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Abstract. Let M be a module and N, K submodules of M. N is called a generalized
supplement of K in M if, M = N + K and N N K < Rad(N). A module M is called
a generalized supplemented module (briefly a GS-module) if any submodule of M has
a generalized supplement in M. Also M is called a generalized amply supplemented
(briefly a GAS-module) if whenever M = A + B for submodules A, B of M, then A
has a generalized supplement in M contained in B. It is clear that any supplemented
module (amply supplemented module) is a GS-module (GAS-module). In this paper we
investigate generalizations of these modules. We will show that a module M is Artinian
if and only if M is a §~-GAS-module and satisfies DCC on generalized J-supplment and
é-small submodules.
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1. Introduction

Throughout this article, all rings are associative and have an identity, and all
modules are unitary right R-modules.

A submodule L of M is called small in M (denoted by L < M), if for every
proper submodule K of M, L + K # M. A module M is called hollow, if every
proper submodule of M is small in M. A submodule N of M is called essential
in M (denoted by N <. M) if, N N K # 0 for every nonzero submodule K of
M. The singular submodule of a module M (denoted by Z(M)) is Z(M) =
{z € M | zI = 0; for some right ideal I <. R}. A module M is called singular
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(nonsingular, resp.) if, Z(M) = M (Z(M) = 0, resp.). We denote by End(M)
the ring of all endomorphism of a module M. N C® M means that N is a direct
summand of M. We use the notations Rad(M) for the Jacobson radical of M
and J(R) for the Jacobson of a ring R.

A module M is called a lifting module (or said to satisfy D;), if for every
submodule N of M, M has a decomposition M = A @ B, such that A < N and
NNB<<B.

Let M be a module. Then M is called m — projective if for every two submod-
ules X, Y of M, there exists f € End(M) with Im(f) < X and Im(1 — f) <Y.

For two submodules N and K of M, N is called a supplement of K in M if,
N is minimal with the property M = K + N, equivalently M = K + N and
NNL < N. Also N is called a weak supplement of K in M if, M = N + K and
NNK < M. A module M is called supplemented if, every submodule of M has
a supplement in M. M is called amply supplemented if whenever M = A+ B for
submodules A, B of M, then A has a supplement in M contained in B. Also M
is called weakly supplemented if any submodule of M has a weak supplement in
M.

By Zhou [9] a submodule L of M is called -small in M (denoted by L <5 M)
if for any submodule N of M with M/N singular, M = N + L implies that
M = N. The sum of all §-small submodules of a module M is denoted by §(M).
By definition of reject it is clear that 6(M/6(M)) = 0.

Let K, N be submodules of module M, then N is called a §-supplement of K
in M if, M = N+ K and NNK <5 N. N is called a weak 6-supplement of K in M
if, M =N+K and NNK <5 M. A module M is called §-supplemented if every
submodule of M has a d-supplement in M. M is called amply 6-supplemented if
whenever M = A+ B for submodules A, B of M, then A has a §-supplement in
M contained in B. Also M is called weakly § — supplemented if every submodule
of M has a weak J-supplement in M.

For two submodules N, K of M, K is called a d-cosmall submodule of N in
M if, K< N and N/K <5 M/K.

A module M is called §-lifting (or M has 6-D) if for any submodule N of M,
there is a decomposition M = M; @ Ms such that M7 < N and N N My <5 Ms.

d-supplemented modules, -lifting modules and some generalizations of them
had studied by several authors (see for example [1, 3, 7]).

It is clear that any supplemented (amply supplemented, weakly supple-
mented, lifting) module is a d-supplemented (amply d-supplemented, weakly
d-supplemented, d-lifting) module.

A module M is called é-hollow if, every proper submodule of M is §-small
in M. We call a homomorphism f : M — N a é-small epimorphism if, f is an
epimorphism with Ker(f) <5 M.

It is easy to see that every small submodule of a module M is §-small in
M, so Rad(M) C §(M) and Rad(M) = §(M) if M is singular. Also any non-
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singular semisimple submodule of M is §-small in M and d-small submodules of
a singular module are small submodules.

Wang and Ding [6] defined generalized supplemented modules as generaliza-
tions of supplemented modules. They called a submodule N of M a generalized
supplement submodule of M if there exists a submodule K of M such that
M =N+ K and NN K < Rad(N) and N is called a weak generalized supple-
mentof K in M if, M = N+ K and NN K < Rad(M). A module M is called
a generalized supplemented module (briefly a GS-module) if every submodule of
M has a generalized supplement in M. M is called a generalized amply supple-
mented module (briefly a GAS-module) if whenever M = A+ B for submodules
A, B of M, then A has a generalized supplement in M contained in B. Also M
is called a generalized weakly supplemented module (briefly a WGS-module) if
every submodule of M has a generalized weak supplement in M.

In this paper we define generalized (amply, weakly) 6-supplemented modules
and investigate some properties of these modules.

2. -GS Modules and §-GAS Modules

Definition 2.1. Let M be a module and N, K be submodules of M. N is called
a generalized d-supplement of K in M if, M = N + K and NN K < §(N).
A module M is called generalized é-supplemented (or briefly §-GS) if every
submodule of M has a generalized J-supplement in M. M is called a generalized
amply d-supplemented module (briefly a §-GAS module) if whenever M = A+ B
for submodules A, B of M, then A contains a generalized é-supplement of B in
M.

It is clear that any GS-module (GAS-module) is a J-GS-module (§-GAS-
module) and J-supplemented modules are 0-GS.

Lemma 2.2. Let M be a module and K a §-supplement submodule of M. Then
KNéM)=0(K).

Proof. Clearly §(K) < KNd(M) by [9, Lemma 1.5]. For the converse suppose
that x € KNJ§(M), then clearly Rz is a §-small submodule of M. Also Rz < K.
Now it suffices to show that Rr <5 K. Let K = Rz + L with K/L singular.
Since K is a d-supplement submodule of M, there exists a submodule K’ of
M such that M = K+ K' and KN K’ <5 K. Hence Re + L + K' = M
and M/(K'+ L) 2 K/(L+ K N K’) is singular, so M = K’ + L. Therefore
K=L+KnK' =La KNnK' <5 K. [ ]

Lemma 2.3. Let M be a module. Then
(1) 6(M) is Artinian if and only if M satisfies DCC on §-small submodules.
(i1) 6(M) is Noetherian if and only if M satisfies ACC on §-small submodules.

Proof. See [7, Theorems 2.3 and 2.5]. ]
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Proposition 2.4. Let M be a 6-GS-module and K a submodule of M with K N
0(M) =0. Then K is semisimple. In particular a §-GS-module M with 6(M) =0
s semisimple.

Proof. Let K/ < K. Since M is a §-GS-module, there exists a submodule L of
M such that K"+ L = M and K’ N L < §(L). Hence K = K' + KN L and
K'NKNL=K'NL<KNJ§L)<KN§M)=0. Thus K is semisimple. m

Proposition 2.5. Let M be a §-GAS-module. Then every direct summand of M
18 0-GAS.

Proof. Suppose that N C® M. Write M = N @ N’. Let N = A + B. Then
M = A4 (B @ N'). Since M is a §~-GAS-module, there exists A" < A such
that M = A’ + (B® N’) and A/ N (B® N') < §(A’). So N = A" + B and
A NB=A"N(B+ N)<4(4"), as required. ]

Proposition 2.6. Let M be a 6-GS-module. Then M = N @ L, where N is
semisimple and L is a module with 6(L) <. L.

Proof. By [2, Proposition 5.21], §(M) has a complement N such that NN§(M) =
0 and N @ §(M) <. M. Since M is a §-GS-module, there exists L < M such
that M = N+ Land NNL < 6(L). Now NNL=NN(NNL)<NNSL) <
NN§M) =0,s0o M = N @ L. By Proposition 2.4, N is semisimple. Also
§(M)=6(N)® (L) =6(L). Hence N @ §(M) = N @ §(L) <. M = N & L, and
so 6(L) <. L by [5, Proposition 5.20]. ]

Proposition 2.7. Let M be a module and A < M. Moreover let B < M be a
0-GS-module. If A+ B has a generalized §-supplement in M, then so does A.

Proof. There exists X < M such that X +(A+B) = M and XN(A+B) < §(X).
Since B is a §-GS-module, there exists Y < B such that Y + (X + A)Nn B =B
and (X +A4)NY < §(Y). Now we show that X +Y is a generalized d-supplement
of Ain M. It is clear that (X +Y)4+ A= M. Also (X +Y)NA< XN +A)+
YN(X+A), where XN(Y+A4) < XN(B+A) <§X)and YN(X+A) <(Y).
SO (X+Y)NA<HX)+0(Y)<d(X+Y) by [9, Lemma 1.5]. This completes
the proof. [ ]

Proposition 2.8. Let My and My be §-GS-modules. Then M = My + Ms is
again a 6-GS-module.

Proof. Let X be a submodule of M. Trivially M; + Ms + X = M has a gen-
eralized §-supplement in M and so My + X has a generalized d-supplement in
M (by Proposition 2.7). Thus again by Proposition 2.7, X has a generalized
d-supplement in M, as required. [ ]

Proposition 2.9. Let M be a §-GS-module. Then
(i) Every factor module of M is a 6-GS-module.
(il) M/o(M) is semisimple.
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Proof. (i) Let M /N be a factor module of M and L a submodule of M containing
N. Since M is a §-GS-module, there exists a submodule K of M such that
L+K =M and LNK < §(K). Thus M/N = L/N + (N + K)/N and L/N N
(N+K))K=(N+(LNK))/N <(N+d§LNK))/N <§(N+ K)/N); that
is, (N + K)/N is a generalized d-supplement of L/N in M/N. Hence M/N is a
4-GS-module.

(ii) Let N be a submodule of M containing §(M). Then there exists a sub-
module K of M such that M = N+ K and NN K < §(K) < §(M). So
M/6(M)=N/§(M)® (K +6(M))/5(M). Thus M/5(M) is semisimple. ]

Corollary 2.10. Let M be a §-GS-module. Then every finitely M -generated
module is a §-GS-module.

Proof. By Proposition 2.8, every finite sum of 6-GS-modules is §-GS-module and
by Proposition 2.9, every factor module of a §-GS-module is 4-GS-module. These
complete the proof. n

Let M be a module and N < M. N is said to has generalized ample 6-
supplements in M if for every submodule K of M with M = N + K, N has a
generalized d-supplement contained in K.

Proposition 2.11. Let M be a module such that M = My + My for submodules
My, Ms of M. If My, My have generalized ample d-supplements in M, then
My N My also has generalized ample §-supplements in M.

Proof. Let X < M and M1 NMy;+ X = M. Then My = M; N M+ X NM; and
M2 =M1 mM2+XﬂM2, soM:M1—|—XﬂM2 andM:M2+XﬂM1. Since
My, Ms have generalized ample d-supplements in M, there exist X5 < X N Ms
and X < X N M; such that My + X} = M and M; N X5 < 6(X}), and
My + X{ = M and My N X] < §(X]). Therefore X{ + X} < X and M; =
My N Ms + X{ and My = My N Ma + X5. Thus (My N M) + (X]+ X)) =M
and (M1 N M) N (X + X)) = (ManN X7) + (M N X5) < 6(X] + X}). Hence
X1 + X} is a generalized §-supplement of M; N M contained in X. ]

Proposition 2.12. Let M be a module and U < M. Then the following state-
ments are equivalent:

(i) There is a decomposition M = X @& X' with X <U and X' NU < §(X’
(ii) There is an idempotent e € End(M) with e(M) < U and (1 — e)U
5((1—e)M).
(iii) There is a direct summand X of M with X <U and U/X < §(M/X).

(iv) U has a generalized §-supplement V in M, such that V NU is a direct
summand of U.

).
<

Proof. (i)=>(ii) For decomposition M = X @ X', there is an idempotent e €
End(M) with e(M) = X and (1 —e)M = X’. Since X < U, we have (1 —¢e)U =
UN(1l—e)M <d((1—e)M).



520 Yahya Talebi and Behnam Talaee

(ii)==(iii) Take X = e(M).

(iil)==(i) Let M = X @& X’ and U/X < 6(M/X), then U = X & (X' N U).
Since X' NU 2U/X < §(M/X), we have X' NU < §(X').

(i)=(iv) Take V = X".

(iv)==(i) Let V be a generalized d-supplement of U in M and U = X & (V' N
U).Then M =U+V=X+{VNU)+V=X+Vand UNV < §V). Also
XNV=(XnU)NV =XnNUNYV) =0, that is, X is a direct summand of
M. u

We say a module M has property J-P* if for any submodule N of M, there
exists a direct summand K of M such that K < N and N/K < 6(M/K).

It is clear that any module with §-P* is a 6-GS-module.
It is not difficult to see that a module M has §-P* if and only if for any

submodule N of M, there exists a decomposition M = K @& K’ for M such that
K < N and NN K’ <§(K'). Hence every o-lifting module has §-P*.

Lemma 2.13. Let M be a module and A, B submodules of M such that B is a
generalized §-supplement of A in M. If M/A is a singular simple module, then
AN B =4§(B) and hence B/d(B) is a singular simple module.

Proof. We have M = A+ B and ANB < §(B). Since B/ANB = M /A is singular
simple, §(B) < AN B. Therefore AN B = §(B). [

Proposition 2.14. Let M be a module. If every submodule of M is a §-GS-
module, then M is a §-GAS-module.

Proof. Let L, N be submodules of M such that M = N + L. Thus there exists
H < L such that (LN N)+ H=Land (LNN)NH =NNH <§(H). Hence
H+N>LandsoM=H-+ N. [

Corollary 2.15. Let R be a ring. Then the following statements are equivalent:
(i) Every R-module is a §-GAS-module.
(ii) Fvery R-module is a §-GS-module.

Proof. 1t is clear. [ |

Proposition 2.16. Let M be a w-projective §-GS-module. Then M is a 6-GAS-
module.

Proof. Suppose that A, B are submodules of M such that M = A 4+ B. Then
there exists an endomorphism e of M such that e(M) < A and (1 —e)M < B.
Note that (1 —e)A < A. Let C be a generalized §-supplement of A in M. Then
M=eM+(1-e)(A+C) <A+ (1—-¢)C.So M = A+ (1—¢)C. Also
(1 —e)C is contained in B. Moreover AN (1 —e)C = (1 —e)(A N C), hence
AN(1—-e)C < (1—-e)(0(C)) <6((1—¢€)C)as ANC < 4(C); that is, (1 —e)C
is a generalized d-supplement of A in M. Thus M is a 6-GAS-module. [ |
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Theorem 2.17. Let M be a module. Then M is Artinian if and only if M is
a 6-GAS-module and satisfies DCC on generalized &-supplemented submodules
and on d-small submodules.

Proof. Since every Artinian module is amply supplemented, the necessity is clear.

For the converse, suppose that M is a 6-GAS-module and satisfies DCC on
generalized d-supplemented submodules and on d-small submodules. Then 6(M)
is Artinian (Lemma 2.3). Thus it suffices to show that M /§(M) is Artinian. First
we show that M/§(M) is semisimple. For this let N be any submodule of M
containing 6(M), then there exists a submodule K of M such that M = N + K
and NNK < §(K) <6(M). Thus M/§(M) = N/§(M)® (K +06(M))/5(M) and
so M/6(M) is semisimple.

Now it remains to show that M/§(M) is Noetherian. For this suppose that
0(M) < N1 < Ny < ...1is an ascending chain of submodules of M. Since M is
6-GAS-module, there exists a descending chain of submodules K1 > Koy > ...
such that each K; is a generalized d-supplement of N; in M (i = 1,2,...).

By hypothesis there exists a natural number n, such that K,, = K,11 = ....
Moreover we have M/6(M) = N;/6(M) @ (K; + §(M))/o6(M) for all i > n. I
follows that N, = Np41 = ..., so M/6(M) is Noetherian. []

Corollary 2.18. Let M be a finitely generated §-GAS-module. Then M is Ar-
tinian if and only if M satisfies DCC on d-small submodules.

Proof. The necessity is clear.

Conversely since M is a 6-GAS-module, M/§(M) is semisimple by the proof
of Theorem 2.17. Hence M /6(M) is Artinian. Since M satisfies DCC on d-small
submodules, by Lemma 2.3, 6(M) is Artinian. Therefore M is Artinian. [

Corollary 2.19. Let R be a ring such that Rg is a §-GAS-module. Then R is
a right Artinian ring if and only if R satisfies DCC on §-small right ideals.

Proof. 1t is clear. [ |

Example 2.20. Let M denote the Z-module Z. Then M is finitely generated
and satisfies DCC on d-small submodules. But M is not Artinian. Note that Zy
is not J-GAS. It follows that the condition J-GAS in Corollary 2.18 is necessary.

Proposition 2.21. Let M be a module with ACC on d-small submodules. Then
the following hold:
(i) If M is a §-GAS-module, then M is amply §-supplemented.

(ii) M has 6-P* if and only if M is 0-lifting.

Proof. (i) Let M = A + B, then there exists C' < B such that M = A + C and
ANC <4(C). Since M satisfies ACC on d-small submodules, by Lemma 2.3,
0(C) is Noetherian, and hence §(C') is finitely generated. It is not difficult to see
that 6(C) <5 C. Thus M is amply d-supplemented.
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(ii) Clearly any d-lifting module has §-P*.

For the converse, it suffices to show that every factor module of M satisfies
ACC on §-small submodules.

Let A be any submodule of M and B;/A < By/A < ... an ascending chain
of d-small submodules of M/A. Since M has §-P*, M is a 6-GS-module and so
M is é-supplemented.

Let C be a d-supplement of A in M. Then M/A=(A+C)/A=C/(ANC).
Since B;/A <5 M/A, B;/A = D,/(ANC) <5 C/(ANC) for some D; < C
(1t = 1,2,...). We prove that D; <s M. Let D; + E = M such that M/E
is singular. Then D;/(ANC)+ (E+ (ANnC))/(ANC) = M/(ANC). Hence
E4+ANC =M and so M = E.

Now since By < By < ..., we have D1 < Dy < ... and so there exists n € N
such that Dy = Dy for all k > n. Therefore Bx/A = Byy1/A for all k > n;
that is, M /A satisfies ACC on d-small submodules. [ |

Corollary 2.22. Let M be a module and (M) be Noetherian. If M is a §-GS
(0-GAS)-module, then M is §-supplemented (amply 0-supplemented).

Proof. Since §(M) is Noetherian, it is d-small in M. Now if M is 6-GS (-
GAS), then from the proof of Proposition 2.21, M is J-supplemented (amply
d-supplemented). [ |

Example 2.23. (i) Let R = Zg. Then M = R @® 2R/4R is a d-supplemented
module and so is a 6-GS-module (see [3, Example 2.16]).

(ii) The Z-module Z is not a 6-GS-module (note that 6(Z) = 0).

3. -WGS-modules

Definition 3.1. Let M be a module and N, K submodules of M. N is called a
generalized weak 0-supplement of K in M if, M = N+ K and NN K < §(M).
A module M is called generalized weakly 6-supplemented (or briefly 6-WGS) if
every submodule of M has a generalized weak J-supplement in M.

It is clear that by definition any GWS-module (weakly §-supplemented mod-
ule) is a 6-WGS-module.

Proposition 3.2. Let M be a §-WGS-module. Then
(i) Every d-supplement submodule of M is a 6-WGS-module.
(i1) Fvery factor module of M is a 0-WGS-module.

Proof. (i) Let K be a d-supplement submodule of M and N a submodule of K.
Since M is §-WGS, there exists L < M such that M = N+ L and NNL < 6(M).
Hence K = N+ KNLand NN(KNL) = NNL=KN(NNL) < KN§ (M) = §(K)
by Lemma 2.2. So K is §-WGS.
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(ii) Let N be a submodule of M and L/N any submodule of M/N. Therefore
there exists K < M such that L+ K = M and KN L < 6(M). Hence M/N =
L/N+ (K+ N)/N.Let m: M — M/N denote the natural epimorphism, then
L/NN(K+ N)/N=(LN(K+N))/N=(N+(KNL))/N=n(LNK). Since
KNL<6M), n(LNK)<7m(6(M)) <6(M/N). This completes the proof. m

Proposition 3.3. Let M be a finitely generated module. Then M is a §-WGS-
module if and only if M is weakly &-supplemented.

Proof. The necessity is clear.

For the converse, let N be a submodule of M, then there exists a submodule
L of M such that M = N+ L and NNL < §(M). Since M is finitely generated,
0(M) is §-small in M and so M is a weakly d-supplemented module. [ |

Example 3.4. The module M = Zjy is a finitely generated module. Since M is
not weakly d-supplemented, it is not a §~-WGS-module by Proposition 3.3.

Lemma 3.5. Let M be a module and K, My submodules of M. Moreover sup-
pose that My is a §-WGS-module. If M1+ K has a generalized weak d-supplement
in M, then so does K.

Proof. Let N be a generalized weak §-supplement of M7+ K in M;i.e, M+ K+
N =M and NN(M;+ K) < §(M). Since M; is a §-WGS-module, there exists a
submodule L of M; such that MiN(N+K)+L = M; and LN(N+K) < §(My).
Hence we have M = K4+ N+Land KN(N+L) < (K+M;)NN+LN(N+K) <
0(M); that is, N + L is a generalized weak J-supplement of K in M. ]

Proposition 3.6. Let M = My + My. If My and Ms are §- WGS-modules, then
M is a 6-WGS-module.

Proof. Let N be a submodule of M. We have My + My + N = M and so
My + Ms + N has a generalized weak d-supplement in M. Hence Ms + N has a
generalized weak 0-supplement in M (by Lemma 3.5). Again by Lemma 3.5, N
has a generalized weak §-supplement in M. So M is 6-WGS. [ ]

Theorem 3.7. Let M be a module with 6(M) <5 M and M/5(M) singular.
Then the following statements are equivalent:

(i) M is a 6-WGS-module.

(il) M/o(M) is semisimple.

(iii) There is a decomposition M = My & My such that My is semisimple,
0(M) <. Ma and Ma/6(M) is semisimple.

Proof. (i)==(ii) Let L be a submodule of M containing §(M). Then there exists
N < M such that M = N+ L and NNL <§(M). Thus M/6(M)=L/5(M) @
(N 4+ 6(M))/6(M); that is, M/§(M) is semisimple.
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(ii)==(i) Let N be a submodule of M. There exists a submodule L of M
containing §(M), such that M/5(M) = (N + 6(M))/6(M) & L/6(M). Hence
M=N+06M)+L=N+1L,as 6(M) <s M. Moreover NN L < §(M).
Therefore M is 6-WGS.

(ii)==(iii) Let M; be a complement of §(M) in M. Then M; = (M; &
0(M))/o6(M) is a direct summand of M/§(M), and hence M; is semisimple.
So there exists a semisimple module M»/§(M) such that M/5(M) = (M +
0(M))/o(M)®My/6(M). Therefore M = M;+Ms and M1NMs = 0. This implies
that M = M; & M,. Since M, is a complement of §(M), My @ (M) <. M =
M; ® My and so §(M) <. My by [5, Proposition 5.20].

(iii)==-(ii) It is clear. ]

Example 3.8. Let M denote the Z-module Z/127Z. Then (M) = 6Z/12Z is
d-small in M. Moreover M/§(M) = Z/6Z is a singular semisimple module. So
by Theorem 3.7, M is 6-WGS. Moreover let M; = 47 /127 and My = 37 /127,
then M = M; & My where M; is semisimple, §(M) <. My and Ms/06(M) is
semisimple.

Recall that a ring R is called semilocal if R/J(R) is semisimple. Here we say
a ring R, 0-semilocal if R/6(R) is semisimple, where §(R) = §(Rpr) denotes the
sum of all §-small right ideals of R.

Theorem 3.9. Let R be a ring and consider the following statements:

(i) R is §-semilocal.

(ii) Every R-module M with 6(M) <5 M and M /6(M) singular, is a 6- WGS-
module.

(iii) Every finitely generated R-module M with M/§(M) singular, is a 0- WGS-
module.

(iv) Every cyclic R-module M with M /06(M) singular is a 6-WGS-module.

Then (i)==(ii)==(iii)==(iv) hold. Moreover if R/46(R) is singular then
(iv)=(1) holds.

Proof. (i)==(ii) For module M there is a set A and an epimorphism f : R —
M such that f(§(R?A)) < §(M). Then RA/§(R?) = (R/6(R))” and hence we
obtain an epimorphism g : R4 /§(R4) — M /5(M). Thus M/§(M) is semisimple
and so M is a -WGS-module, by Theorem 3.7.

(ii)==(iii)==(iv) are clear.

(iv)=(i) It is clear that if Rp is a -WGS-module, then R is J-semilocal.
Now if R/d(R) is singular, then Rp is -WGS by (iv), and so R is §-semilocal. m
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