = X(,m(a))(x). We denote by ¢t + A the set {t +x : x € A}. Then it

follows from m(A) < +oo that }irr(l] m(AA(t + A)) = 0. For any ¢ > 0, there
exists 6 > 0 such that I
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)

[wtyim <

0

and then there is tg > 0 such that m(AA(t + A)) < ¢ for all |t| < to. Put
Cy := AA(t + A) then m(Cy) < § for all |t| < tg. So, for [t| < to :

7@(]“(75 +) = 1)) @)e(z)dm| = 7]so(xm,m(ct))(x))w(x)]dm
0 0

5
/w Ydm < p(1)e.
0

This implies
tiy [ @((£(+) = £)) (@hola)dm = 0.
0

Then it follows from ¢ € Ay that lim lfE+.)— f(~)||A§”w =0.

Because /1]R is a Banach space, (4) is true for all simple functions f € AEL

Now, to complete the proof, we only have to show (4) for nonnegative mea-
surable functions f € AR ow and f(z) < oo a.e. We consider the sequence of
functions {f,(x)}52; as follows

n.2"—1

Fal@) = Y2 o)+ mxa, (@)

where

Then it is easy to see that f,(z) T f(z) a.e. and lim m(A,) = 0. Therefore,

given € > 0 and 0 > 0, there exists N € N such that 1/2"™ < e and m(4,,) <
for all n > N. Then {z : f(z) — fu(z) > €} C A, for all n > N. Hence, for
n > N we get m({x : |f(z) — fn(2)] > €}) < m(A,) < 6, which gives f, = f.
So, (fn — f)*(x) — 0. By the Lebesgue’s dominated convergence theorem, we

obtain
o0

Jim [ o(fr = f)* (@)w(z)dm = 0.

0
Therefore, for € > 0 there is ng € N such that

/<P(fno — ) (@)w(z)dm <e.
0
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Hence,

oo

/so(fno (t+.) = f(t+ ) (@)w(z)dm <e. (5)

0
Because fp, is a simple function, there exists o > 0 such that for |t| < to

o0

/ﬂnm+q—nwww@Wn<e (6)

0

We see that
Urgriy@er(3) o (3)+r(3)

and there exists a number C' such that
ola+b+c) <C(pla) + o) +¢(c)) Va,b,c>0 (because p € Ay).

Therefore, by (5)-(6), we have for |t| < ¢

(o]

/ (F(t+) — ) (@)wlz)dm

oo

C(/gﬁ (Fay — (x)dm+/g0(fn0(t+.) — ft+ )" (5) wla)dm+

0

0
+/<p (fro(t+ ) = fng)” (—) w(x)dm)
0

oo

[ettn =17 (3) e (3) dm+ [ontes) = sy (5) (5) dm

0 0
s [ttty =gy (£) e () am) < 00e
0

Therefore,

<C

/N

o0

tig [ o(f(t+ )~ 1) (@hola)dm = 0.
0
Then it follows from ¢ € Ay that

i | £+ )~ FO)llag, = 0.

The proof is complete. [ |
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n

Corollary 2.3. Let f € Agw and ¢ € Ag. Then the modulus of smoothness
wo(6,f) = sup |+ )= F() g —0 asé —0.

0<|h|<6 @
Remark 2.4. The condition ¢ € Ay in Theorem 2.2 is essential.

Proof. Indeed, let n =1, p(z) = 2% if x > 2 and ¢(x) =2z if 0 < x < 2, and let
w(z) = 1. Then ¢(¢ Az) is an Orlicz function. We put

flz) = log, (QJC—l_l) ifx >0,
0 if z <0.

Then it is easy to check that

ng (f*éx)> w(@)dm < oo,

So, f € Agw, and we see that for ¢ > 0

ottr _ 1 ¢
f(af)—f(t+x):10g2ﬁz2, Vo € O’§ )

Therefore, for t > 0 we have

/@(f — f(t+ )" (@)w(z)dm o(f(x) = f(t +x))dm
0

Y
Ny O\

2t 1
> d
= / gr—1 "
0
t/3
i L
=) =T
0
Hence, for t > 0
1= F+ s =1,
which implies
tim £~ £+ Lz, #0.
The proof is complete. [ |

Next, we have the following theorem.

Theorem 2.5. Let f € AEZW Assume that ¢ € As, then

tim [1£(2) ~ FO)lLazr, = 0. ™)
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Proof. We first prove (7) whenever f(x) = xa(z) is the characteristic function
of a measurable set A. Indeed, since f(z) = xa(x) € /1(/J w» We have m(A4) < oo
and f*(z) = x(0,m(a))(x). We denote by tA the set {tx : = € A}. Then it follows
from m(A4) < oo that }LII{ m(AA(tA)) = 0. For an arbitrary € > 0, there exists

6 > 0 such that 5

0/ wiz)dm < e,

and then there is tp > 0 such that m(AA(tA)) < § for all [t — 1| < to. Put
Cy := AA(tA) then m(Cy) < ¢ for all |t — 1| < to. So, for |t — 1| <o :

/ (£ — £ @) w(z)dm| = 7\sa(xm,m(ct))(x))w(x)]dm
o

/w Ydm < p(1)e.
0

That is

oo

lim [ ((f(t) — F())"(@)w(z)dm = 0.

t—1
0

Then it follows from ¢ € A, that }nq I(f(t) — f()HAlf,"w =0.

Since the Orlicz-Lorentz space AEL is a Banach space, (7) is true for all simple
functions f € AEZU
Now, to complete the proof, we only prove (7) for f € AET; being the non-

negative, measurable function and f(z) < oo a.e. We consider the sequence of
functions {f,(x)}52; as follows

n.2"—1

@)= Y (o) +nxa, &),

k=0

where

Ap i :{x: Q%Sf(x)<k;;1 )
= flz) >

Then it is easy to see that f,(z) T f(z) a.e., and lim m(A,) = 0. Therefore,

given € > 0 and 0 > 0, there exists N € N such that 1/2"™ < e and m(4,,) <
for all n > N. Then {z : f(z) — fao(x) > ¢} C A, for all n > N. Hence, for

n>N:
m({z: [f(z) — fu(2)] = €}) <m(4,) <,

which gives f, =% f. So (fn — f)*(z) — 0. By the Lebesgue’s dominated conver-
gence theorem, we obtain
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o0

lim [ o(fn — f)*(z)w(z)dm = 0.

n—oo

0

Therefore, for € > 0 there exists ng € N such that

/<P(fn0 — ) (@)w(z)dm <e.
0
Hence,
/SO(fno (t.) — f(t) (x)w(z)dm < e. (8)

0

Since fn, is a simple function, there exists to > 0 such that for [t — 1| < ¢q :

/ D(Fno(t) = Fuo) (@)(@)dm < e. (9)
0

We see that

rravirnze () () o ()

and there exists a number C such that

pla+b+c) <C(pla) + @) +¢(c)) Va,b,c>0 (because p € As).

Therefore, from (8) and (9), we have for |t — 1| < to :

[etse) = 1) @eteyim
d
< c(/oowno N (5) wla)dm + /Ooso<fno (t) = £(t)" (5) wlz)dm
- / elfao(t) = Fu)" (5) w(x)dnj)
1
< c(]oso(fno -1 (5) e (5)dm+ 7sa<fno<t.> e (3)w (5) dm
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lim [ p(f(t) — ) ()w(@)dm = 0.
0

Then it follows from ¢ € Ay that

i [|£ (£ ) — £O)llazn, = 0.

The proof is complete. [ |

Similarly as above, we have the following:

Remark 2.6. The condition ¢ € As in Theorem 2.5 is essential.

Remark 2.7. Theorems 2.1, 2.2, 2.5 still hold when we take f € Agﬁﬁ,, g€ Mf}w
(in Theorem 2.2, ¢ > 0 is required), and the condition ¢ € Ay is also essential.
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