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Abstract. In this paper we have shown that the sequence {J;}anT‘?T(Tq) Ian}

converges strongly to the Hankel operator Se € L(HZ.(T)) for & € Ly (T) and for
all inner functions g € H*(T). Here Ts is the Toeplitz operator on the Hardy space
H2n(T), Inxn is the identity matrix of order n, JJ§ = diag[J;", J;",.....J;"] where
fori>0,m >0, J;”* 28 =¢m2z™7", 0 < i< m and 0, otherwise.
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1. Introduction

Let T = {# € C : |z] = 1} and L*(T) be the space of square integrable,
measurable functions on T with respect to the normalized Lebesgue measure
on T. The sequence {en(2)}or_o = {z"}nr_o forms an orthonormal ba-
sis for L*(T). Given f € LY(T), the Fourier coefficients of f are C,(f) =

1 2m . .
Py f(e®)e ™%f n € Z, where Z is the set of all integers. The Hardy
T Jo

space H%(T) is the subspace of L?(T) consisting of functions f with C,,(f) =0

for all negative integers n. Since C,, = C,(-) is a bounded linear functional

on L*(T) for any fixed n and H?*(T) = m ker C,, it follows that H?(T) is
n<0



46 Namita Das and Pabitra Kumar Jena

a closed subspace of L?(T) and therefore a Hilbert space. Let P denote the
orthogonal projection from L?(T) onto H?(T). Let L>°(T) be the space of all
essentially bounded measurable functions on T. For ¢ € L*(T), the Toeplitz
operator T, from H?(T) into itself is defined by T, f = P(pf) and the Han-
kel operator S, from H?(T) into itself is defined by S,f = P(J(¢f)). Here
J is the mapping from L2(T) into L2(T) defined by Jf(z) = f(Z). Let L£(H)
denote the algebra of bounded, linear operators from a Hilbert space H into
itself and LC(H) be the set of all compact linear operators from H into itself.
Let LF(H) be the set of all finite rank linear operators from H into itself. Let
H>(T)={f € L>*(T) : Cp,(f) =0 for n < 0}. A function ¢ € H*(T) is said
to be an inner function if |g(e’)| = 1 almost everywhere on T. Let I,,x,, be the
identity matrix of order n.

Let L2.(T) denote the Hilbert space of C"-valued, norm-square integrable,
measurable functions on T and Hz, (T) the corresponding Hardy space of func-
tions in L%,(T) with vanishing negative Fourier coefficients. We note that
L%,.(T) = L*(T) ® C"™ and HZ.(T) = H?*(T) ® C" where the Hilbert space
tensor product is used. If @ is a bounded measurable M,,-valued function
(where M,, denotes the algebra of matrices of order n with complex entries)
in L§; (T) = L>(T) ® M, then Ty denotes the Toeplitz operator defined on
HZ.(T) by To f = P(®f) for f € HZ.(T) where P is the orthogonal projection
of L2, (T) onto HZ.(T). The Hankel operator Sg is a mapping from Hz, (T)
into itself defined by S f = P(J(®f)) where J : L2, (T) — L2, (T) is defined by
Jf(z) = f(Z). In this paper we have shown that if & € L3 (T) then for all inner
functions ¢ € H>(T), the sequence {Jj;  TeT(,); '} converges strongly to
the Hankel operator Sp € L£(H2%.(T)). This is an extension of a result given in
[2] and [3]. It relates Toeplitz and Hankel operators in some asymptotic sense.

2. Hankel Operators and Inner Functions

In this section we obtain a characterization of Hankel operators on HZ, (T)
in terms of inner functions in H*°(T). In fact we show that if S is a bounded
linear operator on H2, (T) then S is a Hankel operator if and only if ST,;
17, .S for all inner functions ¢ € H°>*(T) where qt(z) = q(z). We first prove
a result for Hankel operators on H?(T).

nxn

Lemma 2.1. Let S € L(H?*(T)). Then TS = STy for all inner functions
q € H*(T) if and only if there exists ¢ € L>(T) such that S = S,, « Hankel
operator. Here q*(2) = q(%).

Proof. Let A = {mh : n is inner and h € H?(T)}. Then A is a dense linear [4]
subspace of L?(T). Define J : L?(T) — L?(T) as Jf(z) = f(2) for all z € T and
Sf = Sfif f € H¥T) and S is bounded linear on L?(T). Thus S|gz(r) =

S. Define a map {2 : A — C as 2(7h) = (S(7h),1). Then {2 is well-defined
and linear. In fact, if 77h; = Tahe, then we have 2(77,h1) = 2(75h2). Further
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|2@h)| < ||S||I7h]|. So £ is a bounded, linear functional on A. Since A is
dense in L?(T), there exists a unique ¢ € L?(T) such that 2(7h) = (7h, )
and |(7h,2)| < |IS]|[7h]. Thus @ € L%(T). Define T, : LA(T) — L2(T) as
I'pf = J(pf). Notice that I', is bounded on L*(T) and [|Iy|| < [|¢l|oc. Further,
(S(@h), 1) = 2(mh) = (Mh,2) = (n™h*, Jo) = T Th, ") = ((Je)ntJh, 1) =

(J(gmh), 1) = (I,(7h), 1). Since A is dense in L2(T), we have (Sf,1) = (I, f, 1)
for all f € L*(T). In particular, for ¢ € H*(T), (Sg,1) = (Sg,1) = (I,9,1) =
(PI'pg,1) = (S,g,1). Now since T7, S = ST for all inner functions ¢ € H*(T),
we obtain in particular, T}, S = ST.. That is, T, S = T3S = ST.. Thus for
polynomials p,u in z,we have (S(pu™),1) = (ST,,+1,1) = (T(u+)+S1,1) =
(T7(pu+)S1,1) = (S1, Tipury+1) = (S1, (pTu)l) = (S1, Tpeu) = (T, S1,u) =
(STpl,u) = (Sp,u). Thus (Sp,u) = (S(pu™),1) = (Sp(pu™),1) = (Spp,u).
Since polynomials are dense in H2(T), we have for f,g € H*(T),(Sf,g) =
(Syf,g). Hence S = S,,.

Conversely, if S, is a Hankel operator in £(H?(T)), then for any inner function

n € H*(T) and for all n,m > 0,(T;, S,2", 2™) = (Sp2", Ty+2™) = (Sp2",

ntam) = (PJ(ez"), nta™) = (J(pz"), nta™) = (92", TE) = (pnz", ") =
(J(enz"), ™) = (Sp(nz"), 2™) = (S, 152", 2™). Thus T, S, = S, T, for all
inner functions n € H*(T). ]

Theorem 2.2. Let S € L(HZ,.(T)). The operator S is a Hankel operator on
HZ..(T) if and only if STy1,,., =T S for all inner functions ¢ € H>*(T).

nxn = gt

Proof. Let S € L(HZ.(T)). Since H2.(T) = H*(T)® H*(T)®... ® H*(T), hence

Sll 812 te Sln

821 822 te S2n
S = . .

Snl Sn2 T Snn

where S;; € L(H*(T)),1 < 4,5 < n. Thus Tp, S = ST,
ner functions ¢ € H*(T) if and only if T, Si; = 5;;T; for all inner functions
q € H*(T),1 <4,j < n. But from Lemma 2.1, it follows that S;; = S,,, €
L(H?(T)), a Hankel operator on H?(T) with symbol ¢;; € L>=(T),1 <i,j < n.
Hence

for all in-

Inxn

S@n StPlz S@ln

I T
S= | 7T T LSy e L(HEA(T)),
StPnl Stpnz S@nn
a Hankel operator with symbol ¢ € L3; (T) and
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P11 P12 *° Pin
©21 P22 " P2n
®Pnl Pn2 *** Pnn

Now suppose ¢ € L3; (T) and Sg is a Hankel operator on Hz. (T). Let

P11 P12 *° Pin

©21 P22 " P2n
b= . . .

®Onl Pn2 **° Pnn

Then since Hz,. (T) = H*(T) & ....® H*(T), hence

S@n StPlz S@ln
Sp = S@zl S@zz e S@zn
StPnl Stpnz S@nn

where S,,, € L(H?*(T)) is a Hankel operator on H*(T) with symbol ¢;; €
L%(T). From Lemma 2.1, it follows that T, Sy, = Sy, Tq, 1 <4, j < n. Hence

T* Se = S@Tq[ | ]

gt Inxn

nxn'

3. The Hankel Sequence Associated with Toeplitz Operators

In this section we construct a sequence { i1 To T2 I.., )} associated with
the Toeplitz operator Ty on Hz. (T) that converges strongly to the Hankel op-
erator Sg on Hz,(T) for all inner functions ¢ € H°(T). This sequence is re-
ferred to as the Hankel sequence associated with Tg. We further prove that if
® € L37,(T), then {Ji7  SeT(Z,; 1} converges strongly to 0 for all inner
functions ¢ € H>(T).

Theorem 3.1. If ¢ € L*>(T), then for all inner functions ¢ € H>(T), the
sequence {J"TLT(7, )} converges strongly to S, € L(H*(T)), the Hankel operator
with symbol ¢ and where for i > 0, m > 0,

me i _ [T 0<i<m
Jo 2= {0, otherwise.
Proof. Notice that for 4,5 > 0,i,5 € Z, (Sp27,2") = (PJ(pz), 2%) = (J(pz?),
2 = (p2d, 27 = (@, 27 0H)) = @(—(i + 5)), where $(n) is the n-th Fourier
coefficient of . Further, for i,j > 0,1, j € Z,

(Jg' TpT (g2, ') =(Tp (" g™ &), I

.
g )
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(P(pzmq™27), 2", 0 <i<m
0, otherwise

@, 27, 0<i<m
0, otherwise

:<Pqu,zj, P

where P, is the orthogonal projection from H?(T) onto span {1, z, ..., 2™}. Thus
S TLT ) = PmS,. Since P, — I strongly, hence the sequence {J;”T@T(Tq)}
converges strongly to the Hankel operator S,. ]

Theorem 3.2. Let ¢ € L3} (T). Then for all inner functions ¢ € H*(T), the
sequence {Jg}anquT(’:q)I . } converges strongly to the Hankel operator Sg €

L(HZ.(T)) where J7y = diaglJ}", J7", ..., Ji*] and Ixn is the identity matriz
of order n.

Proof. Let
P11 P12 © Pin
Y21 P22 * P2on
b= . . .
Pnl Pn2 *°° Pnn
Then
T<P11 T<P12 T@ln
Ty = T<P21 T<P22 Ttp'zn
T@nl T@nz T@nn

Now for f € Hzn (T), f = (f1, f2, s fu),

2 o2 2
|2t T Tt = S0 | < 52 T T 5 = S5 |
i=1 j=1

By Theorem 3.1, for all inner functions q € H*(T), HJ;”T% TP fi = Seu, fi H .
0 for 1 < 4,57 <nasm — oo. That is, ngT@ijT(Tq) — Sy, strongly for

1<ij<nasm— oo Thus | ToTyy, = Sof| — 0asm — o
and for all f € HZ.(T). [ |

Let D= {z¢€ C:|z| <1} be the open unit disk in the complex plane C.
Let H?(D) be the space of analytic functions f on I such that

1 2m ;
Hf”ip(u)) :Sg]i)%/ |f(re'?)|2do < oco.
r 0

If f € H?(D), then Fatou’s theorem implies that the limit
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f(ew) = lim f(re®)
r—1-
exists for almost every 6 and it is well known [5] that f € H2(T). If g € H2(T)
then it is also true [5] that

1 27 .
2 ~ AYPA
= sup — re do
lolfrsco = sup 5= [ latre)

where ¢ is the harmonic extension of g to . Since there is an isometrical iso-
morphism between H?(D) and H?(T), we shall not distinguish between H?(D)
and H?(T).

Theorem 3.3. Let K € LC(HZ,.(T)). Then 177 . — Oin the strong operator
topology for all inner functions ¢ € H>*(T) and T;l”l LK = 0n the norm
topology as m — oo .

Proof. For A € D, let K\(t) = 17—%et be the reproducing kernel of the Hardy
space H?(T) and ky be the normalized reproducing kernel of the Hardy space

p
H2(T), that is, kx(t) = Y=2E Let f = ¢k, Then

1—Xeit
1=1

p
;ln (Z Cik}\i) = Z Ci [Q()‘l)]mk&
i—1 i—1
Hence
p p B P B
ar (Z Cz"%) < lellgGaol™ ex ll =D lesllgi)|™ — 0 as m — oo.
i—1 i—1 i—1

This is so as ¢ is inner and therefore |¢(z)| < 1 for z € D. Since the reproducing
kernels Ky, A\ € D, span H2(D), we obtain Tq*l” — 0 in the strong operator
topology for all inner functions ¢ € H°°(T).It is not difficult now to verify that
Ty7y. . — 0in the strong operator topology for all inner functions ¢ € H*>(T).
For a rank one operator, f®g (here (f ®g)(h) = (h, g) f), we have T)"(f ©g) =
(T, f)®g. Since LF (H?(T)) = LC(H?(T)), it is proved that T77" L — 0in norm
as m — oo for all compact operators L € LC(H?*(T)). Now let K € LC(HZ. (T)).

Then
Ki1 Kqig -+ Ky

Ko Kag -+ Koy
K = . . .
Knl Kn2 o Knn
where K;; € LC(H?*(T)),1 < i,j < n. Hence T} K = [T Kijli<ij<n-
Therefore, for F € Hz.(T), F = (f1, fa, -y fn), fi € HX(T),
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2
dé

2 2m n
fr. el = [ s | 5
2
3] D BAEIICE SR w o MRS NACEIE
= i fi(€?)] o= < i fi ()" ==
=170 i3 AR 2w Pl 0 ar T 2
Z H KlJfJH — 0 as m — oo.
1,7=1

Hence T;r 1., )& — 0 strongly. Further, it follows that

n " 2
I3, KFIP < T Kl Y 107 = |27 K| 1712

j=1
i HT;;”KHH = maxi <y j<n 1T Kill Thus [|T27, K2 < T30 K| — 0
asm—>oo.Thuqu*f}XK—>Oinnormasm—>oo. [ |

Lemma 3.4. Let & € L3} (T) and Sg be the Hankel operator with symbol @ on
Hza(T). Then SeTy}. —— 0 strongly as m — oc.

PTOOf. Let & = [<Pij]1§i,j§n- Then S@ = [S@ij]lgi,jgn and hence
SéT;Ilan = T*;ZIanSQ = [T;rsvij]lﬁiyjﬁn'

Now for F € HZ.(T), F = (f1, f2, -, fn), fi € H*(T),1 <i < n, we have

2
do

2 2m
HS@ qI"X"FH :‘/0 Z g Stpwfj 10) %

‘/02
Z

T *Mm T do
;T(ﬁ Sapijfj(e 0) %

1
27
/ L3050, 15() P a2

H StPijfjH2'

M: HM: INgE

=1

-
&,
H
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n 2
Since Tq*l” — 0 strongly, hence Z HT;TS%]. fi H — 0 as m — oo and there-
ij=1

2
fore ‘quT;’}anFH — 0 as m — oo. Thus SeT}; =~ — Ostrongly asm — oc.

Theorem 3.5. If ¢ € Ly (T) then {Jg;  SeT( ;. } converges strongly to
0 for all inner functions g € H*(T).

gz 0<i<m

0, otherwise

hence J™ 2 = M.qymJ Ppz* where J : L*(T) — L*(T) is defined as Jf(z) =
f(z) and M, : L*(T) — L*(T) is the multiplication operator with symbol
¢ € L>(T) and P, is the projection of H?(T) onto span {1, z, ..., 2™}. Thus

Proof. Notice that since J;"* t = {

and hence
T3 SO T 1 = VIS, T i
if @ = [pij]1<i,j<n, pij € L>(T). Now

J;nSLpij T(Zlq) :Pm JMqum S@ij szqm = Pm JMEmamT(imqm)+ S@ij
=P MzmgmTzm(jqym Sp,; = P Mzmgn T jim Sp,,
:Pm J(szq+m Mzmqm)*sapij == PmJT;2mqmq+m S@ij .

Thus for F € HZ,.(T), F = (f1, f2s s fn), fi € H*(T),1 <i < n, we have
2

m m 2 o - - m m 36 do

HJqlnxnséT(ZQ)IanFH = ) Z qu S@ijT(zq)fj(e ) %

i=1 |j=1

n o n o 240
m m 0

SE > /o Jq" S T(Zg) fi (e )’ or

n 2
=3 s, m |

n 2
= N Pnd T g gim S, H

n 2
*
< g Z2mqmq+m8@ijfjH

since ||J|| < 1 and||P,,|| < 1. Thus by Lemma 3.4,
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2 n
2
et STy 1 | < 30 (180 Tetrngion g ]| — 0 25 m = oc.
ij=1
Hence Jé’}nanqu(’:q)lan — 0 strongly as m — oo. [ |

4. The Hankel Sequence Associated with Multiplication Operators

In this section we consider the multiplication operators Mg defined on L., (T)
with symbol & € L3; (T). We construct a sequence using the multiplication op-
erator Mg which converges strongly to a bounded linear operator Bg on L2, (T)
and PBg|3z2, 1) = So, a Hankel operator.

For & € L3 (T), define the multiplication operator Mg : L. (T) — Lg. (T)
with symbol @ as Mgf = Df. Let

P, 0 - 0
0 P, - 0
Qm = Pplpxn = .
0 0 ---P,
and U} = QmM;’iIanJ for all inner functions ¢ € H*(T),m € Z,. Con-
sider the sequence {0y, (M)} = {U,;  MaMj7 }. This sequence is referred

to as the Hankel sequence associated with multiplication operator Mg on L(%n (T).

Theorem 4.1. For ¢ € L3 (T), the sequence {o:m(Mg)} converges strongly to
a bounded linear operator By € L(L2.(T)) for all inner functions ¢ € H*(T)
and PBg|yz, (1) = S, the Hankel operator on HZ.,.(T) with symbol .

Proof. We shall first verify that JMgMgr

tions ¢ € H>®(T) where ¢ (2) = ¢(Z).

Notice that if & = (pij)i<i j<n then JMgMyr, ,,, = M;ﬂanJM‘? for all in-
ner functions ¢ € H*(T) if and only if jM@i]. M, = M, jM@ij for all inner
functions ¢ € H*(T) and for all 4,5 € {1,2,..,n}. Again

= M} Iy J Mg for all inner func-

nxn

<JM<Pij quj’ Zl> = <Mtpijqzja Zﬁi> = <<Pijqzja Zﬁi>
and
(M TMy,, 27, 2*) =(J (pi527), Mys 2°) = (5327, J(a2)) = (057,32 77)
=(pijaz’, 27"

for all 4,5 € Z. Hence jM@i].Mq = M}jM@U,l < 4,5 < n and for all inner
functions ¢ € H*°(T). Thus

U‘;T}nngéMm = QmMnilnanMéMm

qlnxn q qlnxn
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- ( ‘ﬁjM“’“ M;n)lgi,jgn
(P JM“’”)lgi,jgn
(P gM‘%jM@ij)lgi,jgn

- (ijM“’”)lq,jgn

for all inner functions ¢ € H*°(T). Now for f € Hz.(T); f = (f1, f2, -, fn),
~ 2
|z, Madizz = I < ZZ | P Mo, 85 = T, ] — 0

as m — oo. Hence Ujy  MaMJj =~ — JMg strongly as m — oo for all
inner functions ¢ € H*(T) and PJMg|yz, (1) = Se, the Hankel operator on
HZ..(T) with symbol . ]

Corollary 4.2. Let ¢ € L3} (T) be such that Uy} ~MaMJy
as m — oo for all inner functions g € H>(T). Then' @ € M,
155, (T) = H(T) & M,

— 0 strongly
H3; (T) where

nxn

Proof. Suppose ® € L3} (T) and @ = (¥ij)1<i,j<n and U;’} Mg qI .
strongly as m — oo for all inner functions ¢ € H(T ) Then by Theo-
rem 4.1, JMg = 0 and therefore S = 0. Hence S,,, = 0 on H*(T) for all
i,j € {1,2,...,n}. That is, ¢;; € zH>(T) and & € M., H3 (T). -

— 0

nxn

These asymptotic results are useful in obtaining distance formulas for operators
on HZ,(T) relating to Toeplitz and Hankel operators. Such distance formulas
for Toeplitz and Hankel operators on H?(T) were studied in [1],[2] and [3]. This
will be taken up in a future work for operators on Hz, (T).
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