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Abstract. We reconsider two previous stability problems in [2, 3] and give other esti-
mations of the stable degrees of these problems with the following metric:

λ(FX; FY ) = min
T>0

max

(

sup
|t|≤T

|ϕX(t) − ϕY (t)|;
1

T

)

for two distribution functions FX ; FY of two random variables X,Y and their corre-

sponding characteristic functions ϕX(t) and ϕY (t), eventhough when the condition in

Theorem 2.1 in [1] is not satisfied.

1. Introduction

In 1968, Hoang Huu Nhu considered the stability of the characterization of nor-
mal distribution function, when he changed the condition of independence of two
statistics by the ε− independence. In more detail, we have the stability theorem
as follows.
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Theorem 1.1 (See [2]). Suppose that (X1, X2, ..., Xn) is a simple sample from

distribution function F (x) so that E|Xj|
2(1+δ) < +∞(0 < δ ≤ 1). If the statistics

X =
1

n

n
∑

i=1

Xi and S2 =
1

n

n
∑

i=1

(Xi − X)2 are ε− independent then

sup
x∈R

|F (x)− φ(x)| ≤ c1
1

√

ln
1

ε

, (1)

where φ(x) is a normal distribution function and c1 is a constant independent of

ε.

In the proof of this theorem, if we call f(t) to be the characteristic function
with the corresponding distribution function F (x) then from the condition X

and S2 being independent we shall have the differential equation

f ′′(t)fn−1(t) − fn−2(t)[f ′(t)]2 + fn(t) = 0, (2)

where f(0) = 1; f ′(0) = 0.

Changing the independence condition of X and S2 by the ε− independence
of X and S2(see [2]), we have the following differential equation

f ′′(t)fn−1(t) − fn−2(t)[f ′(t)]2 + fn(t) = Rn(t), (3)

where Rn(0) = 0; Rn(−t) = Rn(t); |Rn(t)| ≤ ε(∀t).

In 1970,(see [3]), Kagan considered the stability of the characterization the-
orem based on the condition of admissibility of X as an estimator of a shift
parameter where F (x) satisfies the condition

∫

xdF (x) = 0; 0 <

∫

x2dF (x) = σ2 < +∞. (4)

From his result, we also know that if X is an ε− admissibility estimator then
the characteristic f(t) of the corresponding distribution function F (x) which is
symmetric (f(−t) = f(t)) and satisfies the differential equation

f ′′(t)f(t) − [f ′(t)]2 + σ2[f(t)]2 = Rn(t), (5)

where Rn(0) = 0; R(−t) = R(t); |Rn(t)| ≤ c2σ
2ε (c2 is a constant independent

of ε) and we have

Theorem 1.2 (See [3]). Let (X1, X2, · · · , Xn) be a random sample of size n ≥ 3
from the population F (x) where F (x − θ) is symmetric and has zero mean and

finite variance σ2. If X is a (
σ2ε2

n
)− admissibility estimator of θ, then we have
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sup
x∈R1

|F (x)− φ(x)| ≤ c3(log
1

ε
)−

1

2 , (6)

where φ(x) is a normal distribution function and c3 is a constant independent of

ε.

Using some recent results we may get two new stability theorems with shorter
proofs. The similar situation could be done, in reconsidering the previous stabil-
ity problems.

2. Stability theorems

Theorem 2.1 (With the hypothesis of Theorem 1.1). If X and S2 are ε−independent,

then

λ(F ; φ) ≤ c4 max{ε1−δ;
1

δ ln
1

ε

}, 0 < δ < 1, (7)

where φ(x) is a normal distribution function and c4 is a constant independent of

ε, δ is a real number such that 0 < δ < 1.

Theorem 2.2. With the hypothesis of Theorem 1.2 (for all t ∈ R
1) we have

λ(F ; φ) ≤ c5 max{ε1−δ;
1

δ ln
1

ε

}, 0 < δ < 1, (8)

where φ(x) is a normal distribution function and c5 is a constant independent of

ε, δ is a real number such that 0 < δ < 1.

To prove the theorems, we can see the following problems of differential equa-
tion.

Let us consider the following two differential equations:

A[f(t), f ′(t), ..., f(n)(t)] = 0 (9)

and
A[fε(t), f

′
ε(t), ..., f

(n)
ε (t)] = R(t) (10)

where Rn(0) = 0; Rn(−t) = Rn(t); |Rn(t)| ≤ ε for some small enough number ε.

We know that, if the function A(.) (in (9) and (10)) satisfies the condition
∂A

∂f(n)
6= 0 then we can represent f(n)(t) in the form

f(n)(t) = g[f(t), f ′(t), ..., f(n−1)(t)] (11)
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and if fε(t) is a solution of the equation (10) then we can represent f
(n)
ε (t) in

the form
f(n)

ε (t) = g[fε(t), f
′
ε(t), ..., f

(n−1)
ε (t)] + a(t), (12)

where a(t) depends on R(t) and |a(t)| ≤ ε for all t ∈ R
n.

Lemma 2.3. If the function g(x1, x2, ..., xn) is continuously differentiable and

satisfies the Lipschitz’s condition, that means there exists a positive constant N

such that

|g(x1, x2, ..., xn) − g(y1, y2, ..., yn)| ≤

n
∑

k=0

N |xi − yi|, (13)

then, for every small enough positive number ε, there exists a positive number

T = T (ε)(T (ε) → +∞ as ε → 0) and a positive number δ(0 < δ < 1) such that

|f(t) − fε(t)| < c.ε1−δ, for all t, |t| ≤ T (ε),

where c is a constant independent of ε.

Proof. The proof is similar to that of Theorem 2.1 in [1], but we do not need
the boundedness of f(t) and f(k)(t) for all k = 1, 2, ..., n and for all t ∈ R

1.
We notice that in the proof of Theorem 2.1 in [1], actually, we only need the
Lipschitz condition of the function g(x1, x2, ..., xn).

At first, we consider t > 0 (the case t ≤ 0 is carried out similarly). Putting
x1 = f(t), x2 = f ′(t), ..., xn = f(n−1)(t) then the differential equation (11) can
be written in the form































dx1

dt
= x2

dx2

dt
= x3

...
dxn

dt
= g(x1, x2, ..., xn).

(14)

Let us denote X = (x1, x2, ..., xn)T ∈ R
n and

A =











−n 1 1 . . . 1
1 −n 1 . . . 1
...

...
...

...
...

1 1 1 . . . −n











,

G(X ) =















nx1 − x3 − · · · − xn

−x1 + nx2 − · · · − xn

...
−x1 − x2 − · · ·+ nxn−1

−x1 − x2 − · · · − xn−1 + nxn + g(x1, ..., xn)















·
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Then the differential equation (14) reduces to the equation

dX

dt
= AX + G(X). (15)

In a similar way, the differential equation (12) can be rewritten as follows:

dY

dt
= AY + G(Y ) + a(t), (16)

where Y = (y1 , y2, ..., yn)T ∈ R
n, y1 = fε(t), y2 = f ′

ε(t), ..., yn = f
(n−1)
ε (t) and

a(t) depends on R(t), |a(t)| ≤ ε for all t ∈ R
1.

Since g(x1, x2, ..., xn) is continuous in variables and satisfies the Lipschitz’s
condition, there exists a positive constant k such that

||G(X) − G(Y )|| ≤ k||X − Y ||, for all X, Y ∈ R
n (17)

where ||.|| denotes the norm in R
n.

On the other hand, we have

det(A − λE) = (λ + 1)(λ + n + 1)n−1.

So, the eigenvalues of matrix A are

λ1 = −1; λ2 = −(n + 1) = λ3 = · · · = λn.

We see that the eigenvalues of the matrix A have negative real parts. According
to a result of [4],

||eAt|| ≤ βe−αt, where eAt =

∞
∑

k=0

(At)k

k!
· (18)

From (15) and (16) we get

X(t) = eAtX(0) +

∫ t

0

eA(t−s)G[X(s)]ds,

Y (t) = eAtY (0) +

∫ t

0

eA(t−s)G[Y (s)]ds +

∫ t

0

eA(t−s)a(s)ds·

Since X(0) = Y (0),

||X(t)−Y (t)|| ≤

∫ t

0

||eA(t−s)||.||G[X(s)]−G[Y (s)]||ds+

∫ t

0

||eA(t−s)||.||a(s)||ds.

Using the estimations (17) and (18) we have
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||X(t) − Y (t)|| ≤ βe−αt

∫ t

0

keαs||X(s) − Y (s)||ds + βe−αtε

∫ t

0

eαsds.

Hence

||X(t) − Y (t)||eαt ≤ βε

∫ t

0

eαsds +

∫ t

0

βk||X(s) − Y (s)||eαsds.

If we put u(t) = ||X(t) − Y (t)||eαt, f(t) = βε
∫ t

0
eαsds, k(t, s) = kβ and t0 = 0

then according to a result of [4] we also know that if the following inequality
holds:

u(t) ≤ f(t) +

∫ t

t0

k(t, s)u(s)ds.

then u(t) ≤ h(t) for all t, t0 ≤ t ≤ t0 +T , where h(t) is a solution of the equation

h(t) = g(t) +

∫ t

t0

k(t, s)h(s)ds.

That means u(t) ≤ h(t), where f(t) is a solution of the equation

f(t) = g(t) +

∫ t

0

βkf(s)ds.

Therefore, we have

f(t) = e
R

t

0
βkds[g(0) +

∫ t

0

g′(s)e
R

s

0
βkdsds]

= eβkt

∫ t

0

βεeαs−βksds

=
βε

α − βt
(eαt − eβkt).

So we have

||X(t) − Y (t)|| ≤
β

|α − βk|
(1 − eβkt−αt)ε

≤
β

|α − βk|
e|βk−α|tε.

(19)

Now if we choose T (ε) =
1

|α− βk|
ln (

1

ε
)δ (where 0 < δ < 1) then T (ε) → ∞

when ε → 0. For all t, 0 < t ≤ T (ε) we shall get

||X(t) − Y (t)|| ≤
β

|α − βk|
ε1−δ = c.ε1−δ.
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where c is a constant independent of ε. This completes the proof of Lemma 2.3.

Proof of Theorem 2.1. We notice that the function A(.) in (9) now has the form

A[f(t), f ′(t), f ′′(t)] =
f ′′(t)

f(t)
−

[f ′(t)]2

f2(t)
= 1,

where f(t) is the characteristic function of the normal law, f(t) 6= 0 for all t ∈ R
1.

So, the condition
∂A

∂f ′′
6= 0 is satisfied and we have

f ′′(t) =
[f ′(t)]2

f(t)
+ f(t). (20)

That means the function g(x1, x2) has the form

g(x1, x2) =
x2

2

x1
+ x1, (x1 6= 0). (21)

For every complex numbers x1, x2, y1, y2 we have the estimation

|g(x1, x2)−g(y1, y2)| = |(
x2

2

x1
+ x1) − (

y2
2

y1
+ y1)|

≤ |
x2

2

x1
−

y2
2

y1
| + |x1 − y1|

≤
|y1x

2
2 − x1y

2
2 |

|x1|.|y1|
+ |x1 − y1|

≤
|y1x

2
2 − y1y

2
2 + y1y

2
2 − x1y

2
2 |

|x1|.|y1|
+ |x1 − y1|

≤
|y1||x

2
2 − y2

2 | + |y2
2||x1 − y1|

|x1|.|y1|
+ |x1 − y1|

≤
1

|x1|
|x2 − y2|.|x2 + y2| +

|y2
2 |

|x1||y1|
|x1 − y1| + |x1 − y1|.

(22)

But we notice that x1, y1 are characteristic functions and for every normal char-
acteristic function f(t), there always exists a constant q such that

q = inf
t∈R1

|f(t)| > 0.

That means there exist two constants q1, q2 such that

|x1| ≥ q1 ; |y1| ≥ q2.

Therefore, from (22) we can get

|g(x1, x2) − g(y1, y2)| ≤ N1|x1 − y1| + N2|x2 − y2|,
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hence the Lipschitz’s condition (13) is satisfied. By using Lemma 2.1, we shall

get the estimation |f(t) − fε(t)| < c.ε1−δ for all t, |t| ≤ T (ε) = k. ln (
1

ε
)
δ

(where

T (ε) → ∞ as ε → 0), where f(t) is a solution of the differential equation (2)
and fε(t) is a solution of the differential equation (3). That means

λ(F, φ) = min
T>0

max

{

sup
|t|≤T (ε)

|fε(t) − f(t)|;
1

T (ε)

}

≤ c4 max{ε1−δ;
1

δ ln
1

ε

}.

Proof of Theorem 2.2. By arguments similar to those of the proof of Theorem
2.1, and from (5) the function g(x1, x2) has the form

g(x1, x2) =
x2

2

x1
− σ2x1.

Therefore, for every complex numbers x1, x2, y1, y2, we have

|g(x1, x2) − g(y1 , y2)| ≤ σ2|x1 − y1|+

∣

∣

∣

∣

x2
2

x1
−

y2
2

y1

∣

∣

∣

∣

.

So, with the same arguments in the proof of Theorem 2.1 we shall get the
conclusion (8).
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