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Abstract. This paper studies the solvability of the following higher-order nonlinear
neutral delay difference equation

Aakn -+ Aazn M@1n Awn + buwn-a)) ) + 3 Pinfi(@n-ry) = s 7= 10,

j=1
where ng > 0,n > 0,d > 0,k > 0,5 > 0,s > 0 are integers, {ain}n>n,(t =
1,2, k), {bn}n>ngs {Pintn>ne(d = 1,2,-+-,s) and {gn}n>n, are real sequences,
Uiz {rintnsne € Z, f; € C(R,R) and zf;j(x) > 0 for any  #0 (j = 1,2,---,5).
Some sufficient conditions for existence of nonoscillatory solutions of this equation are
established and expatiated through five theorems according as the range of value of
the sequence b, .
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1. Introduction and Preliminaries

Recently, the interest in the study of qualitative analysis of difference equations
has been increasing (see [1-16] and references cited therein). Some authors have
payed their attention to various difference equations. For example,

A(anAxyn) + prZgm) =0, n >0, ([13]) (1)
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AlanAzn) = gnny1,  Alandzn) = gnf(Tni1), n=0,([10)  (2)

A2($n + pﬂfn—m) +pn$nfk —qnTn—| = 0; n Z no, ([5]) (3)

Az + pro—k) + f(n,22) =0, n>1, ([9]) (4)

A2($n - pxnf‘r) = Z Qifi(xnfﬂi)a n 2 no, ([SD (5)
1=1

A(QHA(‘TH + b:En,T)) + f(na Tn—dins Tn—dap> """ axn*dkn) = Cn, (6)

n>ng, (7))

Am(.fn =+ C{Enfk) + PnTp_r = 0; n = no, ([14]) (7)

A™(xp + en@n—k) + Pnf(@n—r) =0, n>ng, ([3,4,11,12]) (8)

Am(ﬂfn + Cﬂ?nfk) + prsz(xnfrs) =(qn, N =Ny, ([15]) (9)
s=1

Am(xn + C:Enfk) +pn$nfr —qnTn—| = 0; n Z no. ([16]) (10)

The purpose of this paper is to investigate the following higher-order nonlinear
neutral delay difference equation

A(akn t A(a2nA(alnA($n + bnxnfd)))) + E pjnfj (xnfrjn) = (gn, N =ng,
Jj=1
(11)

where ng > 0,n > 0,d > 0,k > 0,57 > 0,s > 0 are integers, {aintn>no(i =
1,2,--- k), {bn}n>ng, {Pjntn>ne(l = 1,2,---,s) and {gn}n>n, are real se-
quences, Jj_ {rjn}tn>n, € Z, fj € C(R,R) and zf;(x) > 0 forany z #0 (j =
1,2,---,s). Clearly, difference equations (1)—(10) are special cases of Eq. (11).
By using Banach contraction principle, the existence of nonoscillatory solutions
of Eq. (11) is established.

The forward difference A is defined as usual, i.e., Ax, = T,11 — Tp.
The higher-order difference for a positive integer m is defined as A™z,, =
A(A™ 1z,,), A%, = x,,. Throughout this paper, assume that R = (—o0, +00),
N and Z stand for the sets of all positive integers and integers, respectively,
a=inf{n—r;,: 1 <j<s,n>no}, 8 =min{ng —d,a}, lim, .(n —7;,) =
+00,1 <75 < s, lgo denotes the set of real sequences defined on the set of positive
integers larger than 8 where any individual sequence is bounded with respect to
the usual supremum norm |[z|[ = sup,,>g|zs| for z = {z,}n>p € IF°. It is well
known that lgo is a Banach space under the supremum norm. Let

A(M,N) = {:c:{:cn}nzgel?}o :MSCCHSN,TL25} for N> M >0.
Obviously, A(M, N) is a bounded closed and convex subset of I3°. Put

b = lim supb, and b= liminfb,.

n—oo n—oo
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By a solution of Eq. (11), we mean a sequence {z, }»>g with a positive integer
No > no+ d+ |a] such that Eq. (11) is satisfied for all n > Ny. As is customary,
a solution of Eq. (11) is said to be oscillatory about zero, or simply oscillatory
if the terms z,, of the sequence {z, }»>g are neither eventually all positive nor
eventually all negative. Otherwise, the solution is called nonoscillatory.

2. Existence of nonoscillatory solutions

In this section, a few sufficient conditions of the existence of nonoscillatory so-
lutions of Eq. (11) are given.

Theorem 2.1. Assume that there exist constants M and N with N > M > 0
and that

N-M
|bn] < b< , eventually, (12)
Zmax{| pjels lae 11 < <k, 1<j <s} < +o0, (13)
t=ng
and
fi 43=1,2,---,s) is Lipschitz continuous on R. (14)

Then Eq. (11) has a nonoscillatory solution in A(M, N).

Proof. Choose L € (M +bN, N—bN). By (12)—(14), an integer No > no+d+|«|
can be chosen such that

N —

by <b< 2
ool << =55

vn > No, (15)

Z S s ZF!ZJ P Vo S T Y

=Ny ta=t1 tp=tr—1 t=tg ’H:

(16)

where F' = maxy<z<n{fj(z) : 1 <j <s}, and

P R o)

=Ny ta=t1 tp=tk—1 t= tk’H

where K is the biggest Lipschitz coefficient of f;.
Define a mapping T : A(M,N) — X by
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L— bnxnfd‘i'

%) %) Z pjtfi(we— r]t) qt

To)=0 (F S 3 S a2 N

ti=nto=ty te=tr—1 t=t

(T‘r)Noa 6 <n< NO
(18)

for all z € A(M, N).
For every x € A(M, N) and n > Ny, it follows from (14), (15) and (16) that

(Tx), >L —bN — Z Z Z Z ’ZJ 1 Pifi(@e— r]t)—Qt’

ti=nta=t1 tr=tr—1 t=ti ’H’L 1
F|y5
>L—bN — Z Yooy Y T
=Ng ta=t1 te=tr—1 t=tg 1=1
>M

and

(Tx), <L+ bN + Z Z Z Z Py} 1pytH|qt

=Np ta=t1 tp=tr—1 t=tk ’Hi:l

<N.

That is, T(A(M, N)) C A(M, N). It is claimed that T is a contraction mapping
on A(M, N). In fact, (13), (15) and (17) guarantee that for any x,y € A(M, N)
and n > Ny

’(ch)n - (Ty)n’
S|bn||xnfd - yn7d|

Yy Yy !Zj_lpjtllfﬂitrﬁ)_—fj(ywﬂ

ti=nte=t1  tp=tp_1 t=ty ’Hi:l
<bljz —yll+
Z Z Z Z K’ Z; 1th’maX{|xt rie = Yt—ry| 1 1< j < s}
t1=nto=t; te=tr_1 t=tg ’Hi*l it

<blle — gl + [l — o] Z Sy ZK’ZJ 12

=Ng ta=ty te=tp_1 t=t) H_Ll

K .
where § = b+ 500 S, S, YL %sz—iﬁl < 1. This implies
i=1 "7

that
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[Tz —Ty|| < bllx —yll, Vz,ye AM,N),

that is, T is a contraction mapping on A(M, N). Consequently T has a unique
fixed point z € A(M, N), which is a bounded nonoscillatory solution of Eq. (11).
This completes the proof. [ ]

Theorem 2.2. Assume that

b, >0, eventually, and 0 <b < b < 1, (19)

there exist constants M and N with N > i—:%M > 0, and that (13)—(14) hold.
Then Eq. (11) has a nonoscillatory solution in A(M,N).

Proof. Choose L € (M + 2N, N + £M). By (19), (13) and (14), an integer
No > ng + d + || can be chosen such that

< 1t0 1+b

oy,
2 7 2

, Vn > No, (20)

N F| 37521 pje| + lad]
)OID SR i P e L hall

t1=Ng ta=t1 te=tr—1 t=tg ’ Hi:l
145 b
gmin{L M—%N N - L+2M} (21)

where F' = maxy<z<n{fj(z) :1<j <s}, and

ZJlJt
P Rl )

=Ng ta=t1 tr=tr—_1 t= tk’H’Ll

where K is the biggest Lipschitz coefficient of f;.

Define a mapping T': A(M, N) — X as (18). The rest of proof is similar to
that in Theorem 2.1. This completes the proof. [ ]

Theorem 2.3. Assume that

b, <0, eventually, and —1 <b<b<0, (23)

there exist constants M and N with N > figM > 0, and that (13)—(14) hold.

Then Eq. (11) has a nonoscillatory solution in A(M, N).

Proof. Choose L € (QT*EM, 1T+QN). By (23), (13) and (14), an integer Ny >
ng + d + |a can be chosen such that

b
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Z Z Z ZF’ZJ 1th!j_|qt gmin{L—%—%M’lT—i_bN_L}’

=Ny t2=t1 tp=tr—1 t=ty ’Hi:l

where F' = maxy<z<n{fj(z) : 1 <j <s}, and

Z Z Z Z’ZJ 1th] 1;}-{9, (26)

=Ng ta=t1 tr=tr—1 t= tk’H

where K is the biggest Lipschitz coefficient of f;.

Define a mapping T': A(M, N) — X as (18). The rest of proof is similar to
that in Theorem 2.1. This completes the proof. [ ]

Theorem 2.4. Assume that

by > 1, eventually, 1 < b and b < b* < +00, (27)

there exist constants M and N with N > 2222 ZgM > 0, and that (13)—(14) hold.

Then Eq. (11) has a nonoscillatory solution in A(M, N).
Proof. Take € € (0,0 — 1) sufficiently small satisfying
l<b—e<bte<(b—e)? (28)
and
(b+e)b—e)>—(b+e)’)N > ((b+e)’(b—e) — (b—e)*) M. (29)

Choose L € ((b+e)M + b+5N (b—e)N + 2 EM) By (28), (13) and (14), an
integer Ny > ng + d + |a| can be chosen such that

b—e<b,<b+4e, Vb> Ny, (30)

I S S T

=Ng ta=t1 te=tr—1t=tk ’H’L:l

Smin{:

b—
~(b—e)M - N, ==
b+e b+ e

(b—e)N — L}, (31)

where F' = maxy<z<n{fj(z) :1<j <s}, and

Z Z Z Z’Z; 1th’ _—15{—1, (32)

=Np t2=t1 tp=tp_1t= tk’H’Ll

where K is the biggest Lipschitz coefficient of f;.
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Define a mapping T : A(M,N) — X by

L Lntd

brnid brnitd
00 00 Zpytfy(xt r]t) qt

(Tw)n = SDOIDJREED Sl o = . >N
n+d t1=nta=t1 te=tr—1 t=ti 1 lalt

(T‘I)Noa 6 <n< NO

(33)

for all x € A(M, N). The rest of proof is similar to that in Theorem 2.1. This
completes the proof. [ ]

Theorem 2.5. Assume that
b, < —1, eventually, —oo <b and b < —1, (34)

there exist constants M and N with N > 1erM > 0, and that (13)—(14) hold.
Then Eq. (11) has a nonoscillatory solutwn in A(M,N).

Proof. Take € € (0, —(1+ b)) sufficiently small satisfying
b—e<b4e<—1 (35)
and
(1+b+e)N < (1+b—e)M. (36)

Choose L € ((L+b+€)N,(1+b—e€)M). By (35), (13) and (14), an integer
Ny > ng + d + || can be chosen such that

b—e<b, <b+e Yn>N, (37)

P R T

=Ng ta=t1 tr=tr—1 t=tg ’H’L*l
_ b b _
Smin{(b+e+b+e)M—b+eLL (1+b+e)N}, (38)
__6 =

where F' = maxy<z<n{fj(z) : 1 <j <s}, and

Z Z Z Z ’ZJ 1th’ —b—Ke—l, (39)

=Ng ta=t1 tr=tr_1 t= tk’H’Ll

where K is the biggest Lipschitz coefficient of f;.

Define a mapping T': A(M, N) — X as (33). The rest of proof is similar to
that in Theorem 2.1. This completes the proof. [ ]
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Remark 2.6. Theorems 2.1-2.5 extend and improve Theorem 1 of Cheng [5],
Theorems 2.3-2.7 of Liu, Xu and Kang [7], Theorems 1-5 of Zhou and Huang
[15] and corresponding theorems in [3,4,8-14,16].

3. Examples

In this section, some examples are presented to illustrate the advantage of the
above results.

Example 3.1. Consider the following third-order nonlinear neutral delay differ-
ence equation:

A(3"A(2"A(xn + 2*%",1))) =0, n>1. (40)
Choose M =1 and N = 2. It is easy to verify that the conditions of Theorem 2.1
are satisfied. Therefore Theorem 2.1 ensures that Eq. (40) has a nonoscillatory

solution in A(1, 2). However, the results in [5,7,15] are not applicable for Eq. (40).

Example 3.2. Consider the following fourth-order nonlinear neutral delay dif-
ference equation:

A2 = mA(n(n+ D+ A2 0+ DA, + 2 L))

371
sinnx COS N
- (cos(zn—3) +3) + (sin(z,—4) + 4) (41)
2n—1
== n=>5,

where

ain=n*—-n+1, ay=nn+1n+2), a3, =2"—-n,

2" —1 sinnx cosnx
bn = ’ Pin = ) Pon = ’
3" n n
. 2n —1
fi(x) =coszx+3, folr)=sinx+4, g¢,= on

Choose M = 2 and N = 5. It can be verified that the assumptions of Theo-
rem 2.2 are fulfilled. It follows from Theorem 2.2 that Eq. (41) has a nonoscil-
latory solution in A(2,5). However, the results in [5,7,15] are unapplicable for
Eq. (41).
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