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Abstract. We reconsider two previous stability problems in [2, 3] and give other esti-
mations of the stable degrees of these problems with the following metric:

1
AMFx; I = minmax ex(t) — ey (@)|; =
( X Y) T;I(} {fg' X() Y( )|’T}

for two distribution functions Fx; Fy of two random variables X,Y and their corre-
sponding characteristic functions ¢x (t) and @y (t), eventhough when the condition in
Theorem 2.1 in [1] is not satisfied.

1. Introduction

In 1968, Hoang Huu Nhu considered the stability of the characterization of nor-
mal distribution function, when he changed the condition of independence of two
statistics by the e— independence. In more detail, we have the stability theorem
as follows.
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Theorem 1.1 (See [2]). Suppose that (X1, X, ..., X,) is a simple sample from
distribution function F(x) so that E|X;|?(179) < 400(0 < & < 1). If the statistics

X ==Y X; and S* = = Y (X; — X)? are e— independent then
ni=1 ni=1

1
sup |F(z) = ¢(2)] < er—=, (1)
TER 1
In -
€
where ¢(x) is a normal distribution function and ¢ is a constant independent of

€.

In the proof of this theorem, if we call f(¢) to be the characteristic function
with the corresponding distribution function F'(x) then from the condition X
and S? being independent we shall have the differential equation

IO = PO OF + 1) =0, (2)
where f(0) =1; f/(0) = 0.

Changing the independence condition of X and S? by the e— independence
of X and S?%(see [2]), we have the following differential equation

FrOFHE) = PO @ + (1) = Ralt), 3)
where R, (0) = 0; R,,(—t) = R, (t); |Rn(t)| < &(Vt).

In 1970, (see [3]), Kagan considered the stability of the characterization the-
orem based on the condition of admissibility of X as an estimator of a shift
parameter where F'(x) satisfies the condition

/xdF(x) =0;0< /x2dF(x) =07 < +o0. (4)

From his result, we also know that if X is an e— admissibility estimator then
the characteristic f(t) of the corresponding distribution function F'(z) which is
symmetric (f(—t) = f(t)) and satisfies the differential equation

FrOF@) = 1 OF +o*[f(1)]* = Ra(t), (5)

where R, (0) = 0; R(—t) = R(t);|Rn(t)| < c20%e (c2 is a constant independent
of €) and we have

Theorem 1.2 (See [3]). Let (X1, Xa, -, Xp) be a random sample of sizen > 3

from the population F(x) where F(x — 0) is symmetric and has zero mean and
2.2

. . = . o°e
finite variance o2. If X is a (
n

)— admissibility estimator of 0, then we have
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sup |F(z) — é(x)] < es(log =) 3, (6)
reR! €

where ¢(x) is a normal distribution function and cs is a constant independent of
E.

Using some recent results we may get two new stability theorems with shorter
proofs. The similar situation could be done, in reconsidering the previous stabil-
ity problems.

2. Stability theorems

Theorem 2.1 (With the hypothesis of Theorem 1.1). If X and S? are e—independent,
then

AMF;0) <eq max{slf‘s; ;1}, 0<d<1, (7)
In =
1) nE

where ¢(x) is a normal distribution function and c4 is a constant independent of
g, 0 is a real number such that 0 < 6 < 1.

Theorem 2.2. With the hypothesis of Theorem 1.2 (for all t € R') we have

)\(F;qﬁ)g%max{sl*‘s;;l}, 0<d<1, (8)
InZ
1) nE

where ¢(x) is a normal distribution function and cs is a constant independent of
g, 0 is a real number such that 0 < 6 < 1.

To prove the theorems, we can see the following problems of differential equa-
tion.

Let us consider the following two differential equations:

ALF(@), ' (0), s S ()] = 0 9)

and

ALfe(0), JL(0)s s SO ()] = R(1) (10)

where R, (0) = 0; Rp(—t) = Ry (t); |Rn(t)| < € for some small enough number e.

We know that, if the function A(.) (in (9) and (10)) satisfies the condition

A
—8?“(") # 0 then we can represent f(")(t) in the form

F) = gl 0, (1), s FV )] (11)
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and if f-(t) is a solution of the equation (10) then we can represent fs(") (t) in
the form

() = glfe(8), L), STV + D), (12)
where a(t) depends on R(t) and |a(t)| < e for all t € R™.

Lemma 2.3. If the function g(x1, 2, ...,x,) is continuously differentiable and
satisfies the Lipschitz’s condition, that means there exists a positive constant N
such that
n
|9(21, 2, o ®n) = 91, Y2 -, Yn) | <D Ny — wil, (13)
k=0

then, for every small enough positive number €, there exists a positive number
T=T()(T(e) = 400 as e — 0) and a positive number 6(0 < 6 < 1) such that

If(t) = f-(t)| < c.e' 7%, for all t,|t| < T(e),

where ¢ is a constant independent of €.

Proof. The proof is similar to that of Theorem 2.1 in [1], but we do not need
the boundedness of f(t) and f*)(t) for all k = 1,2,...,n and for all t € R™.
We notice that in the proof of Theorem 2.1 in [1], actually, we only need the
Lipschitz condition of the function g(x1, xa, ..., z,).

At first, we consider ¢ > 0 (the case t < 0 is carried out similarly). Putting
1 = f(t), 29 = f'(t),...;xn = fO~D(t) then the differential equation (11) can
be written in the form

vy _

£

X2

&2

a ~ ° (14)
% :g(xlaan"'axn)'

Let us denote X = (21,7, ...,2,)7 € R™ and

-n 1 1...1
1 —nl 1
A= ) ,
1 11...-m
nry —Ir3 — - —Tp
—T1+nrg —-— Ty
G(X) = :
—T1 — T2 — -+ NTp_1

—I1 — X2 —+—Tp_1+NTy+ 9(331, axn)
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Then the differential equation (14) reduces to the equation

dx
— = AX + G(X). (15)

In a similar way, the differential equation (12) can be rewritten as follows:

ay

yry =AY + G(Y) + a(t), (16)

where Y = (y1,92, .-, Yn)T € R, y1 = fo(t), yo = fL(t), ooy Yn = (" 1)( t) and
a(t) depends on R(t),|a(t)] < e for all t € R.

Since g(z1, 2, ..., T,) is continuous in variables and satisfies the Lipschitz’s
condition, there exists a positive constant k such that

|G(X) — G(Y)|| < k|| X = Y]], for all X,V € R" (17)

where ||.|| denotes the norm in R™.
On the other hand, we have

det(A—AE) = A+ 1)(A+n+1)" 1
So, the eigenvalues of matrix A are

We see that the eigenvalues of the matrix A have negative real parts. According
to a result of [4],

(At!)’“. (18)

At|| < ge—at At _
[le?*|| < Be™ ", where e Z -
k=0
From (15) and (16) we get

X(t) =eX(0)+ | AIG[X(s)]ds,

~+

Y (t) = Y (0) +

X
|

t

A= QY (s)]ds —|—/ eA=5)q(s)ds-
0

Since X (0) = Y(0),

IIX(lﬁ)—Y(lﬁ)IIS/0 ||6A(tS’II-IIG[X(S)]—G[Y(S)]IldsﬂL/0 1A= - lla(s)|ds.

Using the estimations (17) and (18) we have
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t t
|Mﬁ%4ﬁMs5aM/kme@—Y@wm+@ﬂ%/eww

0 0

Hence
¢ t
IM@—Y@WMS&/e“%+/6wX@—Y@W“w
0 0

If we put u(t) = || X(t) — Y (t)|le™, f(t) = 65]3 e*®ds, k(t,s) = kf and to = 0
then according to a result of [4] we also know that if the following inequality
holds:

u(t) < f(t) —|—/ k(t, s)u(s)ds.

to

then u(t) < h(t) for all ¢,tg < t < to+T, where h(t) is a solution of the equation

h(t) = g(t) —|—/ k(t, s)h(s)ds.

to

That means u(t) < h(t), where f(t) is a solution of the equation

f(t) =g(t) + /0 Bk f(s)ds.
Therefore, we have
f(t) = ef(f Bkds [g(o) “+ /t g/(s)ef()s ﬁkdsds]
0

t
:eﬁkt/ 6Eea57ﬁksds
0

— 65 (eat _ eﬁkt)'

a— [t
So we have
1X(t) - Y (O] € —2(1 = ePt-t)e
lov — k|
(19)
< 76 elPk—elte,
= Ta— M
. 1 Lis
Now if we choose T'(e) = mln(g) (where 0 < 0 < 1) then T'(e) — oo

when ¢ — 0. For all ¢,0 < t < T'(¢) we shall get

B as_ 15
1 X () =Y (@) < mf =ce .
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where c is a constant independent of €. This completes the proof of Lemma 2.3.
|

Proof of Theorem 2.1. We notice that the function A(.) in (9) now has the form
KO0

GRS SO
where f(t) is the characteristic function of the normal law, f(¢) # 0 for all t € R!.

# 0 is satisfied and we have

A[f(), £/(@0), 17 ()]

So, the condition

af//
e _ L@
£ =L+ 1. (20)
That means the function g(z1,z2) has the form
22
g(w1, x2) = x—j + 1, (21 #0). (21)

For every complex numbers 1, z2, y1, y2 we have the estimation

2 2

€ Y
|9z, 22)=g(y1,92)| = [(Z2 +21) = (52 + 1)
x1 At

$2 2
<2 Bz
X1 1
$2—$ 2
lyws =@l
|z1]. |y | (22)
22— 2 4 2 _ a2
<z oyt el
|z 1] |y
22 — 2| + |y3||zr —
< ly1||z3 — v5| + |y3l|z1 y1|+|x1—y1|
|z 1] |y
|5 ]

< w2 — yel-|lr2 + y2| + lz1 — 1| + |21 — w1l

1
|1] |z 1|y

But we notice that 1,y are characteristic functions and for every normal char-
acteristic function f(t), there always exists a constant ¢ such that

= inf |f(¢)] > 0.
g = jnf [£(t)]
That means there exist two constants q1, g2 such that

lz1] > q1 5 |y1] > qo.

Therefore, from (22) we can get

lg(z1,22) — g(y1,92)| < Ni1lwr — y1| + Na|za — 32|,
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hence the Lipschitz’s condition (13) is satisfied. By using Lemma 2.1, we shall
5

1
get the estimation |f(t) — f-(t)| < c.e'™ for all ¢, |t| < T'(¢) = k.In(=) (where
€
T(e) — oo as € — 0), where f(t) is a solution of the differential equation (2)
and f.(t) is a solution of the differential equation (3). That means

A(F,@—mmmax{ sup |f5<t>—f<t>|;%}mmax{sl5;%}.

T>0 t|<T(e) Sln =
g
| ]

Proof of Theorem 2.2. By arguments similar to those of the proof of Theorem
2.1, and from (5) the function g(z1, z2) has the form
2
x
g(x1,29) = 22 _ 5%,
x1

Therefore, for every complex numbers x1, 2, y1, Y2, we have

lg(@1, 22) — g(y1, y2)| < o%|w1 — 1| +

2 2
T2 _ ¥
x1 At

So, with the same arguments in the proof of Theorem 2.1 we shall get the
conclusion (8). [ |
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