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1. Introduction, Definitions and Results

Let f and g be two non-constant meromorphic functions defined in the open
complex plane C. For a € {00} UC we say that f and g share the value a
CM (counting multiplicities) if f — a and g — a have the same zeros with the
same multiplicities and we say that f and g share the value a IM (ignoring
multiplicities) if we do not consider the multiplicities.

We denote by S(r, f) any quantity satisfying S(r, f) = o{T(r, f)} as r — o©
possibly outside a set of finite linear measure. For any a € {oo} U C, we define

: N(r,a; f)
O(a, f) =1—limsup ————.
) = B )
Corresponding to one famous question of Hayman [6], Fang and Hua [3], Yang
and Hua [11] obtained the following theorem.

Theorem A. Let f and g be two non-constant entire functions, n > 6 be a
positive integer. If f™ ' and g™g’ share 1 CM, then either f(z) = 1€, g(z) =
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coe” %%, where ¢y, co and c are three constants satisfying (0102)"+102 = —1 or

= tg for a constant t such that t"T1 = 1.
f=tg

Considering kth derivative instead of 1st derivative Fang [4] proved the fol-
lowing theorems.

Theorem B ([4]). Let f and g be two non-constant entire functions, and let n,
k be two positive integers with n > 2k + 4. If [f]*®) and [¢"]*®) share 1 CM,
then either f(z) = c1e%, g(z) = cae™ %, where ¢1, ¢z and ¢ are three constants
satisfying (—1)F(c1c2)™(nc)?* =1 or f = tg for a constant t such that t* = 1.

Theorem C ([4]). Let f and g be two non-constant entire functions, and let n,
k be two positive integers with n > 2k + 8. If [f*(f — 1)]® and [g"(g — 1)]*)
share 1 CM, then f = g.

Now a natural question arises:
Is Theorem B and Theorem C hold for some general differential polynomials like
LF(f™ = D)% or [fo(f = 1)m]*) 2
Recently X.Y. Zhang and W.C. Lin [13] answered the above question and proved
the following theorems.

Theorem D ([13]). Let f and g be two non-constant entire functions, and let n,
m and k be three positive integers with n > 2k +m* 4+ 4, and A, p be constants
such that |\ + |p| # 0. If [f*(uf™ + N]®) and [¢"(ug™ + N)]*) share 1 CM,
then one of the following holds:

(i) If \u £ 0, then f=g.

(ii) If A\ = 0, then either f = tg, where t is a constant satisfying t"T™ =1 or
F(2) = cress, g(z) = coe

(—1)F A% (ere)™ ™ [(n+ m*)e] = 1

, where c1, ca and c are three constants satisfying

(—1)* i (ere2)™ ™ [(n +m*)e?* = 1

and m* is defined by m* = x,m, where
_JO0ifp=0
Xe =Y 1ifp#0.

Theorem E ([13]). Let f and g be two non-constant entire functions, and let n,
m and k be three positive integers with n > 2k +m + 4. If [f*(f — 1)"]*) and
[g"(g — 1)™]*) share 1 CM, then either f = g or f and g satisfy the algebraic
equation R(f,g) = 0, where R(wy,ws) = wl(w; — 1)™ — wh(wy — 1)™.

Now one may ask the following question which is the motivation of the paper.
Can one obtain the same result as in Theorem D and Theorem E when CM is
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replaced by IM?
It is worth mentioning that in the above area some investigations has already
been carried out by A. Banerjee [2]. Banerjee proved the following result.

Theorem F ([2]). Let f and g be two non-constant entire functions and n and
k be two positive integers with n > 5k 4+ 7. Let [f™]*) and [¢"]*®) share b IM
for a non-zero constant b. Then either f(z) = c1e%*, g(z) = cae™ %, where c1, c2
and c are three constants satisfying (—1)¥(c1c2)™(nc)?* = b2 or f =tg for some
nth root of unity 1.

In the paper we will concentrate our attention to find a possible solution of
the above question.
We now state the main results of the paper which also include the above result
of A. Banerjee.

Theorem 1.1. Let f and g be two non-constant entire functions, and let n, m
and k be three positive integers. Let [f™(uf™ +M)]*) and [¢"(ug™ 4+ \)]*) share
the value 1 IM where A, v are constants such that |\ + |u| # 0. Then one of the
following holds:

(i) If \u #£20 and n > 5k + 6m + 7, then f = g.

(ii) If A = 0 and n > 5k — m* + 7, then either f = tg, where t is a constant
satisfying t"™ =1 or f(2) = c1e°%, g(2) = coe %, where 1, ¢3 and ¢ are three
constants satisfying

(=1)*X2(c1e2)™ ™ [(n+ m*) ] =1

(=D)*p(cre2)™ ™ [(n+m")d?* = 1,

where m* is the same as in Theorem D.

Theorem 1.2. Let f and g be two non-constant entire functions, and let n(> 1)
m(> 0) and k(> 1) be three integers. Let [f*(f — 1)™]*) and [¢"(g — 1)™]*
share the value 1 IM. Then one of the following holds:

(i) when m =0 and n > 5k 4+ 7, then either f(z) = 1€, g(z) = coe™*, where
c1, c2 and c are three constants satisfying (—1)k(cica)™(nc)?* =1 or f = tg for
a constant t such that t™ = 1;

(ii) when m > 1 and n > 5k + 4m + 9, then either f = g or f and g satisfy the
algebraic equation R(f,g) =0, where R(z,y) = z"(z — 1)™ —y™(y — 1)™.

)

Though the standard definitions and notations of the value distribution theory
available in [7], we explain some definitions and notations which are used in the

paper.

Definition 1.3 ([8]). For a € {c0o}UC we denote by N(r, a; f |= 1) the counting
functions of simple a-points of f.

For a positive integer p we denote by N(r,a; f |< p) (N(r,a; f |> p)) the count-
ing function of those a-points of f whose multiplicities are not greater (less) than
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p, where each a-point is counted according to its multiplicity.

N(r,a; f |< p) and N(r,a; f |> p) are defined similarly, where in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f |<p) and N(r,a; f |> p) are defined analogously.

Definition 1.4 ([9]). Let p be a positive integer or infinity. We denote by

Nyp(r,a; f) the counting function of a-points of f, where an a-point of multi-

plicity m is counted m times if m < p and p times if m > p. That is
Ny(r,a; f) = N(r,a; f) + N(r,a; f |2 2) + ... + N(r,a; f |2 p).

Definition 1.5. For a € C' U {co} we put

dr(a, f) =1 — lim sup W

Definition 1.6. Let f and g be two non-constant meromorphic functions such
that f and g share the value 1 IM. We define by N11(r, 1; f) the counting function
for common simple 1-points of f and g where multiplicity is not counted.

Definition 1.7. Let f and g be two non-constant meromorphic functions such
that f and g share the value 1 IM. Let zg be a 1-point of f with multiplicity p, a
1 -point of g with multiplicity g. We denote by N(r, 1; f) the counting function
of those 1-points of f and g where p > ¢, with multiplicity being not counted.
Np(r,1;g) is defined analogously.

2. Lemmas and Propositions

In this section we present some lemmas and propositions which will be needed
in the sequel.

Proposition 2.1 ([13]). Let f be a transcendental entire function, and n, m, k
be three positive integers with n > k + 2, and X\, p are complex numbers such
that |\ + |p| # 0. Then [f™(uf™ 4+ N)]*) = 1 has infinitely many solutions.

Proposition 2.2 ([13]). Let f be a transcendental entire function, and n, m, k
be three non-negative integers such that n > k-+2 > 3. Then [f*(f —1)"]*) =1
has infinitely many solutions.

Lemma 2.3 ([10]). Let f be a mon-constant meromorphic function and let
an(2)(#£0), a ,1(z) ..., ag(z) be meromorphic functions such that T(r,a;(z)) =
S( f) fori=0,1,2,...,n. Then

T(Ta an.fn + anflfnil + .+ CLlf + CLo) = TLT(T, .f) + S(Ta .f)
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Lemma 2.4 ([1]). Let f and g be two non-constant meromorphic functions, and
let p and k be two positive integers. Then

_ < (k)
Np(r,0; f®) < Npyu(r, 05 f)+kN(r, 00 /)= > N ( 0; fT > m) +5(r, f).
m=p-+1

Lemma 2.5 ([7, 12]). Let f be a transcendental meromorphic function, and
let a1(z), az(z) be two distinct meromorphic functions such that T(r,a;(z)) =

S(r, f), i=1,2. Then
T(T,f) SN(T,OO;JC)+N(T,a1;f)+N(T,CL2;f)+S(T,f).

Lemma 2.6 ([7, 12]). Let f be a transcendental entire function, and let k be a
positive integer. Then for any non-zero finite complex number c
T(r, f) < N(,0: ) + N(r,; f*) = N(r, 0; f&5D) + S(r, f)
< Nk+1(7', 07 f) + N(Ta G f(k)) - NO(Ta O? f(k+1)) + S(Ta f)a

where No(r,0; f*+1)) denotes the counting function which only counts those
points such that f*+) =0 but f(f*) —¢) #£0.

Lemma 2.7 ([5]). Let f(z) be a non-constant entire function, and let k > 2 be
a positive integer. If f(2)f*)(2) # 0, then f(z) = e***°, where a # 0, b are
constants.

Lemma 2.8. Let f and g be two non-constant entire functions, and let k be a
positive integer. If f*) and g**) share the value 1 IM and

A= 8(05 f) + 8(05 g) + 25k+1(05 f) =+ 35k+1(05 g) > 65 (1)
then either fFg®) =1 or f = g.

Proof. Let

H(z) = o — o = o 2)

where F = f*) and G = ¢g*). From (2) we see that if zy is a common simple
1-point of F' and G, then it is a zero of H. Thus we have

Nii(r,1; F) = Ni1(r,1;G) < N(r,0; H) < T(r, H) + O(1)
< N(r,00; H) + S(r, f) + S(r, g). (3)
It is easy to see that H(z) has poles only at zeros of F’ and G’ and 1-points of
F whose multiplicities are not equal to the multiplicities of the corresponding
1-points of G. So from (2) we have
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N(r,00; H) < N(r,0; f) + N(r,0;9) + N(r,1; F)+ No(r, 1;G)
+No(r,0; F') + No(r,0; G"), (4)

where Ny(r,0; F') and Ny(r,0; G') have the same meaning as in Lemma 2.6. By
Lemma 2.6 we have

T(Ta f) < NkJrl(TaO;f)_'_N(Ta 13F>_N0(T503F/) +S(T5 f)5 (5)
and
T(Ta g) < NkJrl(Ta Oag) +N(Ta 13 G) - NO(Ta Oa G/) + S(T5 g) (6)

Since F' and G share 1 IM, we obtain

N(r,1;F)+ N(r,1;G) < N1y (r, 1; F)+ N1(r,1;G) + N(r, 1; F)
<Nu(r 1, F)+ Np(r,1;G) +T(r, F) + O(1)
< N (r,1; F)+ Np(r,1;G) +m(r, F) + O(1)
<Ny (r,1; F)+ Np(r,1;G) +m(r, f) +m (T, ?) +0(1)
< Nu(r, L F)+ N (r,1;G) + T(r, f) + S(r, f). (7)

Now since f is an entire function and by Lemma 2.4 we have
Np(r,;F) < N(r,1;F) = N(r,1; F)

F
SN(TaOO;_

)
)

F/
(T,OO;F

N(r,0; F)+ S(r, f)
Nita(r, 0; f) + S(r, f)- (8)

IA
=

+5(r, f)

VANVAN

Similarly we have

NL(Tal;G) < Nk+1(TaO;g)+S(Ta g) (9)
From (3)-(9) we obtain

T(T5 f) + T(T5 g) < N(Ta Oa f) + N(Ta Oa g) + 2Nk+l(ra Oa f) + 3Nk+1(ra Oa g)
+T(r, f)+5(r, f) + 5(r, 9),

ie.

T(r,g) < N(r,0; f) + N(r,0: g) + 2N41(r, 0; f) + 3Np41(r, 0; 9)
+S(r, f) + S(r, g).



Unicity theory of entire functions that share one value IM 69

We suppose that there exists a set I of infinite measure such that T'(r, f) <
T(r,g) for r € I. Then for r € I,

T(Ta g) < {[7 - 8(05 f) - 8(05 g) - 25k+1(05 f)
_35k+1(05 g)] + E}T(Ta g) + S(Ta g)a
forr € I and 0 < ¢ < A — 6. From this we get
(A - 6)T(Ta g) < S(Ta g)

for r € I, which is a contradiction. This contradiction arises due to the assump-
tion that H(z) # 0. Hence H(z) = 0.
This implies

Solving it we get

1 _BG+A-B
F-1_  G-1

where A(# 0) and B are constants.
Now we consider the following cases.

Case I. Let B # 0 and A = B.
If B = —1, we obtain by (10) FG = 1.
If B # —1, from (10) we get

1 BG
F  (1+BG-1

So by Lemma 2.4 we have

N (n i€ < B0 ) £ N 05) + (1, 1).

By Lemma 2.6 we obtain

— 1
T(r,9) < Nisa1:0:9) + F (1 556 ) — Nl 056 + (9

< Ni41(7,059) + Niga (1,05 f) + S(r, f) + S(r, 9)

< N(r,0; f) + N(r,0;9) + 2N41(7, 0; f) 4+ 3Ng41(r, 05 g)
+S(r, f) + S(r,g)

<(7-A)T(r,g) + S(r,g).

Thus we obtain
(A - 6)T(Ta g) S S(Ta g)a
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r € I, which is a contradiction.

Case II. Let B # 0 and A # B.
If B = —1, from (10) we obtain

A

e

If B # —1, then we get from (10) that

1 —A
F-(l14=)= ——— .
(1+5) B (G + A7)

Since f is an entire function, by Lemma 2.4, Lemma 2.6 and by using the same
argument as in Case I, we get a contradiction in both cases.

Case III. Let B = 0. Then we obtain from (10) that

f=79+Q0), ()

where Q(z) is a polynomial. If Q(z) # 0, then by Lemma 2.5, we have

T(r, f) <N (r, 0, f) + N(r,Q; f) + S(r, f)
< N(r, 05 f) + N(r,0:9) + S(r. f)- (12)
Clearly by (11), we obtain
T(r, f) =T(r,g) + S(r, f). (13)

So from (12), we obtain
T(r, f) <{2-1[6(0, f) + 0(0,9)] + e}T(r, f) + S(r, f),

where
0<e<2—2041(0, ) +3 — 30k4+1(0, g).

Therefore we obtain

(A - 6)T(Ta f) < S(Ta f)
for r € I, which is a contradiction. Hence Q(z) = 0 and so from (11) we get

=70 (14)

Since f*) and g(*) share 1 IM, we obtain from (14) that A =1 and so f = g.
This proves the lemma. [ |
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3. Proofs of the Theorems

71

Proof of Theorem 1.1. We consider F'(z) = f™(uf™+X) and G(z) = g" (ug™+A).
Then [F(2)]*®) and [G(2)]*®) share 1 IM. Now

A=0(0,F)+6(0,G) + 25:41(0, F) + 36,41(0, G).

We consider the following three cases.

Case 1. Let Ay # 0. By using Lemma 2.3 we have

N
T(r, F)
N(r,0; f*(uf™ 4+ X))

0(0,F) =1 —limsup

r—00

=1 — limsup
r—00

> 1—limsup
r—00
n—1

“n4+m

Similarly,

6(0,G) >

9k+1(0, F) = 1 — lim sup

r—00

=1 —limsup

r—00

> 1—limsup

r—00

n—k—1
P

n—+m

Similarly,

5k+1(05 G) >

From (15)-(18) we obtain

n —

(r,0; F)

(n+m)T(r, f)

(m+1D)T(r, f)
(n+m)T(r, f)

(15)

n—1
n+m

Nk+1(7", 07 F)

T(r, F)

Ni1(r, 0; " (nf™ + N))

(n+m)T(r, f)
(k+m+1)T(r, f)

(n+m)T(r, f)
(17)

n—k—1
n+m

n—k—1

A:

n—+m

n+m

_ Tm—5k-7
- n+m '



72 P. Sahoo

Since n > bk + 6m + 7, we get A > 6. So by Lemma 2.8 we obtain either
F®G®) =1 or F = G. Now we consider the following two subcases.

Subcase (i) Let

FRGHE =1,
ie.
(e f™ + 0P [g" (g™ + NP = 1. (19)
Since f and g are entire functions and n > 5k + 6m + 7, it is clear that
f#0 and g # 0. (20)

Let f(z) = e*(®*), where a(z) is an entire function. Then we obtain
B = (o, 0, .., a®)elrtmot) (21)

and
AR = ty(o @, ..., aF)ene (@) (22)

where t;(o/, ", ...,a®)) £ 0 (i = 1,2) are differential polynomials. Since g is an
entire function, we have from (19) that

£ (uf™ + 2] 0.
So from (21) and (22) we get
ti(a’ o, ..., aem @) Lty o aR) £0. (23)

Since « is an entire function, we have

T(r,a) = S(r, f)
and

T(r,aW) < T(r,/)+ S(r, f) = S(r, f)

for 5 =1,2,...,k. Hence we have

T(r,ti) = S(r, f) (24)

for i =1,2. So by (23), (24), Lemma 2.3 and Lemma 2.5 we get
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which is a contradiction.

Subcase (ii) Let
F=dG.

That is
fruf™ +2) = g" (ng™ + A). (25)
Let b= L. If h # 1, from (25) we obtain

i 1-h"
ul_thrm

m

g =

Since g is an entire function, every zero of A" —1 is a zero of h™ —1 and hence
of h™ — 1. Since n > 5k + 6m + 7, we obtain that h is a constant, which is a
contradiction as f and g are non-constant. Therefore h = 1, that is f = g.

Case 2. Let A = 0 and pu # 0. In this case F' = pf*™ and G = pg"t™.
Proceeding in the same way as Case 1, we obtain

o0, F) = 2 (26)
00,6) 2 2, (27)
Ok+1(0, F) > %, (28)
ok+1(0,G) = %_ﬂli_l (29)

we obtain A > 6. So by Lemma 2.8

Since n > 5k —m + 7, by (1), (26)-(29
=1 . Now we consider the following two

we obtain either F*)G k)
subcases.

g
&
i
o

Subcase (i) Let
FRGHE =1,

i.e.
[pfrtm] R pgntm) ) = 1. (30)

By the nature of f and g it is clear that

[wf ™ ® 20 and  [ug™t™® £o0. (31)
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If £ > 2, then by (20), (30), (31) and Lemma 2.7 we obtain that f(z) = cje®?,
g(2) = coe™ %, where ¢1, ¢z and c are three constants satisfying

(—1) 2 (crea)™ ™ [(n + m)* = 1.

Let k = 1. Let f(z) = e*®) g(2) = ¢?(*) where a(z) and 3(z) are two entire
functions. So from (30) we have

p2(n+m)2a/gentmieth) = 1 (32)

Thus o and ' have no zeros and we may take o/ = ¢?*) and ' = €%(*), where
~ and ¢ are two entire functions. So from (32) we get

p2(n 4 m)2entmietf s = 1
Differentiating it we get
(n+m)e? +~ = —((n+m)ed +4). (33)

Since v and J are entire, we have T(r,y") = S(r,e?) and T(r,8") = S(r,e?).
From this we have

T(r,e’) =T(r,e?) + S(r,e’) + S(r,e).

This implies that S(r,eY) = S(r,e?) = S(r), say.
Let p=—(y +¢'). Then T(r,p) = S(r). If p £ 0, (33) can be written as

— s _ 4 _ 1 5
SN(r,oo;e—>+N<r,0;e—>+N(r, ;e—>—|—S(r)
P P n+m’ p
a contradiction. So by (33) we have

/ !
a’+6’_e7+e“_—( T 0 ):0,

n+m n—+m

ie.y =094 (2s + 1)mi for some integer s. Again v/ 4+ ¢ = 0 implies v+ § = d,
where d is a constant. Taking v = d; we get § = d — dy = ds, where dy, ds are
constants. Again o/ + 3 = 0 implies o = ¢z +loge; and 8 = —cz + log ca. Since
f =e*and g = €%, by (32) we obtain that f(z) = c1e°?, g(z) = coe™*, where
c1, c2 and c are three constants satisfying
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(=) 2 (crea)™ ™ [(n + m)* = 1.

Subcase (i) Let

F =G,
ie.
pf" = gt
hence
I =tg.

where ¢ is a constant satisfying t"+™ = 1.

Case 3. Let A # 0 and = 0. Then F' = A\f™ and G = Ag"™. This case can be
proved by using the same argument as in Case 2. This completes the proof of
Theorem 1.1. [ ]

Proof of Theorem 1.2. Consider F(z) = f™(f —1)"™ and G(z) = ¢"(g — 1)™.

. N(r,0; F)
Fy=1-1 _
0(0, 1) i sup

e N D)
= T /)
(1 + m™)T(r, f)

>1-1
S PR 4 ()
_ 1 _ k%
nymo_m (34)
n+m
where
s JOifm=0
T l1ifm>1.
Similarly,
_ 1 _ k%
(9(0,G)Zn+m m (35)
n+m
. . Nk+1(7', 07 F)
ok1(0, F) =1— hfisgip T, F)
iy N 07 = )
A (n+m)T(r, f)
> 1 limsup (k+m+1)T(r,f)
r—oo  (n+m)T(r, f)
—k-1
>tTvT 2 (36)

n+m
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Similarly,

n—k—1
>0 -
Ok41(0,G) > . (37)
From (34)-(37) it is easily checked that A > 6 provided n > 5k +4m +2m** + 7.

Since
5k+ 7 fm=0

5k +4m + 2m +7—{5k+4m+91fm21,

by Lemma 2.8 we obtain either F(*)G®*) = 1 or F = G. Now we consider the
following two cases.

Case 1. Let
FRGHE =1,

h (- D™ ®gr(g — 1m)® = 1. (38)

Then we consider the following two subcases.

Subcase (i) Let m = 0. Then by (38) and proceeding in the same way as in
case 2 [subcase (i)] of Theorem 1.1 we obtain f(z) = c1e, g(z) = cae” °*, where
c1, ¢z and c are three constants satisfying (—1)*(cic2)™(nc)?* = 1.

Subcase (ii) Let m > 1. Since f and g are entire functions, we havef # 0 and
g#0. Let f(z) = e*(®), where a(z) is a non-constant entire function. Clearly

[fn+m(z)](k) _ Sm(O/, O//, - a(k))e(nqu)a(z), (39)
(_1)m7i[mcifn+i(z)](k) _ Si(O/, O//, - a(k))e(nJri)a(z), (40)
(D)™ (2)]®) = s9(a’, @, ..., aB))ene®) (41)

where s;(a/,a”,...,a®) (i = 0,1,2,...,m) are differential polynomials. Obvi-
ously

si(a,a”, ..., a(k)) Z£0
fori=0,1,2,...,m, and

L (f = 1)™® #£o.
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From (39) — (41) we have
sm(a,a . aMeme@) 4 4oso(al, o, ) £ 0. (42)
Since a(z) is an entire function, we obtain
T(r,a') = S(r, f)

and
T(Ta a(j)) = S(Ta f)

for j = 1,2,....,k. Hence T(r,s;) = S(r,f) for j = 1,2,....,k. So from (42),
Lemmas 2.3 and 2.5 we obtain

mI(r, f) =T(r, sme™* + ...51%) + S(r, f)
(1,0; 5me™* + ...+ 51%) + N(7,0; 8™ + ... + s1€* + 50) + S(r, f)
(r, 0; sme ™™D 4 4 s1) + S(r, f)

(m_ 1)T(T5 f) +S(Ta f)a

which is a contradiction.

N
N

IA N IA

Case 2. Let
F =G,

B Ff - 1) =g (g — 1™, (43)

We now consider the following two subcases.

Subcase (i) Let m = 0. Then by (43) we have f = tg for a constant ¢ such
that t” = 1.

Subcase (ii) Let m > 1. Then from (43) we get
FUU™ 4 (F1) M Ce [ 4 4 ()™ = ¢+
+H(=1)" "Cr—i g™ L+ (=)™ (44)
Let h = g. If h is a constant, by putting f = gh in (44) we get
g T (AT D) A (1) M Cy i g T TR T ) A (= 1) ™ g (R 1) = 0,

which implies A = 1. Thus f = g.

If h is not a constant, then from (43) we can say that f and g satisfy the algebraic
equation R(f,g) = 0, where R(x,y) = 2™ (z — 1)™ —y™(y — 1)™. This completes
the proof of Theorem 1.2. [
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