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Abstract. In this paper we have shown that the sequence
n

Jm
qIn×n

TΦTm
(zq)In×n

o

converges strongly to the Hankel operator SΦ ∈ L(H2
Cn(T)) for Φ ∈ L∞

Mn
(T) and for

all inner functions q ∈ H∞(T). Here TΦ is the Toeplitz operator on the Hardy space

H2
Cn(T), In×n is the identity matrix of order n, Jm

qIn×n
= diag[Jm

q , Jm
q , .....Jm

q ] where

for i ≥ 0, m ≥ 0, Jm?

q zi = qmzm−i, 0 ≤ i ≤ m and 0, otherwise.
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1. Introduction

Let T = {z ∈ C : |z| = 1} and L2(T) be the space of square integrable,
measurable functions on T with respect to the normalized Lebesgue measure
on T. The sequence {en(z)}∞n=−∞ = {zn}∞n=−∞ forms an orthonormal ba-
sis for L2(T). Given f ∈ L1(T), the Fourier coefficients of f are Cn(f) =
1

2π

∫ 2π

0

f(eiθ)e−inθdθ, n ∈ Z, where Z is the set of all integers. The Hardy

space H2(T) is the subspace of L2(T) consisting of functions f with Cn(f) = 0
for all negative integers n. Since Cn = Cn(·) is a bounded linear functional

on L2(T) for any fixed n and H2(T) =
⋂

n<0

ker Cn, it follows that H2(T) is
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a closed subspace of L2(T) and therefore a Hilbert space. Let P̃ denote the
orthogonal projection from L2(T) onto H2(T). Let L∞(T) be the space of all
essentially bounded measurable functions on T. For ϕ ∈ L∞(T), the Toeplitz

operator Tϕ from H2(T) into itself is defined by Tϕf = P̃ (ϕf) and the Han-

kel operator Sϕ from H2(T) into itself is defined by Sϕf = P̃ (J̃(ϕf)). Here

J̃ is the mapping from L2(T) into L2(T) defined by J̃f(z) = f(z). Let L(H)
denote the algebra of bounded, linear operators from a Hilbert space H into
itself and LC(H) be the set of all compact linear operators from H into itself.
Let LF(H) be the set of all finite rank linear operators from H into itself. Let
H∞(T) = {f ∈ L∞(T) : Cn(f) = 0 for n < 0}. A function q ∈ H∞(T) is said
to be an inner function if |q(eit)| = 1 almost everywhere on T. Let In×n be the
identity matrix of order n.

Let L2
Cn(T) denote the Hilbert space of Cn-valued, norm-square integrable,

measurable functions on T and H2
Cn(T) the corresponding Hardy space of func-

tions in L2
Cn(T) with vanishing negative Fourier coefficients. We note that

L2
Cn(T) = L2(T) ⊗ Cn and H2

Cn(T) = H2(T) ⊗ Cn where the Hilbert space
tensor product is used. If Φ is a bounded measurable Mn-valued function
(where Mn denotes the algebra of matrices of order n with complex entries)
in L∞

Mn
(T) = L∞(T) ⊗ Mn, then TΦ denotes the Toeplitz operator defined on

H2
Cn(T) by TΦf = P (Φf) for f ∈ H2

Cn(T) where P is the orthogonal projection
of L2

Cn(T) onto H2
Cn(T). The Hankel operator SΦ is a mapping from H2

Cn(T)
into itself defined by SΦf = P (J(Φf)) where J : L2

Cn(T) → L2
Cn(T) is defined by

Jf(z) = f(z). In this paper we have shown that if Φ ∈ L∞
Mn

(T) then for all inner
functions q ∈ H∞(T), the sequence {Jm

qIn×n
TΦTm

(zq)In×n
} converges strongly to

the Hankel operator SΦ ∈ L(H2
Cn(T)). This is an extension of a result given in

[2] and [3]. It relates Toeplitz and Hankel operators in some asymptotic sense.

2. Hankel Operators and Inner Functions

In this section we obtain a characterization of Hankel operators on H2
Cn(T)

in terms of inner functions in H∞(T). In fact we show that if S is a bounded
linear operator on H2

Cn(T) then S is a Hankel operator if and only if STqIn×n
=

T ∗
q+In×n

S for all inner functions q ∈ H∞(T) where q+(z) = q(z). We first prove

a result for Hankel operators on H2(T).

Lemma 2.1. Let S ∈ L(H2(T)). Then T ∗
q+S = STq for all inner functions

q ∈ H∞(T) if and only if there exists ϕ ∈ L∞(T) such that S = Sϕ, a Hankel

operator. Here q+(z) = q(z).

Proof. Let A = {ηh : η is inner and h ∈ H2(T)}. Then A is a dense linear [4]

subspace of L2(T). Define J̃ : L2(T) → L2(T) as J̃f(z) = f(z) for all z ∈ T and

S̃f = Sf if f ∈ H2(T) and S̃ is bounded linear on L2(T). Thus S̃|H2(T) =

S. Define a map Ω : A → C as Ω(ηh) = 〈S̃(ηh), 1〉. Then Ω is well-defined
and linear. In fact, if η1h1 = η2h2, then we have Ω(η1h1) = Ω(η2h2). Further
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|Ω(ηh)| ≤ ‖S̃‖‖ηh‖. So Ω is a bounded, linear functional on A. Since A is
dense in L2(T), there exists a unique ϕ ∈ L2(T) such that Ω(ηh) = 〈ηh, ϕ〉
and |〈ηh, ϕ〉| ≤ ‖S̃‖‖ηh‖. Thus ϕ ∈ L∞(T). Define Γϕ : L2(T) → L2(T) as

Γϕf = J̃(ϕf). Notice that Γϕ is bounded on L2(T) and ‖Γϕ‖ ≤ ‖ϕ‖∞. Further,

〈S̃(ηh), 1〉 = Ω(ηh) = 〈ηh, ϕ〉 = 〈η+h+, J̃ϕ〉 = 〈η+J̃h, ϕ+〉 = 〈(J̃ϕ)η+J̃h, 1〉 =

〈J̃(ϕηh), 1〉 = 〈Γϕ(ηh), 1〉. Since A is dense in L2(T), we have 〈S̃f, 1〉 = 〈Γϕf, 1〉
for all f ∈ L2(T). In particular, for g ∈ H2(T), 〈Sg, 1〉 = 〈S̃g, 1〉 = 〈Γϕg, 1〉 =

〈P̃Γϕg, 1〉 = 〈Sϕg, 1〉. Now since T ∗
q+S = STq for all inner functions q ∈ H∞(T),

we obtain in particular, T ∗
z+S = STz . That is, T ∗

z S = Tz̄S = STz . Thus for
polynomials p, u in z,we have 〈S(pu+), 1〉 = 〈STpu+1, 1〉 = 〈T ∗

(pu+)+S1, 1〉 =

〈T eJ(pu+)S1, 1〉 = 〈S1, T(pu+)+1〉 = 〈S1, (p+u)1〉 = 〈S1, Tp+u〉 = 〈T ∗
p+S1, u〉 =

〈STp1, u〉 = 〈Sp, u〉. Thus 〈Sp, u〉 = 〈S(pu+), 1〉 = 〈Sϕ(pu+), 1〉 = 〈Sϕp, u〉.
Since polynomials are dense in H2(T), we have for f, g ∈ H2(T), 〈Sf, g〉 =
〈Sϕf, g〉. Hence S = Sϕ.

Conversely, if Sϕ is a Hankel operator in L(H2(T)), then for any inner function
η ∈ H∞(T) and for all n, m ≥ 0, 〈T ∗

η+Sϕzn, zm〉 = 〈Sϕzn, Tη+zm〉 = 〈Sϕzn,

η+zm〉 = 〈P̃ J̃(ϕzn), η+zm〉 = 〈J̃ (ϕzn), η+zm〉 = 〈ϕzn, η zm〉 = 〈ϕηzn, zm〉 =

〈J̃(ϕηzn), zm〉 = 〈Sϕ(ηzn), zm〉 = 〈SϕTηzn, zm〉. Thus T ∗
η+Sϕ = SϕTη for all

inner functions η ∈ H∞(T).

Theorem 2.2. Let S ∈ L(H2
Cn(T)). The operator S is a Hankel operator on

H2
Cn(T) if and only if STqIn×n

= T ∗
q+In×n

S for all inner functions q ∈ H∞(T).

Proof. Let S ∈ L(H2
Cn(T)). Since H2

Cn(T) = H2(T)⊕H2(T)⊕ ...⊕H2(T), hence

S =




S11 S12 · · · S1n

S21 S22 · · · S2n

...
...

...
Sn1 Sn2 · · · Snn




where Sij ∈ L(H2(T)), 1 ≤ i, j ≤ n. Thus T ∗
q+In×n

S = STqIn×n
for all in-

ner functions q ∈ H∞(T) if and only if T ∗
q+Sij = SijTq for all inner functions

q ∈ H∞(T), 1 ≤ i, j ≤ n. But from Lemma 2.1, it follows that Sij = Sϕij
∈

L(H2(T)), a Hankel operator on H2(T) with symbol ϕij ∈ L∞(T), 1 ≤ i, j ≤ n.
Hence

S =




Sϕ11
Sϕ12

· · · Sϕ1n

Sϕ21
Sϕ22

· · · Sϕ2n

...
...

...
Sϕn1

Sϕn2
· · · Sϕnn


 = SΦ ∈ L(H2

Cn(T)),

a Hankel operator with symbol Φ ∈ L∞
Mn

(T) and
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Φ =




ϕ11 ϕ12 · · · ϕ1n

ϕ21 ϕ22 · · · ϕ2n

...
...

...
ϕn1 ϕn2 · · · ϕnn


 .

Now suppose Φ ∈ L∞
Mn

(T) and SΦ is a Hankel operator on H2
Cn(T). Let

Φ =




ϕ11 ϕ12 · · · ϕ1n

ϕ21 ϕ22 · · · ϕ2n

...
...

...
ϕn1 ϕn2 · · · ϕnn


 .

Then since H2
Cn(T) = H2(T) ⊕ ....⊕ H2(T), hence

SΦ =




Sϕ11
Sϕ12

· · · Sϕ1n

Sϕ21
Sϕ22

· · · Sϕ2n

...
...

...
Sϕn1

Sϕn2
· · · Sϕnn




where Sϕij
∈ L(H2(T)) is a Hankel operator on H2(T) with symbol ϕij ∈

L∞(T). From Lemma 2.1, it follows that T ∗
q+Sϕij

= Sϕij
Tq , 1 ≤ i, j ≤ n. Hence

T ∗
q+In×n

SΦ = SΦTqIn×n
.

3. The Hankel Sequence Associated with Toeplitz Operators

In this section we construct a sequence {Jm
qIn×n

TΦTm
(zq)In×n

} associated with

the Toeplitz operator TΦ on H2
Cn(T) that converges strongly to the Hankel op-

erator SΦ on H2
Cn(T) for all inner functions q ∈ H∞(T). This sequence is re-

ferred to as the Hankel sequence associated with TΦ. We further prove that if
Φ ∈ L∞

Mn
(T), then {Jm

qIn×n
SΦTm

(zq)In×n
} converges strongly to 0 for all inner

functions q ∈ H∞(T).

Theorem 3.1. If ϕ ∈ L∞(T), then for all inner functions q ∈ H∞(T), the

sequence {Jm
q TϕTm

(zq)} converges strongly to Sϕ ∈ L(H2(T)), the Hankel operator

with symbol ϕ and where for i ≥ 0, m ≥ 0,

Jm∗

q zi =

{
qmzm−i, 0 ≤ i ≤ m

0, otherwise.

Proof. Notice that for i, j ≥ 0, i, j ∈ Z, 〈Sϕzj, zi〉 = 〈P̃ J̃(ϕzj), zi〉 = 〈J̃(ϕzj),
zi〉 = 〈ϕzj , z−i〉 = 〈ϕ, z−(i+j)〉 = ϕ̂(−(i + j)), where ϕ̂(n) is the n-th Fourier
coefficient of ϕ. Further, for i, j ≥ 0, i, j ∈ Z,

〈Jm
q TϕTm

(zq)z
j, zi〉 =〈Tϕ(zmqmzj), Jm∗

q zi〉
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=

{
〈P̃ (ϕzmqmzj), qmzm−i〉, 0 ≤ i ≤ m

0, otherwise

=

{
〈ϕzj , z−i〉, 0 ≤ i ≤ m

0, otherwise

=〈PmSϕzj , zi〉

where Pm is the orthogonal projection from H2(T) onto span {1, z, ..., zm}. Thus
Jm

q TϕTm
(zq) = PmSϕ. Since Pm −→ I strongly, hence the sequence {Jm

q TϕTm
(zq)}

converges strongly to the Hankel operator Sϕ.

Theorem 3.2. Let Φ ∈ L∞
Mn

(T). Then for all inner functions q ∈ H∞(T), the

sequence {Jm
qIn×n

TΦTm
(zq)In×n

} converges strongly to the Hankel operator SΦ ∈
L(H2

Cn(T)) where Jm
qIn×n

= diag[Jm
q , Jm

q , ..., Jm
q ] and In×n is the identity matrix

of order n.

Proof. Let

Φ =




ϕ11 ϕ12 · · · ϕ1n

ϕ21 ϕ22 · · · ϕ2n

...
...

...
ϕn1 ϕn2 · · · ϕnn


 .

Then

TΦ =




Tϕ11
Tϕ12

· · · Tϕ1n

Tϕ21
Tϕ22

· · · Tϕ2n

...
...

...
Tϕn1

Tϕn2
· · · Tϕnn


 .

Now for f ∈ H2
Cn(T), f = (f1, f2, ..., fn),

∥∥∥Jm
qIn×n

TΦTm
(zq)In×n

f − SΦf
∥∥∥

2

≤
n∑

i=1

n∑

j=1

∥∥∥Jm
q Tϕij

Tm
(zq)fj − Sϕij

fj

∥∥∥
2

.

By Theorem 3.1, for all inner functions q ∈ H∞(T),
∥∥∥Jm

q Tϕij
Tm

(zq)fj − Sϕij
fj

∥∥∥ −→
0 for 1 ≤ i, j ≤ n as m −→ ∞. That is, Jm

q Tϕij
Tm

(zq) → Sϕij
strongly for

1 ≤ i, j ≤ n as m −→ ∞. Thus
∥∥∥Jm

qIn×n
TΦTm

(zq)In×n
f − SΦf

∥∥∥ −→ 0 as m → ∞
and for all f ∈ H2

Cn(T).

Let D = {z ∈ C : |z| < 1} be the open unit disk in the complex plane C.

Let H2(D) be the space of analytic functions f on D such that

‖f‖2
H2(D) = sup

r<1

1

2π

∫ 2π

0

|f(reiθ)|2dθ < ∞.

If f ∈ H2(D), then Fatou’s theorem implies that the limit
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f̃(eiθ) = lim
r→1−

f(reiθ)

exists for almost every θ and it is well known [5] that f̃ ∈ H2(T). If g ∈ H2(T)
then it is also true [5] that

‖g‖2
H2(T) = sup

r<1

1

2π

∫ 2π

0

|ĝ(reiθ)|2dθ

where ĝ is the harmonic extension of g to D. Since there is an isometrical iso-
morphism between H2(D) and H2(T), we shall not distinguish between H2(D)
and H2(T).

Theorem 3.3. Let K ∈ LC(H2
Cn(T)). Then T ∗m

q+In×n
−→ 0 in the strong operator

topology for all inner functions q ∈ H∞(T) and T ∗m
q+In×n

K → 0 in the norm

topology as m → ∞ .

Proof. For λ ∈ D, let Kλ(t) = 1
1−λeit

be the reproducing kernel of the Hardy

space H2(T) and kλ be the normalized reproducing kernel of the Hardy space

H2(T), that is, kλ(t) =

√
1−|λ|2

1−λeit
. Let f =

p∑

i=1

cikλi
. Then

T ∗m
q+

(
p∑

i=1

cikλi

)
=

p∑

i=1

ci[q(λi)]
mkλi

.

Hence
∥∥∥∥∥T

∗m
q+

(
p∑

i=1

cikλi

)∥∥∥∥∥ ≤
p∑

i=1

|ci||q(λi)|m‖kλi
‖ =

p∑

i=1

|ci||q(λi)|m −→ 0 as m −→ ∞.

This is so as q is inner and therefore |q(z)| < 1 for z ∈ D. Since the reproducing
kernels Kλ, λ ∈ D, span H2(D), we obtain T ∗m

q+ −→ 0 in the strong operator

topology for all inner functions q ∈ H∞(T).It is not difficult now to verify that
T ∗m

q+In×n
−→ 0 in the strong operator topology for all inner functions q ∈ H∞(T).

For a rank one operator, f ⊗g (here (f ⊗g)(h) = 〈h, g〉f), we have T ∗m
q+ (f ⊗g) =

(T ∗m
q+ f)⊗g. Since LF(H2(T)) = LC(H2(T)), it is proved that T ∗m

q+ L → 0 in norm

as m → ∞ for all compact operators L ∈ LC(H2(T)). Now let K ∈ LC(H2
Cn(T)).

Then

K =




K11 K12 · · · K1n

K21 K22 · · · K2n

...
...

...
Kn1 Kn2 · · · Knn




where Kij ∈ LC(H2(T)), 1 ≤ i, j ≤ n. Hence T ∗m
q+In×n

K = [T ∗m
q+ Kij]1≤i,j≤n.

Therefore, for F ∈ H2
Cn(T), F = (f1, f2, ..., fn), fi ∈ H2(T),
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∥∥∥T ∗m
q+In×n

KF

∥∥∥
2

=

∫ 2π

0




n∑

i=1

∣∣∣∣∣∣

n∑

j=1

T ∗m
q+ Kijfj(e

iθ)

∣∣∣∣∣∣

2



dθ

2π

=

n∑

i=1

∫ 2π

0

∣∣∣∣∣∣

n∑

j=1

T ∗m
q+ Kijfj(e

iθ)

∣∣∣∣∣∣

2

dθ

2π
≤

n∑

i=1

n∑

j=1

∫ 2π

0

|T ∗m
q+ Kijfj(e

iθ)|2 dθ

2π

=

n∑

i,j=1

‖T ∗m
q+ Kijfj‖2 −→ 0 as m → ∞.

Hence T ∗m

q+In×n
K → 0 strongly. Further, it follows that

‖T ∗m
q+In×n

KF ‖2 ≤ ‖T ∗m
q+ K11‖2

n∑

j=1

‖fj‖2 =
∥∥∥T ∗m

q+ K11

∥∥∥
2

‖F ‖2

if
∥∥∥T ∗m

q+ K11

∥∥∥ = max1≤i,j≤n ‖T ∗m

q+ Kij‖. Thus ‖T ∗m
q+In×n

K‖2 ≤ ‖T ∗m
q+ K11‖2 → 0

as m → ∞. Thus T ∗m
q+In×n

K −→ 0 in norm as m → ∞.

Lemma 3.4. Let Φ ∈ L∞
Mn

(T) and SΦ be the Hankel operator with symbol Φ on

H2
Cn(T). Then SΦTm

qIn×n
−→ 0 strongly as m → ∞.

Proof. Let Φ = [ϕij]1≤i,j≤n. Then SΦ = [Sϕij
]1≤i,j≤n and hence

SΦTm
qIn×n

= T ∗m
q+In×n

SΦ = [T ∗m

q+ Sϕij
]1≤i,j≤n.

Now for F ∈ H2
Cn(T), F = (f1 , f2, ..., fn), fi ∈ H2(T), 1 ≤ i ≤ n, we have

∥∥∥SΦTm
qIn×n

F
∥∥∥

2

=

∫ 2π

0




n∑

i=1

∣∣∣∣∣∣

n∑

j=1

T ∗m
q+ Sϕij

fj(e
iθ)

∣∣∣∣∣∣

2



dθ

2π

=
n∑

i=1

∫ 2π

0

∣∣∣∣∣∣

n∑

j=1

T ∗m
q+ Sϕij

fj(e
iθ)

∣∣∣∣∣∣

2

dθ

2π

≤
n∑

i=1

n∑

j=1

∫ 2π

0

|T ∗m
q+ Sϕij

fj(e
iθ)|2 dθ

2π

=

n∑

i,j=1

‖T ∗m
q+ Sϕij

fj‖2.
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Since T ∗m
q+ −→ 0 strongly, hence

n∑

i,j=1

∥∥∥T ∗m
q+ Sϕij

fj

∥∥∥
2

→ 0 as m → ∞ and there-

fore
∥∥∥SΦTm

qIn×n
F
∥∥∥
2

−→ 0 as m → ∞. Thus SΦTm
qIn×n

−→ 0 strongly as m → ∞.

Theorem 3.5. If Φ ∈ L∞
Mn

(T) then {Jm
qIn×n

SΦTm
(zq)In×n

} converges strongly to

0 for all inner functions q ∈ H∞(T).

Proof. Notice that since Jm∗
q zi =

{
qmzm−i, 0 ≤ i ≤ m

0, otherwise

hence Jm∗

q zi = M(zq)mJPmzi where J : L2(T) → L2(T) is defined as Jf(z) =
f(z) and Mϕ : L2(T) −→ L2(T) is the multiplication operator with symbol
ϕ ∈ L∞(T) and Pm is the projection of H2(T) onto span {1, z, ..., zm}. Thus

Jm
q = PmJM∗

(zq)m = PmJMzmqm

and hence
Jm

qIn×n
SΦTm

(zq)In×n
= [Jm

q Sϕij
Tm

(zq)]1≤i,j≤n

if Φ = [ϕij]1≤i,j≤n, ϕij ∈ L∞(T). Now

Jm
q Sϕij

Tm
(zq) =PmJMzmqmSϕij

Tzmqm = PmJMzmqmT ∗
(zmqm)+Sϕij

=PmJMzmqmTzm(Jq)mSϕij
= PmJMzmqmT ∗

zmq+m Sϕij

=PmJ(Tzmq+mMzmqm)∗Sϕij
= PmJT ∗

z2mqmq+mSϕij
.

Thus for F ∈ H2
Cn(T), F = (f1, f2, ..., fn), fi ∈ H2(T), 1 ≤ i ≤ n, we have

∥∥∥Jm
qIn×n

SΦTm
(zq)In×n

F

∥∥∥
2

=

∫ 2π

0




n∑

i=1

∣∣∣∣∣∣

n∑

j=1

Jm
q Sϕij

Tm
(zq)fj(e

iθ)

∣∣∣∣∣∣

2



dθ

2π

≤
n∑

i=1

n∑

j=1

∫ 2π

0

∣∣∣Jm
q Sϕij

Tm
(zq)fj(e

iθ)
∣∣∣
2 dθ

2π

=

n∑

i,j=1

∥∥∥Jm
q Sϕij

Tm
(zq)fj

∥∥∥
2

=

n∑

i,j=1

∥∥∥PmJT ∗
z2mqmq+mSϕij

fj

∥∥∥
2

≤
n∑

i,j=1

∥∥∥T ∗
z2mqmq+mSϕij

fj

∥∥∥
2

since ‖J‖ ≤ 1 and‖Pm‖ ≤ 1. Thus by Lemma 3.4,
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∥∥∥Jm
qIn×n

SΦTm
(zq)In×n

F

∥∥∥
2

≤
n∑

i,j=1

∥∥Sϕij
Tz2mq+mqmfj

∥∥2 −→ 0 as m → ∞.

Hence Jm
qIn×n

SΦTm
(zq)In×n

−→ 0 strongly as m → ∞.

4. The Hankel Sequence Associated with Multiplication Operators

In this section we consider the multiplication operators MΦ defined on L2
Cn(T)

with symbol Φ ∈ L∞
Mn

(T). We construct a sequence using the multiplication op-
erator MΦ which converges strongly to a bounded linear operator BΦ on L2

Cn(T)
and PBΦ|H2

Cn(T) = SΦ, a Hankel operator.

For Φ ∈ L∞
Mn

(T), define the multiplication operator MΦ : L2
Cn(T) −→ L2

Cn(T)
with symbol Φ as MΦf = Φf . Let

Qm = PmIn×n =




Pm 0 · · · 0
0 Pm · · · 0
...

...
...

0 0 · · · Pm




and Um
qIn×n

= QmMm
q+In×n

J for all inner functions q ∈ H∞(T), m ∈ Z+. Con-

sider the sequence {σm(Mφ)} = {Um
qIn×n

MΦMm
qIn×n

}. This sequence is referred

to as the Hankel sequence associated with multiplication operator MΦ on L2
Cn(T).

Theorem 4.1. For Φ ∈ L∞
Mn

(T), the sequence {σm(MΦ)} converges strongly to

a bounded linear operator BΦ ∈ L(L2
Cn(T)) for all inner functions q ∈ H∞(T)

and PBΦ|H2
Cn (T) = SΦ, the Hankel operator on H2

Cn(T) with symbol Φ.

Proof. We shall first verify that JMΦMqIn×n
= M∗

q+In×n
JMΦ for all inner func-

tions q ∈ H∞(T) where q+(z) = q(z).
Notice that if Φ = (ϕij)1≤i,j≤n then JMΦMqIn×n

= M∗
q+In×n

JMΦ for all in-

ner functions q ∈ H∞(T) if and only if J̃Mϕij
Mq = M∗

q+ J̃Mϕij
for all inner

functions q ∈ H∞(T) and for all i, j ∈ {1, 2, .., n}. Again

〈J̃Mϕij
Mqz

j, zi〉 = 〈Mϕijqz
j, z−i〉 = 〈ϕijqz

j, z−i〉

and

〈M∗
q+ J̃Mϕij

zj , zi〉 =〈J̃ (ϕijz
j), Mq+zi〉 = 〈ϕijz

j , J̃(q+zi)〉 = 〈ϕijz
j , qz−i〉

=〈ϕijqz
j , z−i〉

for all i, j ∈ Z. Hence J̃Mϕij
Mq = M∗

q+ J̃Mϕij
, 1 ≤ i, j ≤ n and for all inner

functions q ∈ H∞(T). Thus

Um
qIn×n

MΦMm
qIn×n

= QmMm
q+In×n

JMΦMm
qIn×n
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=
(
PmMm

q+ J̃Mϕij
Mm

q

)

1≤i,j≤n

=
(
PmMm

q+M∗m

q+ J̃Mϕij

)

1≤i,j≤n

=
(
PmMm

q+Mm
eJq

J̃Mϕij

)

1≤i,j≤n

=
(
PmJ̃Mϕij

)

1≤i,j≤n

for all inner functions q ∈ H∞(T). Now for f ∈ H2
Cn(T); f = (f1, f2, ..., fn),

∥∥∥Um
qIn×n

MΦMm
qIn×n

f − JMΦf
∥∥∥

2

≤
n∑

i=1

n∑

j=1

∥∥∥PmJ̃Mϕij
fj − J̃Mϕij

fj

∥∥∥
2

−→ 0

as m −→ ∞. Hence Um
qIn×n

MΦMm
qIn×n

−→ JMΦ strongly as m −→ ∞ for all
inner functions q ∈ H∞(T) and PJMΦ|H2

Cn(T) = SΦ, the Hankel operator on

H2
Cn(T) with symbol Φ.

Corollary 4.2. Let Φ ∈ L∞
Mn

(T) be such that Um
qIn×n

MΦMm
qIn×n

−→ 0 strongly

as m → ∞ for all inner functions q ∈ H∞(T). Then Φ ∈ MzIn×n
H∞

Mn
(T) where

H∞
Mn

(T) = H∞(T) ⊗ Mn.

Proof. Suppose Φ ∈ L∞
Mn

(T) and Φ = (ϕij)1≤i,j≤n and Um
qIn×n

MΦMm
qIn×n

−→ 0
strongly as m → ∞ for all inner functions q ∈ H∞(T). Then by Theo-
rem 4.1, JMΦ ≡ 0 and therefore SΦ ≡ 0. Hence Sϕij

≡ 0 on H2(T) for all
i, j ∈ {1, 2, ..., n}. That is, ϕij ∈ zH∞(T) and Φ ∈ MzIn×n

H∞
Mn

(T).

These asymptotic results are useful in obtaining distance formulas for operators
on H2

Cn(T) relating to Toeplitz and Hankel operators. Such distance formulas
for Toeplitz and Hankel operators on H2(T) were studied in [1],[2] and [3]. This
will be taken up in a future work for operators on H2

Cn(T).
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